
Spring 2012 Qualifying Exam Algebra

You only need to choose 8 problems to answer.

1. Let G be a group and N,H be subgroups of G. Suppose that N ▹ G, |H| is finite and
[G : N ] is finite. If [G : N ] and |H| are relatively prime, show that H is contained in N .

2. Let G be a group of order 2012.

(a) Find the number of subgroups of order 503.

(b) Find the number of elements of order 503.

3. Let R be a principal ideal domain and let J be a nonzero ideal of R. Show that J is a
maximal ideal of R if and only if J is a prime ideal of R.

4. Let Z be the ring of integers and Q the additive group of rational numbers. Show that
Q⊗Z Q ∼= Q as groups.

5. Let f(x) = x4 − 2 ∈ Q[x] and let u = 4
√
2 be the positive real fourth root of 2. Suppose

that F ⊆ C is a splitting field of f(x) over Q.

(a) Show that f(x) is irreducible over Q.

(b) Is Q(u) normal over Q?

(c) Find the order of the Galois group AutQF .

6. Let G be a group and let n ∈ N. Suppose H is the only subgroup of G of order n. Prove
that H is a normal subgroup of G.

7. Let G be a finitely generated abelian group in which no element, except 0, has finite
order. Prove that G is a free abelian group.

8. Let I be an ideal in a commutative ring R. Let RadI = {r ∈ R | rn ∈ I for some n ∈ N}.
Prove that RadI is an ideal of R.

9. Let R be a ring with identity and suppose f : A → B and g : B → A are R-module
homomorphisms such that gf = 1A. Prove that B = Imf ⊕ Kerg, i.e., B = Imf + Kerg
and Imf ∩Kerg = 0.

10. Let F be an extension field of a field K and let u, v ∈ F be algebraic over K. Suppose
the irreducible polynomials of u and v over K have degree m and n respectively.

(a) Prove that [K(u, v) : K] ≤ mn.

(b) If we further assume thatm and n are relatively prime, prove that [K(u, v) : K] = mn.
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1. Show that every finitely generated subgroup of the additive group Q is cyclic. (8 pts)

2. (a) Define the characteristic of a ring. (4 pts)

(b) Let F be a field. Show that the characteristic of F is either 0 or a prime p. (8 pts)

(c) Let F be a finite field of prime characteristic p. Show that F has pn elements for
some positive integer n. (8 pts)

3. Show that a group of order p2q, where p and q are distinct primes, contains a normal
Sylow subgroup. (12 pts)

4. Let R = Z/7Z.

(a) Show that the polynomial ring R[x] is a principal ideal domain. (8 pts)

(b) Find all prime ideals of the ring R[x]/⟨x2 − 2⟩. (8 pts)

5. Let F = Q(
√
3,
√
11).

(a) Find the Galois group AutQF . (6 pts)

(b) Find the corresponding intermediate fields of F . (6 pts)

(c) Find all normal extensions of Q in F . (6 pts)

6. Show that any ring with identity is isomorphic to a ring of endomorphisms of an abelian
group. (8 pts)

7. Let R be a commutative ring with identity and let M be a finitely generated R-module.
Let f : M → Rn be a surjective R-module homomorphism. Show that Ker f is finitely
generated. (8 pts)

8. Let G be a group and let C(G) = {a ∈ G | ga = ag, ∀g ∈ G}.

(a) Prove that C(G) is a normal subgroup of G. (8 pts)

(b) Prove that if G/C(G) is cyclic then G is abelian. (8 pts)

9. Let R be a commutative ring with identity and let I = {r ∈ R | rn = 0 for some n ∈ N}.

(a) Prove that I is an ideal of R. (6 pts)

(b) Prove that every prime ideal of R contains I. (6 pts)

10. Let R be a ring with identity and let M be an R-module. Suppose f : M → M is an
R-module homomorphism such that ff = f . Prove that M = Ker f ⊕ Im f . (8 pts)

11. Suppose R is a commutative ring with identity such that every submodule of every free
R-module is free. Prove that R is a principal ideal domain. (12 pts)

12. Prove that no finite field is algebraically closed. (8 pts)
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1. Let G be an abelian group and let a, b ∈ G. Suppose the order of a is m and the order
of b is n and gcd(m,n) = 1. Prove that the order of ab is mn. (10 pts)

2. Let G be a group of order 63.

(a) Prove that G is not simple. (6 pts)

(b) Prove that G contains a subgroup of order 21. (8 pts)

3. Prove that Q is not a free abelian group, i.e., not a free Z-module. (12 pts)

4. Let R and S be commutative rings with 1 ̸= 0 and let f : R → S be a homomorphism of
commutative rings. Suppose J is an ideal of S.

(a) Prove that f−1(J) = {a ∈ R | f(a) ∈ J} is an ideal of R. (5 pts)

(b) Assume f(1R) = 1S and J is a prime ideal of S. Prove that f−1(J) is a prime ideal
of R. (7 pts)

5. Let R be a commutative ring with identity 1 ̸= 0 and let J be the intersection of all
maximal ideals of R. Consider an element x ∈ R.

(a) Suppose x ∈ J . Prove that 1 + x is a unit in R. (6 pts)

(b) Suppose x ̸∈ J . Prove that there exists an element r ∈ R such that 1 − rx is not a
unit in R. (8 pts)

6. Let R be an integral domain and let A be a unitary R-module. Prove that

T (A) =
{
a ∈ A | ra = 0 for some nonzero r ∈ R

}
is a submodule of A. (8 pts)

7. Let R be a principal ideal domain and let A be a finitely generated unitary R-module.
Suppose A can be generated by n elements and let B be a submodule of A. Prove that
B can be generated by m elements with m ≤ n. (10 pts)

8. Prove that Q[i] and Q[
√
2] are isomorphic as Q-vector spaces but they are not isomorphic

as fields. (8 pts)

9. Let K ≤ E ≤ F be fields and suppose F is a cyclic extension of K, i.e., F is algebraic
and Galois over K and the Galois group AutKF is cyclic. Prove that F is a cyclic extension
of E and E is a cyclic extension of K. (12 pts)
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1. (a) Please state Lagrange’s Theorem. (4 pts)

(b) Please state Cauchy’s Theorem. (4 pts)

(c) Please state the First Isomorphism Theorem. (4 pts)

2. Let G1 and G2 be groups. Suppose N1 is a normal subgroup of G1 and N2 is a normal
subgroup of G2. Prove that N1 ×N2 is a normal subgroup of G1 ×G2 and(

G1 ×G2

)/(
N1 ×N2

)
≃ G1/N1 ×G2/N2. (12 pts)

3. Let p > q be two prime numbers and suppose G is a group of order p2q.

(a) Prove that G is not simple. (7 pts)

(b) Prove that G contains at least three cyclic subgroups. (7 pts)

4. Suppose R is a ring such that r2 = r for all r ∈ R. Prove that R is commutative. (8 pts)

5. Let R be a commutative rings with 1 ̸= 0 and let J = {r ∈ R | rn = 0 for some n ∈ N}.

(a) Prove that J is an ideal of R. (7 pts)

(b) Suppose P is a prime ideal of R. Prove that J ⊆ P . (7 pts)

6. (a) Let R be a commutative ring and let 0 → A
f−−→ B

g−−→ C → 0 be a sequence of
R-modules and R-module homomorphisms. What does it mean that this sequence is
exact? (7 pts)

(b) Suppose 0 → V1
f1−−→ V2

f2−−→ V3
f3−−→ V4

f4−−→ V5 → 0 is an exact sequence of
Q-vector spaces and linear transformations. Prove that

dimV1 + dimV3 + dimV5 = dimV2 + dimV4. (7 pts)

7. Let F be an algebraically closed field. Prove that |F | = ∞. (8 pts)

8. Let F be an extension field of a field K.

(a) What does it mean that F is normal over K? (6 pts)

(b) Is Q( 4
√
2) normal over Q? Please explain your answer. (6 pts)

(c) Is Q( 4
√
2, i) normal over Q? Please explain your answer. (6 pts)
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1. Let G be a simple group of order 168.

(a) (8 pts) Find the number of elements of order 7 in G.

(b) (6 pts) Suppose that P is a Sylow 7-subgroup of G and NG(P ) is the normalizer of
P in G. Find the order of NG(P ).

(c) (8 pts) Prove that G has no element of order 14.

2. Let G be a group. Recall that for each g ∈ G, a map θg : G→ G given by θg(x) = gxg−1 is
called an inner automorphism of G. Let Inn(G) be the group of all inner automorphisms
of G.

(a) (8 pts) Let Z(G) be the center of G. Prove that G/Z(G) ∼= Inn(G).

(b) (8 pts) Let S4 be the symmetric group of degree 4. Show that S4
∼= Inn(S4).

3. (10 pts) If R is a principal ideal domain, is it always true that the polynomial ring R[x]
is a principal ideal domain? Justify your answer.

4. (10 pts) Let R be a ring with 1 and let M be a unitary R-module. Suppose f : M →M
is an R-module homomorphism such that ff = f . Prove that M = Kerf ⊕ Imf .

5. (10 pts) Let R be a principal ideal domain and let A be a finitely generated unitary
R-module. Suppose A can be generated by n elements and let B be a submodule of A.
Prove that B can be generated by m elements with m ≤ n.

6. Let Q be the field of rational numbers and let C be the field of complex numbers. Let
f(x) = x4 − 5 in Q[x]. Suppose that E ⊆ C is the splitting field of f(x) over Q.

(a) (8 pts) Show that f(x) is irreducible over Q.

(b) (8 pts) Let α = 4
√

5 be the unique positive real root of x4 − 5. Let i =
√
−1 in C.

Show that E = Q(α, i).

(c) (8 pts) Determine [E : Q].

(d) (8 pts) Let K = Q(
√

5). Determine the Galois group AutKE.
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1. Let Sn be the symmetric group of degree n. Let An be the alternating group of
degree n.

(a) Find the number of elements of order 3 in S5. (6 pts)

(b) Let P be a Sylow 3-subgroup of S5. Let N be the normalizer of P in S5. Find
the order of N . (6 pts)

(c) Find the number of Sylow 2-subgroups of S4. (6 pts)

(d) Show that S4 is solvable. (8 pts)

(e) Is it true that every finite group is isomorphic to a subgroup of An for some
positive integer n? (8 pts)

2. Let R be a ring with identity. An element r in R is called nilpotent if rn = 0
for some positive integer n. An ideal I of R is called nil if every element of I is
nilpotent. Suppose that R is not commutative. For any two nil ideals J,K of R, is
it always true that J +K is nil? (10 pts)

3. If R is a unique factorization domain, show that every nonzero prime ideal in R
contains a nonzero principal ideal that is prime. (10 pts)

4. Let R be a ring with identity. Let A,B be R-modules. Let 1A be the identity
function on A. Suppose f : A→ B and g : B → A are R-module homomorphisms
such that gf = 1A. Prove that B = Imf ⊕Ker g. (10 pts)

5. Let K be a field and let f(x) be a polynomial in K[x] of positive degree. Let E be
a splitting field of f(x) over K and let G = AutK(E) be the Galois group of f . Let
Λ = {α ∈ E | f(α) = 0 }. We use Sym(Λ) to denote the group of all bijections on
Λ under the operation of function composition.

(a) Show that G is isomorphic to a subgroup of Sym(Λ). (8 pts)

(b) If f(x) is irreducible separable over K and f(x) has degree n, show that n
divides |G| and G is isomorphic to a transitive subgroup of Sn. (10 pts)

6. Let f(x) = x4 + 2x2 + 4 ∈ Q[x].

(a) Show that f(x) is irreducible over Q. (8 pts)

(b) Let E be the splitting field of f(x) over Q in C. Determine the Galois group
AutQE of f(x) over Q. (10 pts)
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• Let Q be the field of rational numbers.

• Let R be the field of real numbers.

1. (20 pts) Let G be a group. Let G1 be the commutator subgroup of G. Let G2 be
the commutator subgroup of G1.

(a) If H is a subgroup of G, show that NGpHq{CGpHq is isomorphic to a subgroup
of AutpHq.

(b) If G2 is cyclic, show that G2 is contained in the center of G1.

2. (10 pts) Let D be the dihedral group of order 2n. Write 2n “ 2km where k,m are
positive integers and m is odd. Show that D has exactly m Sylow 2-subgroups.

3. (20 pts) Let R be a ring with 1 and let M2pRq be the ring of 2ˆ2 matrices over R.
If I is an ideal of R, we know that M2pIq is an ideal of M2pRq.

(a) Show that if J is an ideal of M2pRq, then J “ M2pIq for some ideal I of R.

(b) If L is a maximal ideal of R, is it always true that M2pLq is a maximal ideal of
M2pRq?

4. (20 pts) Let R be a ring and let

A1
f

ÝÝÝÑ A2
g

ÝÝÝÑ A3
h

ÝÝÝÑ A4
§

§

đ

α

§

§

đ

β

§

§

đ

γ

§

§

đ
δ

B1
f 1

ÝÝÝÑ B2
g1

ÝÝÝÑ B3
h1

ÝÝÝÑ B4

be a commutative diagram of R-modules and R-module homomorphisms with exact
rows. Suppose that α is an epimorphism and δ is a monomorphism.

(a) If β is a monomorphism, show that γ is a monomorphism.

(b) If γ is an epimorphism, show that β is an epimorphism.

5. (15 pts)

(a) Suppose σ P AutQpRq and r P R. If r ą 0, show that σprq ą 0.

(b) Prove that AutQpRq is the trivial group.

6. (15 pts) Let fpxq “ px3 ´ 2qpx2 ` 3q P Qrxs. Let K be a splitting field of fpxq over
Q. Determine the Galois group AutQpKq of fpxq.
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• Let Q be the field of rational numbers.

1. (15 pts) Let An be the alternating group of degree n. Let Dn be the dihedral group
of order 2n. Determine if the following statements are true. Justify your answer.

(a) Any finite group is isomorphic to a subgroup of An for some positive integer n.

(b) Any finite group is isomorphic to a subgroup of Dn for some positive integer n.

2. (20 pts) Let G be a finite group and let p be a prime. For convenience, we use
nppGq to denote the number of Sylow p-subgroups of G. Suppose that H is a group
and there is a surjective group homomorphism ϕ : GÑ H.

(a) If P is a Sylow p-subgroup of G, show that ϕpP q is a Sylow p-subgroup of H.

(b) Prove that nppHq ď nppGq.

3. (20 pts)

(a) Let c P F , where F is a field of characteristic p ą 0. Prove that xp ´ x ´ c is
irreducible in F rxs if and only if xp ´ x´ c has no root in F .

(b) Find an element c P Q such that the polynomial fpxq “ x5 ´ x´ c has no root
in Q and fpxq is reducible in Qrxs.

4. (15 pts) Let R be a ring with 1 and let

A1
f

ÝÝÝÑ A2
g

ÝÝÝÑ A3
§

§

đ

α

§

§

đ

β

§

§

đ

γ

B1
f 1

ÝÝÝÑ B2
g1

ÝÝÝÑ B3

be a commutative diagram of R-modules and R-module homomorphisms with exact
rows. Suppose that α and g are epimorphisms and β is a monomorphism. Prove
that γ is a monomorphism.

5. (15 pts) Construct a finite field of order 125.

6. (15 pts) Let fpxq “ x3 ´ 2x ` 2 P Qrxs. Let K be a splitting field of fpxq over Q.
Determine the Galois group AutQpKq of fpxq.



1. For a group G, let G′ denote its commutator subgroup. Assume that G is a simple
group.

(a) (5 %) Show that if G′ is not the trivial subgroup of G then G′ = G. Classify
all simple groups G such that G′ is the trivial subgroup. Give an example of
non-trivial simple group G such that G′ = G.

(b) (5 %) Let φ : G → G be a surjective endomorphism of G. Show that φ is an
automorphism of G.

2. Let A be an abelian group with group law written additively and, for every integer
m ≥ 1, let

Am := {a ∈ A : ma = O}
be the subgroup of elements of order dividing m where O denotes the zero element
of A.

(a) (10 %）Suppose that A has order M2, and further assume that for every
integer m dividing M , the subgroup Am has order m2. Prove that A is the
direct product of two cyclic group of order M.

(b) (6 %）Find an example of a non-abelian group G and an integer m such that
the set Gm := {g ∈ G : gm = e} is not a subgroup of G.

3. Let Sn denote the group of permutations on the set {1, 2, . . . , n} of n letters. In
the following, we fix a prime number p.

(a) (5 %）Give a p-Sylow subgroup of Sp.

(b) (12 %）Determine the number of p-Sylow subgroups of Sp. (If you don’t know
how to do this for general prime p, try to find the answer for p = 5 and make
a conjecture about the answer for general prime p).

4. Consider Q as a Z-module.

(a) (5 %) Prove that any two distinct elements α, β ∈ Q \ {0} are linearly
dependent over Z.

(b) (5 %) Prove that Q is not a free Z-module.
(c) (10 %) Prove that Q is not a finitely generated Z-module.

5. (12 %）Let R be a commutative ring with identity 1 and let I be an ideal of R.
Suppose that I ⊆ P1∪· · ·∪Pn for some prime ideals P1, . . . , Pn. Prove that I ⊆ Pi

for some i.

6. Let f(x) = x5− 5 ∈ Q[x] and let α = 5
√
5 be the unique positive real root of f(x).

Suppose that E ⊂ C is the splitting field (in C) of f(x) over Q where C denotes
the field of complex numbers.

1

Modern Algebra Qualifying Examination
Spring 2021

April 27, 2021



(a) (10 %）Let ϕ : Q[x] → C be the ring homomorphism defined by ϕ(f(x)) =
f(α) for f(x) ∈ Q[x]. Show that the image F of ϕ is a subfield of E. Is F
equal to E? Why?

(b) (5 %）Determine [E : F ] and [F : Q].

(c) (10 %）Is it true that E is a Galois extension of Q? If your answer is yes,
compute the Galois group Gal(E/Q); otherwise, explain why E/Q is not a
Galois extension.
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} Among the following 18 problems, choose at most 13 problems to answer. If you answer
more than 13 problems, only the first 13 problems will be graded.

1. (a) Suppose ϕ : S4 → S3 is an epimorphism. Find Kerϕ and prove your answer. (8%)

(b) Prove that there is no epimorphism ϕ : S5 → S4. (8%)

2. (a) Prove that the additive group Q is not finitely generated. (8%)

(b) Prove that Q is not a free abelian group. (8%)

3. (a) Let G be a group of order 2022. Prove that G contains a normal Sylow subgroup. (8%)

(b) Let G be a group of order 56. Prove that G contains a normal Sylow subgroup. (8%)

(c) Let G be a simple group of order 168. How many elements of order 7 are there in G?
Please explain your answer. (8%)

4. Let F be a field.

(a) Prove that (x) is a maximal ideal in F [x]. (8%)

(b) Prove that F [x] has more than one maximal ideals. (8%)

5. Suppose f : A→ B and g : B → A are R-module homomorphisms such that gf = 1A.

(a) Prove that B = Im f + Ker g. (8%)

(b) Prove that Im f ∩Ker g = 0. (8%)

6. Let F be an extension field of a field K.

(a) Let u, v ∈ F . Suppose v is algebraic over K(u) and v is transcendental over K. Prove
that u is transcendental over K. (8%)

(b) Suppose u ∈ F is algebraic of odd degree over K. Prove that K(u) = K(u2). (8%)

(c) Suppose F is algebraic over K and D is an integral domain such that K ⊆ D ⊆ F .
Prove that D is indeed a field. (8%)

7. Consider the subfields Q(i) and Q(
√

2) of C.

(a) Prove that Q(i) and Q(
√

2) are isomorphic as vector spaces over Q. (8%)

(b) Prove that Q(i) and Q(
√

2) are not isomorphic as fields. (8%)

8. (a) Please construct a field of order 8. (8%)

(b) Please describe the Galois group of Q(
√

2,
√

3,
√

5) over Q. (8%)
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