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Dil1. (4| B) =,,~AV~B
=HEL, D2 %, g XBEAER
FEEE, R4, BHS#E , DLy Al
BEE, BAD2—11. BLas LWaEE
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R1 by(1),@
PO (gDp)D.pDp (3) R2
pDp R1 by(1),® -
ET8F—%ER , f#HT LOBHAR
HRTERER 23800 " (EFIFfREH |, AEEER
BEIIM—HEENTA , WAV HEEENR

| B EERRH—BE , SR, ERAIE

H:
—Eik : (0 —ERERKBE L SRS —
BHy , Rine A AMiRS A%
, FEIER Bl B A8 4
A HRTEE
(o) —{EBE R B EH— B , BE
TREEMEENHREE .

RBEMETE , PASEN 5, HE®
BAKAD [, FR—KH .
sel i« @—@ RN EERSEHY , B
fn ME R EER AT A G E

BEB , BR—EBNE BB A
BEE , FRGH SRS 3
(b — (B AHBAS M 520 , AN
R B , BR—FBERIEB AR
B, ERETBEN—% .
mBEMEES, P, HAMBRSADS
BiEE s , P, VS EH SRR .

BRTp M, BEHS Kb oERER
%, EEEERRR , ASEESw, o,
AEmdos wif R , tAnEER——
LHER . i

g —ERRLE S RN , KT B

REEES , BEMEERRAE.

CT#42EH)
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0 81 ZIJH]

§. ZESHEER

RERATHEREE , EMR TUS K=
FERR . —R¢ , —RAEBREL, ZRERE
4, X oW BEBHER WA E R , EREAN
B MR « ATEE » BRIERE (K, 8) E,
BMER , SHHEHE (Pv~P )T Ea=b
JERab , RERES , ERELN S
BRGEA AT , BIETEH BB |, &

PR ChRE -
B o HOERE HE 2 40 o4 (F ?
(Fl— ) IR RIER -
2 Q P =0
T. T T
T . K F
R, T
oo & 3

(1) HAE—ExcRA
x*<0—1+1=2
S (x)(xER&x*<0)—>1+1
=9 T
(2 HIWE—ExERE
x*<0—1+ 12
Gx)C xER &x* = .0 )2lt ]
x2 T
(1) Aftd—1+1=2RK
(2 Rtg—1+1%2RK
ERMEENE, #EEER1+1=2,
BEI1I+1X2,
(Fl= ) BRIRGEFH ( Pv~P ) FBSH

B FBA

—P& (PUQ )—Q
pU~¢
—¢

~¢ =4

HEAGRZEL , MRETREEL A
EEZRIFLES . BEBRII~0 =4, &
¢ CA ,MRRMEELRENEE , ARE
AIEERE
(=) IBRIIKER (De Morgan ) B

« fiA RREY , Bt AR ISE BB ISR »
SN[ (29) (Py&Hxy )~

(3y) (Ag &Hxy )

AoBl) HoR - W PofE
(8BAAZ2 % Introduction to logic by

Suppes )

«FIAEBRBTENEAAEEES, frAE
EEANEETREE 1, IGE2EA1T
R E 17 o iNRBFI AR R EAH EE T/
WEE , MRS ADEAERHY , TEZE |
REWTTREE 1 BITERA , AEE ML
AT AR , REHETA B R
BN TE ,

RAWRA , Ak ENBERBAE , 3
BEHR xe ¢ , FTEHKNER , BERS o
NI (ANB )U (AnC )cAn(BU
C) ,BKMAMURK(pAg)IV(pAr )

—pA(Cqypr ), IRRERSEEE &
(tautology )BIEKRB A&, (4AnB)



U(CANC ) =g¢MlEl , RMTETERF
o FTLL, (E N EEARABEANTE R
B B BhA0 REEE EE T B SR B
I ? & RENEHELA LG A BMEEN R
, B RE K E BRAI H A ik AE R E
BRHOHER o N« ZRA R MES » EAHR
BEEMENEE , ARTREEREE, B2
, ERPHAER , EFARATHE« TROLE
AMEL ,FREEL» , UBEFRMES
REEREIMBMP , QEAT , P QTR A
, RMREEARE P FQ MEIE , RTHRZE
Ao AR REAE THRHENER - &K
AU RREEAR LBATERARHES (
openset ) B EM%EA ( closedset) ,
HWREW ( trivial )FZRFREWEE ,
AR, HHBEHET @R , HBH
HEMEZRBAED ( trivial ) WAHE

§. ZEARO0

SRR B £ BT % e (REL AR —F , T
0 EA—EERBAMEL L , S—B—H
L B ERN  ZRAWEASR TAMAER
FERIEY . 1907 £ 5535 ( Giuseppe Pe-
ano ) #33 B ABAH T LI BRI RATES |

EERE, HFAMNRERBET&RKronecl -

erfiRK 1 [ERBEWEN , HE WAL

AR 6 ] ME KNSR ( Peano axioims)

RRE—BBNB T TR , HTERY
HilfE ¢ F10 R=TMARB—, 5 HABAR
o EEE |, SHAFH ( ordinal ) A R
AREHE .

BABREZNWHERYNE —ETRE

MERE B« TRy , THEEEER
MET AR AN S ESH BRE
HMEMEAA , A WEBTRUART , R
&

A'=AU {4}

HAMEMERA , ACA'FAE A ERKL o
HERAT LIS ‘

p'=pU {9} =1{g}
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{g}' =1} U{{d}}=1{g, {o}
{p{otl=1s{d}IU{{s (o]}
=g (D) (@ {D) ]} ermmeemns

HRMBELORAS , U1 RS , Bl2K

¢ M EITR
0=¢
1=0"=1{0}

2=1'"={0, 1}

3:2’5{0,1’2} ........ .

RERE, OREAFBRARETER, 1 2E
AFAE—ETR , DUIEHE , B AR %HE
HAR , MERRA « RBTR» WIEHE -

§. ORI

ZeE AR O R M AR iy , T2
» BN RER ( 2584 ) #iit (0 )WiE
B RMBEHRELANELZIH , B8R,
KM —ERA G OEA B REERE , FFIH
, 1R BARBSK/IGTR , AR 120 pkis
TR, OARKEEABYR/NTHK , « Fo-
undation of Real Number, By Bu-
rrill » , ERBRLORERBWE/IGT
R, oA FR S B , 522 FRE i«
0 #g »BARIRER AT , 582 B RBHMEEFITR
BEEEMEAIVEHERG , Rt , E4 Ar
FANEBEEIAE , BRLUSCN ()0 S ;(2
nesint+les AIS=N,HE, 0
EEEFIABARBEER , £ HE R ERAMEX
MR ,BR , EEE ARBIK 1 FBIRREE
KRS, T ELE M) B BURIE ERIRRIHE
, TUBREIS R 0, BN TS A B8
EFEAEENAE B 0F 1 , HMATLE
HBE RS, B8, FHEY , Bi&Rechard
Dedekind fyDedekind cut #1George
cantor fJ cantor approach TEEEEM
¥ . Dedekind cut ZYIHBRS BRI
, THARATGR , MEMAR/ITR , HE
THIBAER KR, M AR /IVTR , ca-
ntor approach ZLIIFA S ( cauchy
sequence') | Pm —Pn |<E, IEHEEAR



—Elas , BB —E R B S R
W o

§. 081 ZENMAREHER

B EBBR B E AT LARZ I —ooF] +oo
, ERU—BIRET , BIR BA BRMBRK

B, 15385 , FMA s &% (TrHarmonic

Set , EE—FHEEES: [0, 1]
[ -, 0] UL 1,0 ]pr (EHREER-
cofflco B—& ) , WAARR——Yf FEFNER A
REEAE , HERRABNES , AERMEY
ET 0, 1] IREUE AHHE , RERAKBH
EREME
P B EE

L 5 "2k T
EES | FRm%A , BR&EO , BREL ,
MEEE=TTER, T0 , 120, RIEE
®P ,fEAC=AP ,BD=BP ,;&&CD
2 LERNQ o
MAP—x ,BP=1—% ,40 =0,
BQ=y-1
x J
T;:y—l
S 2xy—x—2=0

- Sl
Filos1d {2}

[=,0]JU[1,]
() BB R B
2xy—x—3y=0
B e S AL A
R (x' )= (D) =V Z2x'=0

- tod)

EEEE 1 — 1 FIBRAK (B8 )

X
e =y

Fi00,11= 13}~

F=o0, 0,01 L ;00
EEEEEFSUL 0, 1 JHAEIRS ,
R BRI —78 o

tE 25 H

certain relatioships . e.g.

(D, >)

%% : 1. Introduction to metamathe

matics. ; Kleene '

2.Mathematical logic ; Kleene

3.Set Theory for the mathe-
matician Rubin

4.Princia Mathemtica Vol. 1
: Whitehead : Russell.

5. Theory of Set : Bourbak'

BEHREER 2 EREREBMEY »
AR , BB THR= R , HREEA
BREIE [R5 mANBRRE a4 [
£ may  WRER | EEA, BB,
NHEA AT o EREMIRZE , ERHMT . BA
—EEFOBER , BEN=FEAEREN
THE o ~BREH~
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[LD] .

‘Brand : Vector and Tensor Analysis
Davis : Intro, to Vector Analysis
Lass : Vector and Tensor Analysis
Spiegel : Vector Analysis and an

intro . duction to Tensor Analysis

HEEUL e 2

REE, IEE—HESE (ANMEE, 5
AR ) WERBRBRHWES , SUARELF
BCd, B,C,;X,Y,Z)ERAK ("5
FERR, , THFARER ) , M @rM &
scalar ) , AIBVINEEXZR (a , b , ¢
------ x,y,2 )Rz, BEZEEHYHE—RA
EA , HURF{A=xit+yj+zk ,RA=
(x,»,2),8( ordered triple )
Hei,j, kRRX,Y , Z=g4BEAE
M« , 0,z lIREARESHMEZAE

RER-—EHRYE , EEXMERER
AE—AER G , F—HEENAIE , TIE
&%ﬁ&ﬁ%&ﬁi%ﬁﬁ%‘%ﬁﬁkﬁgﬂ’ﬂ o
( James Math Dictionary) BT EMWR
, MR, AEERREFWHFINTY . Bt
Gibbs f1Heaviside JRE/ 7, Riccify
EREANERNE , N2, BEHERNES
IR, BRBERAMEBERHN—85 (LR
RIS ) o

RENEREARR , WERERTER
B ARBENHA , LERBRMA T EELE.T.
Whittaker ZBE+ AR+ FEPBE
=R EFE — . MERRESTHIREY
HERRS , M—RAMKAFIKWES , AR
BRAZRER , BIS—LLy) 25 ZMEN

22

Bilof &

B— Ba%x

AEARREATEREEZR , HAEKTE
RER A BA B LR ? EER
FLLLEB A A LAFR A o

HREUMEERE 2

REGEME , A&, WHIKE ( dyadics)
, triadics , tetradics F% , HfiE
WLPE rank ( valence ) % 0RE , HER
R 1#5EE , dyadics RESB2M5RE,
triadics BB JMRE - RILEHE .
B, ARWARRE , BRMLe , ¢, SF
REER2 (UL MIRE, ¢ X dyadic
Alg = AiBi ( AiBi £dyads ) in¢ &
triadic Bj¢ =3 AiBiCi ( AiBiCi 2
triads ) R4i ,Bi ,Ci AIF ER»BRE
CHEB1ZAE , WErERERTHESE,
EEn— 1BWEERTSHS . B AREF
EHE—En EHEREM 1 BWERE (ORE)
AR« n— 1 »BEHRE . ( RMABTR
—fEn P RER —TE« operator » , B
—M&E ( 1/ ) ®{tsX ( converts into )
—f@n —1FEWERE) .
fik:¢ - R=35AiBiCi « R
=5 AiBi (Ci+R)
(Ci-RE—Hi%E)
R-¢=zR- AiBiCi
=3 ( R-4i )BiC:

(R-Ai B—HiE )
ORERIZERE;M:- R, R .0 AIZK
B2WRET o

R, VRRAE trviadics'fé¢ «R=¢
cR(H 5 9=5-9¢)HIAANR, §(



A& ) Bz, AR ¢ = ¢'o(§¢ OB
WifE dyadic , IRt )

#¢ =2 AiBi f—dyadic ( LT M L

p,¢dyadics ) AiBi W dyads , 4i M}
fEantecedents , Bi M} consequents ,
Ho - R=08S-9=0( vector)HiT
AR, SHEBIF , KRS R« zero y-
adic » . BAF dyadic gofmik , RMAEZE (

¢+¢)-R=¢ - R+¢ - R (HFFEMAE
REF ) o
: &MELEMﬁva—<—:+—J+

3y

ai;k ) (fri+fai+fok ) gtR—Mdyadic

BIFWOAT . (EWED stress SR 2HRE
BW—RE)EVF R ii,ij, ik,
Z« unit dyads» , g5 FERITRE , Wﬁi
28

"vG:i'(ax“ +dg'z_1+ zk+

98, 98 2 28 9Ly,
e ik +—ki

)];+‘ g+ y" +9Z +

ag,k +ag'kk)=-&(1 <i )i+

Y

2

-—g'—(: 1) Jrtseres +—-'f(i k)k

Ix 9z

98;. 982 . 94, z

50 iy (Xepi-d

=1,i-j=i-k=0)FAB; .VG=

G
2 ps vc_-— B I PR B AT LS

ay’

HARQuABN—R[ (F-v)G=F.

G G
VG =F- 3—+F37+Fp—4 L,

B GATRRBBHARD V- (VF )=
vV F(HBEHAXAE LR ) FAHEdya-

dicg , ¢ 25M , & ¢ = ig;'lAiB:‘ i

¥= 3 CiDj MEMES - ¢ expands
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. & ( pseudovector ) »

’ n
mn fHdyads : ¢ - ¢ = .2]
=

AiDj ¢ , R Edyadic o

MR ¢xXR,EZEd=34iBi , KMIEE
¢XR=x AiBi xR=3 Ai (BiXR)
Rx ¢ =2 Rx AiBi =3 ( R x 4i )Bi ,
HBi xR , Rx Ai HEAE , fillg XR,
Rx ¢{2 dyadic . (EoBnEER , A
pxXR,Rx¢ ,HHR/nkERE)

. Remarks

FERER e m & « —figfk» ( genejr
alized ) BREE , BESI KA BT R
?ERGNEMITEMRWHAZ S, RTE
ERCESHER, ERCEAA , HiwE
BR, REEZWME, BFTTHECEMAEE—S
« —fAt» , STEKH R , FUER « —E—F
WRRREAE » , BAEETRY ? MEH
Eﬁﬁ-—«.ﬁﬂ@ basis( EE ) WS , Mt
ERERWREBXE « —E—RHRET L
MES ( identified with) —EME» ,
AR « MAENNAHTER—ERE» , £
BLRFERAEFRALAFRINFERET —@E «
BER » , BB« MAENNER TEBR—RFE
, ficurls 5t & ps-
eudovectors ( EfFHERR , & pseudove-
ctor fields) XK (IRIEES gradient ,
divergence , curl &S HEIEERFS
FoE , A4S H M BEE—H@e , 35t
2 B coordinate-free style &I
AMH invariant equation (FEEFHE
A ) EFER THREEHEE ( elegance)

, BER FEBIRBEBERNTH o
@) a,ta,
b{hb1

X (Bi-Cj)
Jj=1

[ ABC ] (boxproduct )=+

€y €y Cy
BRESHBEZMyRTE, [ABC ]=
+V ,VRERA, B, C=HBRN=HEHFS
BRI A TR, EETRR« —» 5
,EFRE e +75,



(1)iE%& Reduce [R¥AE EEEBAHER TEEH
WiE 4R , fnChain Rule fy38BAA , ifi Chain
Rule ARREEN—EE : & & BALM
BIOEBHAK - FEXBBHEH , (2E
&5 X H@E AR AR #HENormed 22 3 2 &
LRARBREHEARDifferential, KL
Apostol 5 L 7 2 [ i 48 PR #E 22 ) b B
RAE—BEET .

FiRE# FomulafR B L EWER , 5
HEBSERINEHEDBRZTLEN . HBE
EHETHNEBANEFHFRAEAR LML ©
0Bz T “ HE”

XEHZ: V ,WE=_Normed [ &2/ . 14% r

OV Ak,

ES  ASWEGR OB f(0=0 A S5
"Infinitesimal,

PRV EIWH InfinitesimalfyRA L
Ly Wyme . e

Ef: A—-»WEO?ﬁEL-ipsditize-b condi-
tion Af(0=0 , AIBSBAO ,
ARV EWH KO BAMOB (V , W
YRE . :
=S AﬁWﬁEI:i_rpo—————”lﬂ(?l L =
f@©=0, Al fBNOk

FRARVEIWH IOk £ALLOL(V W)

£2

TRMBE—MESRS(V ,W)O0B(V W)
Ol (V,W)EFIMEBE :

v WHBRf®= | %[ T, ewW=x,
A)=x*

fel(v ,WYBfEOBWV W)

8 I (V ,W), g OB(V ,W){Hg

EO0L(V W), hel(V ,W), ke

OBV ,W) ,BEheOl (V ,W)EBER

, L&k Hom ( V ,W)REMAHEMK, 5

HMiER,

X TEMEH (Oh Rules )

(1) fesOB(V ,W)geOB(wW ,X)

gof€0B(V ,X)

@fe0l (Vv ,W), g 0B (W, X))
g€0l (W, X)), fEOB(V W)
gof€0l(V,X)

@)* : W, xW, —»U Zi#EBilinear
fEOB(V ,W,)geF(V ,W,) &

@fe0l (V ,W,) gBoundedf 0 ZX#b
#5 f Bounded RO ZXMEsc0! (
V.W,)  fxge0l(V,U)
Hepx@AES VW, , g: VoW, .

®Hom(V ,W )COB (V , W)

@®Hom (VP W)NOIL (Vv ,W)= {0} -

ERHHERAERY W, UHERN

BERIE T, SR IEERERA Norm |, 108 f#

R Normed 222 TR T o

. B#Bilinear fy» REBOREMHR ,

@fﬁ?&fﬂ&?ﬁ]iinnerprdduét K Cross

product BEKWHEMNEAMEZ—R

NX*=Y [l <XIIY] o =

WpfE&NSON<allt||<r . -
llgceDll < bl t’|| <7, ,AIE[IE]l<
nBINSONLSr, |l go ft) < ab
Hell o FRBL g o f(8) || <ab| ]| B
RIS =min {7, ,—)

Qpf:EBSE€0L(V W) HlFmHe , B
o= TR # |1t <7 , 5
llg o f@llabll ¢]l =5 bl1¢ |l =ell ]

,He L, fege f€O0L (V. W),
RHHNERTBHE S , ¢ RENARRT

) OI(V,W»)COB(V,W)CI(V,W)%°

, ZREBEE B HRBE IR HWEH
“§calars REYEH . (UEHFALER)
Bitzsl , BRI EE—, —RMBAN
ERY R =B MK E R RE S
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@S SO SCIIt]| KIRN (o, 1)
JBfE—e , 0 i || 0| <=L

N(O, 3 )RMEATHE ||/ @) || =
llfse@ |l <Ils@lle®li<ell t]l .



% |l t||<min {0, 7 }RAMf*g€0!
(V. W) , AEWHATRA £, &8 B
@pSfE | &@) || <BBEIWN (o, 7)),

€
HE—eBIE|SO) || <5 I ¢ || B

N(o,0)Al|[f=e@® || IF@O]]:
leg@ || <ellt|l B |t|<min {3,r)
JEMS*e€UL (V ,W) . ABHHRT
B S, e RHEHABRIA .
GYpS BRI S®) || < ITBLAN (o, 8)
[l 8¢l

¢ O.EU_—<5.
* 200¢

)||s 1, &5 |

,tevV,

B/ ||/

21l ¢

ZH

S—— g‘]‘ﬁ:”’éﬁii SJSE0B WV W)

Mpf:FSfeHom(V ,W)NOIL(V ,W)
, a0 BT —e B | S ||
<e||t]| RN Co,7) , BR

2

e I ST T 2,ﬂ'Joz—
xt AT S @It = [I1f (xt) ]| = |
ellal|l , eEFBHK S @=0, a2
EBHRS =0,

BMREBAEE—, =,

BMMEAEETEHRK :

FED_a (V ,W)&shaATHom (V ,
W)HAO0! 0Ll (V ,B) ,AFa=T
+01,

EBEE—Q), w, EEQREMEA=
ERENSR
ACF+G)=AFa+AGa ,A(F'G)u
= (AFa +G @) + (F@)» AGa) +
(AFaxAGa) o
A(GoF)a=AG 5 o AFa, #HAS
HCBMH .

EE— B ¢
WEAFa=T+O0lBAFa=T"'+01"f|
T-T'=01'-0l€0l(V ,W),
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dmaEREREOT —T' =0, (UTF

fdFa RET ) ,

QhEMEEG dFa c0B(V ,W) AT
AFa=dFa+01€0B(V ,W),&F
FEafiELipschitze condition ,

BA(F+G)a=(dFa+ dGa)+01l+
0l' ,#F+GeDa (V ,W)Tiid (F
$6 = dlie+ 40

WA (F*xGg)a=(AF*»G@)+ (F@
wAC ) 2 ( AFes KCo
HTA(F* G)a= ( dFa+01 )
G@+F@*(dGa+01l")+01l+0F'
=dFa* Gy Fa)* dGa+ (0! *G@)

+F@* 01" +01«01"])
HAGEEGW, 0l * G@+F@+01"
+0L+0U'€0l(V W)
W Fx GeDa (V ,X)Tid (F*xG)a
=F@#* dGa + dFa + G@)

GV FBEME, lINFe =0+0 , {F €Da

OAFa®)=F (a+t ) -Fl@=F@#+0

RfiF €Da (V ,W) , dFa =F

FE B : A (GoF)a =/\Gxla)o

AFa,

HTAA (GoF)a =AGsa) o AFa+
; 01 o AFa
=dGya o dFa + (
dGy(e)o0 1" +
A
B EREEGK2) , AEHE() dG i) 01
+0loANFacs0!l (V , X)
#HGoFeDa (V,X)
Md(FoG)a= dGypa) o dFa
RAEFHMEi#ADirectiond Derivative
, Portial Differential )& Higher
leferentlal
E—Mgnormed 2RV il a EUITF]J:

HWEZGITHAZBEFEXAER :Y=a+ tu,

teR,a,ucV RAMF : A-WiEaly

u Directioal Derivative 7] EHLS

D= ligy o L XTI ® g

¢ —ro. 5




Tk o BF €Da (V W), BFTLIEAA
D, F @ RFEMA , D, F@)=dFa(® ,
HEEEE .

Frs&Partial differential FE—HR
WIHE& , 18F : AWV 2 EF 220V’ B
BRI RS T .

XEHZ:F: AW | ABaE, V' BV
ZF7eM, Iy 2 identity EEEV' 1
Restrirtion , Z/FET CHom (V' , W) ,
010l (V' WY AFaolv =T+
Ol Rsr . AIEMBFEEa BHYV ' HHAHK
4, TBHfFap Partial Differential ,

TEARE—M , RTALF L &2,

EHEFEDa (V ,W)@EAFLI, = (dFa
+0l)oI,r=dFaol,r +01 oI ,» F{H
HEF fFEa BHV' BHEAHRS , BHEaH
Partial Differential 2 Differential 7£
V' Restriction i.e dF&' =dFaolv’,

BREMEY AERT ARETFEMVI

5 F 7
V='TFF‘ Vi B4 = VAHEARa , AC
U, &# AgWﬁIfﬁtﬁ}ﬁ’éF(a) o7 @ bl
A' CV , iChina Rule &&1G o F &RaT
BAN a , BEBEEN R IR FARS n T
R (S o S voos Ju Vo S AV,
o R FAM B 4A48;% fi Partial Differential

dGi(@)Rk df .« FeFErd (G o F) o 58 Kt
FlGeneral Rule : d (G o F )a

2 dGi(@ cdfia
t — 1

F?éolt"f: , I, 2 ldentity &#
RestrictE |V, ,

Rl dF =§ 4 (1) :‘;":11‘
dlafh L

{8 dGr(a) = P ;dG;(‘.)

fitld (GoF)=dGy(a) cdFa

=

i

”Ma

. dG;'(a) ) o (‘2111°df1ﬂ)

28

= 3 dGia) o dfia
=ty

MBFEACV EREHAHD , HMA
R a FEERAEHom (V W ) i) B8
a—dFa ,{BHom (V , W) th B AW K
Normed Z2f ( 7h R EE—G)) AI&0 , F
EHom (V ,W) 8| F Lipschitze ;&M 0
,BEEME||F@) || <M ||t || HE—te
VB . &Y FERER EAEMME X
THRIES ||F|| , Norm{y& , Hom(V ,W)
#hAE Normed 22R T ( FEMRRAA A2 M B
o ) RmEMAT LAE i d FIE e 15, H
Differential d (dF )a , 1N RFMEMNE
st F iy — Xk Diffe reotial pld® Fa £ 2

' AfEdF{Eay=K Differential d (d*F)a

IEME Sl =R Differential , DAREEHE ,

d®*Fe 2Hom (V,Hom(V W)z, md?
Fo gt RHom(V ,Hom (V ,Hom(V ,W)))
2T , A multilinear algelra A

HHom (V ,(V ,W ))=Hom(V ,V ;W) ,
PRV x V BIW yiEsg Bilinear K&Z
g4, (=R THAE RN ——HERE

YAM =& Differential ATV X V EIW
s Bilinear B8, M7 X Differential

AREMRY x V x - VEWH n — linear 3#
B o LR

AR R A R R P SR A o 22 P T EN
RS " WEEZeR % , [BHigher Differen-
‘tial B D ifferential By BRIE T 1996 B i
, TUEMA A B — Y EEE—, =
H®E, nd® (F+G)e =d*Fa +d* Ga ,

R %3 M Specialige general thery
HEIR" ,

HIEDSCRELRN )N f= Cfy s
s i) s lfe =fom,; s e (X, X%,

VX, Xy )X,

RS« €D. (R" ,R) , fifExtyn
= af:
ﬂﬁﬂﬁﬁﬁax BEE , RREME S &
) &y

xi# {9, },2, &5 A Directioal Deri-
vative ,W\Eﬂdfu(ac )o@. {al}ln:ll



ERR"WRMERE, HE K" WnRHE
EfREIERES , RERMEE

n n af
dif s(=d fe. (.3 te6,)= 3 :
= 1

s =1 i

ty

phgERdf. = 2 loodf. &

=2 Loofo RMSBELTHHR :

F
i@ —Jacobianfif§i Representation

= 3
%fED,(R",R”‘),EULizl,

X,

o HIEAE o
df.m= £ 3 2J

t=1 4 =1 93X,

Sm, =1,

t

J

=[/aft . 3 T
9%, 9x, !
L‘f"‘ cuie -a_‘f"' t
QX X, )

o b®BEL K EHE = Chain Rule A[{&
Classical Chain Rule :
KA :ESED, (RIRY ), g€ Di, X R™,
R") ,x,y, 253KTR" ,R™ ,R* Ly
JC o

Alge fEeD. (R" ,R" ) A

92 =0 e 9 N
3x, f—_—zx EEP ax, =1 b
=i,

#feDa( R zHom( R* , R )M

a3t f _— »
m ,J ., J=1nZFE, REE
MEER—D, (R" ,R" ) hE#EW n? [HF
Y EHRI, s, >0, LAl e
IyodfeD, (R R )

9 af of

ax, “Qx‘)_.[”‘(kénax, 0 )]
o o
‘E[”i"lo(kfl 3%, ) )

9

e (ol bl e}y =
o, (el D s r
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Eit—f dHom (R* , R) % R* i 55

WIZA “ Duality ” AR E& @5k Repes -

entation (AT LIEE] ¢

X I Hessian [ Representation
ZfeD, (R"Hom(R" ,R)) RIff A

L

ooy, BFE
ME d*f. (t,-t)=
ot f ' f £,
9X, oX, 9ix, o X |l
CEritg ) - : t
9z f ot f »
X, @ X, —sx,.gx,_
= 2 é_gz_{_t‘t
i =1 g =iy QX X
E#66H -
(0,1) , EE—FEUFHER 1 , HizxE

HZEERO0 ,

3. HPI#EEFEREMichael Spivak [
Calculus on Manifolds F#HR+=F,

4. RS sy Sos s B—ERHBF,
B0 << fub)< - RIS
FIRIER A FF ; hZ I EHEIEEMmFS .

- 5. FREMEEMMFAZESE L, HBETH

FWHB—FHUESR .

6. EHE , EEHEFIINKRREHES T
= , Bl AR AR A TR R E L
THEME ‘ '




B LAy —(EAHE

(A Critigue
of

Matnematical Reasoning)

AXALUREME, WEUR B ; Eal
BIR“ 8 7S o B2, WIIT , R T—
ExS; AECHWER, ECYHENEE,
WE B H  BEARME AT —BA
BHES . MERESIR (IR) WE , THR
EEE—X, @AHBN ., E—BEHET “
Fn” , FERMEEEILBR , BB E08
HEFE—EARME,

~ 1% EX 8% Metamathematics ~

BB B A FERNE ST S By —3
% ( Consistency ) ,’EBEZT , 28—
AANTRIGEE ; RERMEE : —B s
R BENEE—EAR R , ARAAR
CHFEEN“ B ”MEG; ETERMEH
Mzt . a0 BAAMEEEEH (mathema -
tical theories ) ( @HEFRAMR ) XHF
EBEBBHRE , ERLTHE ? KEDH
th A — B RK BB K ( objects ), 0
SEMAENEBRTED ; b HRMAGUBE
- R—fEstE, FEEEENG 2 R
A A ERmEaivER, 2IE?

ANAREB % : Kleene FT{EHE REE
HRTIRY , MERE S TMARENE, B
BURT S BRI E+Hm—EEESR (
B ERBRMR AR |
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g~ Onhearting

~:%5% (Paradox) ~

REHE LR e B —B ARk
R , (AR IN R RE AR T S
JES,EEHE , BRMNBANEARNYE
EE, MEARXENASH RSN TE, T
BE—EISRBLMEREA , bRAER;
FEEHEMGETIN , SERIRRE , ERE R
BATGI—MUER  BBR, RAERS
EHFE . CRAKBLEAER (R F51
ANERBREW TG , ) FUERREER
ABHE— 1% & A “Hk "0 RRETER
BT - BAR A ELRR MRS « ARy ”
¢ validity ) , AIEARELUTIREGE
BE, EAARE .
(@) EFEEMHER ( Cantor )
EERMMEM CN-M<N , M, N
BES
SMBFEELRBNES , RERMB
MB—H( class ), Mip (M) REMAL
REAFBHIES ( power set ) ; Al
p(M)=sM ,p(M) gMz cp(M)1>M
BAERFYERY p (M) SM , EREREEY
TE . ERRMARTHBY , S0T8%
(BEFNELHR ( Rubin ) p. 68 , #
BEBEHD. 14) , ERRMAEAGEE
PO >SM B p(M) FM T8 ? B2
% SURGRE , TGN ZREYN
FEREA HEA R KN EA MW RHT
BRI R T 88 %, fn Burali



Forti ARIMESFE ( transfinite or-
dinal ) GEMEEL , EENERWHR 4
ik , AW LR« RS 7 SRR BT
EHRERT 7 .

(b) FERWF# ( Russell )

—EEAT ETREAZN—ETE? &
EF&tk ( reduction and absurdum )H{H
RASTHEBT e T,MAET¢T & i —
ERfsR o AE1E 36 2 7T ch BREE V30 3a MEGE HISR
1, R R3 ( Hint : p(M) =M ) |

(1) FERREMAVER : —EBNGERE

S fEHEE AN BEREMETREECHE

BEWAEE ; EME ChERERR ?

E e R—EH BRIFRMIBREE

BREA ,

(2 BB THH#EH (municipality)

CEEMYE—ERRTAEE—ETE

, MTAERA—ETR , METETHETE

ZHHER , BEBRM BT bEL—

ERFINESS , YR EFRETRNT

BESMEES , BAERD S BEK—

BB , BES Wit B EIER ?

' (3) Bk ( Biblography ) :

BRAE —AS BEMEEES b B

FUHK , BEH A B R EFIEI BIE ?

EROEREABENWHARRERR . M
THEARNWE A . REMBBRRAEEYBFR
B FRRANEBEBS S “ TTEEK ” (predi-
cable ), RZAl“ ~FT819 » ( impredi-
cable ), FliNflRGLEMAR ( Abstract )
» FTLLE 2R 3809 ; (R ( concrete )
£ ( abstract ) , FTAERTTEY ; BE
EMHGBEIRE “ impredicable ” & :
predicable ®R& impredicable ,

(¢ EZEMFEH ( Richard , 1905 ,
Dixon 1906 )

ENAZEERBR “ HRW » TE&HK
1. EFERNEEEBREAR CHEES
HEE) LWER , ik EEETBIANER
&% ( numbertheoric fruntion f, @H+1

neN )R ARETE , RIE, AT, Z SR
BRSO E S R BE
B FEE B —ERRR A
4 26 EFR, THHZHEF RN 225 (
Blankspace )&% 28 BE#HER, AIMAE
EFWERRLE ( expression ) , A HE
28 EFRMUARFFIFIEL R R , 8
FFEIARLL“ 7 PRI 228 » ERaf B
FHRMZ R THEHMETE © “ the least
natural number not nameable in
fewer than twenty —two syllables?
BEERTEERAA 21 BEN , TRéE
ERMTH , E—EERABTEMAL 22 B
R PHRRE , EHEBR—EHRR , ME
1% 2

d) RFEFK#H ( the liar ; Epimenides

SEMEF R4 T R RS ETR -k
RFFRBE R ELR EAFRANEEBES
ORI , 7O TS TR MR AR
Epimenides RRERFA , R : AR
BN KRR . | SA2, AERMAZ
DR ARSI A & , RTEREEE
R LARES — B % ; T E R EER ET

) (BREAEE P8 ( dilemma
of the crocodile )
—EREEWA , lET —BETF; i
RHFEEBEEZ T ; BURFHLEFF
: [ EER BERT it 7 | Bam
REEE iy AT 5 BOEE R E R
GEEREET . f?
@ T : —@ERTHA , BARAK
WM 5 1o A i — B & AR —
; BAMBHRGRIERE , ST X7 T,
ONERSEER , BUEMBC LE 7 T . BB
BOIR 7 B bR — R SR ,
MEREARIK (IR , IREER?
RUTEEZHRM , 7T RS E— EBNA
SHTER , B8 B AR R TR
?
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~ BEBERATISAOHE SR ~

B HE BFE L& TRS KA pRE
HAMMREE AR, - RFEEK. 81
WABLELR , WERSK , T S AREK
MCEESF NI, B2, EHinT, X E
ERIAEAHES TH, REENER, 1
R—EgkWRETND , YRAEAH E8
» B AR '

B GFELSQ , DRAWEEERE
EFRN“ BAAK" T ; £AMWEL , EK
ML - ete. , HAIFEAF—FEELRA
FH—ETE . AT HRIRIELITRY
EAMFR BRE, BRMOEELEEL—ERE
BRSYEA “8” , TEOTMEEIEE ,
R ERRR B , FERMEETEL—
& AGBRYOB LR ( basis IWEAH . B :
B0, BB LAER “ RAFTRINES” , B
FEeRREENRESE R N ERELTR
,BTEYREWELH , RALASRIE
EAWER , MAAEABES—HES . B

......

smpRon , BEELHTWREREGT—
B, MEEMFAE , T HET R ERER
BN BERNERE, ShiREAMEREMSA
BAMBTRIE B RIE LR EE R ES R
b, REXMEARE“ET > ik . 218
? TR ERMGEBHERATEE © KAKIWES ”
FIBRE , APHIEE501VE# % ( Antinomies)
> SNt EE S EREA IR . EER , BERM
BHELRDEFERAW AR LEFHHBTH
. Hh R EYBIN—XHEER

( Russell YI{#E#=# ( Whitehead ) , fth

_ MEAEZETHZRE ( principia mathema-

AT EEER , R MAEHESS

TEE, &, EREEERMTESN—HEE
AT RS ERAR I ERNIRE
KMERE ; IREE . ( Skolen 1929)

() Cantor’s definition : By a

“set ” we understand any collec-

tion of definite well — “ dis-
tinguish ” objects m of our
perception or our thought
( which are called the “ele-
mens ® of M) into a whole.
(@ AFEALHR ( Axiomatic set
AlLE . theory )
C BMBREREBAERRWEEGHRAR
SRR R o DR — (B A R E—
ik ( Consistency ) , HECKAEES
AR B )bt R RF A S ey EHEE K
Z , AIBERT B , Bk an BB AL

tica ) , BT MRER , RELTHEGE
% ( Theory of types ) , BRMEEHih
S “ TRIE AT ” W , N2
B, “vRBop—@ErR” (LX) EH
MEE v AR e K “ 17, BEREIZHER
, —fEAR ( formula ) BAEEN , RN
by TFEAR ( Atomic formulae ) B4
BENG . SEERRRAMTMAR , BEEEE.
IR , BALATOWIEE , TS R
SR (— AR ) . BARH —% EQuine
E1931EEHM : RBEFAE( Semanti
cal ) WA, R “ x is not a mem
ber of x ” BT AL ARG . HAbat
EERRERBERIE ! ER , EH41WRE
B, FE (HEEGRTS ) , AR
BEE —EEBNE  BEAREMGHWRE
b BA—3Hy ( Specker )

Gft1) . BERHEEREREANAZE
ERARFEES E. Zermelo #A. A.
Fraenke | FTHRHA Z FEZ , K divon.
Neumann , Bernays f1Godel i EH
N B G #in . & ABAEE Ly ARG
EERTEWHRAES ; £t , RETEH
SR , Mt 2R T MR “ BB " Wik

- EE (TRFEARBNEE) , BFAZE ,
| BRI A RE B — AR A EREER, B

WERE ; —ERRNYERS B R |
ZER Z FHINBGAIEHAZR , 18 , §&
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, BEREEE—EC A& WEE , (2%

: Rubin , Set Theory for the Mathe
maticia’ . Sec.1.1. page 5) ,

(b) EBEEMEEIZRE ¢ ( The broader
problem of Foundations)

BRARMELRERRTHRAWESE
, TSR EINRE 5 AR —E 215 KR
HBNEER : CREGHREN —ERR“a
& Em I RIRE » 1 TR AR 7 BMAE , B
WIEBRER AR R B LI , MEBRME AR
ZfEZEMp A REME (BIRBRKRZEM )  AR%R
#h 4% AR B —FE SifthFE 220 , EAIEH
BRI A, AR TERNEE

. MAETH R EA R R iR —REE R H
FRIW“ PEIAR 2R ENMES > ( an un-

realizable combination of features
) JEREEMMAN T , BRAUEARS
BREA MRS , TEEH T 2R R A A
T . MEREHRATENERME ; EEME
TESEEE T A, KEEET ENHR

[ BB Lot A RS (O R BT BR B R 7 , b PIBRERAD
BRI SRR ( systems of objects

) (32 ) , BRELTETREK . | ERFE
RIER , BAERSTHE “ ke ” (B
), BEERRFEAGEUREAR , AR
EEHR , B REBET TS, R&E
EBLERBBEABTHHERATER , REET
SELEMANRBN, BB £S5, BRARE
BERRE /BN ?

BAERMGR , SEFTEEHETR—EA
BEVELRE BT R AR F AR BEATAR TR E
EARILZH , B B0 hAE Bl &
( truth ) F08 ( falsity ) , BRIIAHRR
AT RN EH , BMEARA S LEREW

B ARRERVA LW , EOEMEEA
FPAE TR R IRAE A RR T TS 2RAY 5 T ELIR 4k
BROBSHIAEREEEES , ISR
2R EAR « Bt ” WG RAR(LWES
RIFEA— B INER . EVR EHARIL
HUBCE G R, Y TR R R ENEE ; A5 —

LEGEARTEE “ B Y W T B B
Bl b R R SERIE A , SMAE AR
B (236 EWRIE) , RMETATEESBE
WRM s RIER MEEEE LS , BT
BRIWEMESEN , T HAESH & E—&
SEUR . fEER , HERET ; BEHRHRHY
EEMEGHMA T B RE B E R
WEREEE  JEM , EBRMETRE ,
MR E , B EREET B o BIE
FERHGMEME: LHENE , HAEER
B ? 2B BEaERFAMER? 3EMME
THIEBEA ( evidence ) B E?

DL ERrE B , B ANMEFENT 2
b, T S 3 A AE B A3 AT P Y B 3R O T
A , B2 EEF AR L 8T —fEE%
WEBEREFEN AR , EREELHEEW
EAT 5 ER G i, TER 7 Fi i BAH
SEE Rk ERE M EEE

REEERE HT BB AR — B
s BT BEERNE “ EHMBEERHN=KIK” .
TEEEIG e, WBHER , T H B a8 /12K
SHRER IR« #EA VAR, BEE
D4 R T IR BHES A ESENRE -

~ g 3 ~L ogicism

“CEBETIZENTIRE: MEARESL
H—EMTME ” . M2+ HE & (notion
), ERGA M GEENEARES , BEYN
FHHERBA .

FIB ( Leibniz , 1666 ) EBE
HPE EEEE , BAES AL HNEEEER
HEEE ; BREEREAERNER , XS
£, #kDedekind ( 1888 )l Frege
(1903 ) MESBHESRESKE EVEHA

, ME%e ( Peano 1908 )LLBEWTRE
R (REEZE) ( symbolism ) , FEREL
2EWERE ,

TR —E A EENESREEBRETY
FIF . BRFMIRE Frege MERHNEY
( Cardinal YWEEH , EHo ,n ,n+1
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(Fn BETRNELREBSE» WEARSHE
B o ) ANt E FIEN AT Al —{E A RO ZE B RE L
AEEWHE WHEERZ

Mo HFpMHIEHE .

@Bnn Ao WKE , Aln + 1 HHHEP
lMEZ , — 88 ABRERAEFENFR T
s ATLIEBM A EAGES , EEMKMELR
E—EE & BAKRT , FRRAWTRE; A
HEERE B BT FAE ¢ S E—EE RAKE AR
FIEEp (), QFE , AT TH BRBLE
BAEERNERS . i, BT EEBRE
, BEEREREWELE , M2LEE EEBEE
MR . RERETRER , B NFERTHR
FHIEM , 2EAF3EM ( impredicate ) ,-
R , HEREBHRNES , ZBMRRLHE
TEEMMEE , HEk ?

AR, ZBET — ARG RHE , g EE
EEMS , RATIO(TH fFR 3B E R ARIRE ?
WHEM RS EEER KM “ impredi-
cate ” 2 RLMK—EERN , At , BT
WA BE TR ERENER , BRIEH THE
“ AW ” ( ramified theory of
Types 1908~1910 ), E2—EEYHEH
B AE ¢ REAWIRE ( object ) HifE
#8 ( individual ) ”, B—@EHEE, L«
O”HRIRy . “EMWEE” L 1”58
2 , BR EEANHENIEE "R 2" HE
DUFERHE , AT BRI MR G LI ( 0
1,2, ) WEEBHE . I EtaesE « =T
SR 7 AN« AR EER 7S MIEMEA TR .
FEAFHIHHES | , TATRT &N BAfR ( relation
) #EC classes ) , WA LA IR K
Fr A, BTHRTAIENER O X
PR B B AT “ #& ” ( order
LS, R LB, AR LR BRSO
HIFTAME , g E—“ K7 B0 EE , &
B FEMR e —EREE G , ms , %
BTyl a ABWESER “THEN” , 8
pEFK—ME“ KBS , Al RBEE
B SEAYRIMI R 1 B |, EEARNEMN

#7580 , SARE . B2 , SRR RE
TR FE , FEREG AT BWESEN
“ IR MR . BT REEERETE
HIKER , FER TR Y ( postulated M
FERI AR ¢ ALREMERAE ” ( axiom
of reducibility ) , EFXEMERKEEH
FfaT “ &> 8/ WHEE , BACAE—EH#E
ALERAEE , HAES OMMETS . B
WREEFEM , BAR AZHE AT L E RN
HeBE, BEARMEBTHE : YE—@
ERRT A P ANE] B EE , BiA—ESEW
AR RO E B B E ; BUE ARSI FT AR A
ERET ; MHEH N sEEARE, ——
LLER , T RBEBEMTINASZREE , i
RHEBHAR , REEAEE? —BH?EA
TR ? o FE T EHAE ZREIEBRK
HERET , THETERENAE
FABERNET , REERE LG,

HRHE , HrRTFREEN R EYEBREA
o T BB P 2 19 7E4E ( deduction ) #
ARB—TEERNAR R , MEAREHMA
51, 24 EhGmE & RS RERBRK
wER  ERENWREENRMEEGHESE
B ; Eapye REMEAR , B0, HHEEE
HEBER , HEEHR A RELEN BB

ik, TR R E—EARKY  EEARA
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—EHEY , bHFEBANES , T EEE
FIATEMRREE , SRREENER, (28
MR B EHEWER) BRELIERKMATEE
WER , 2157 R EIR ISR C8 B #@#hiE
s BIMEIT AR ; ERBIHFET G , BRIE--
Ramsey ( 1926 )b ZHAT A FTH 215
B , BT AR BA R R R
( hierarchy of orders ) 4}, Z¥AH
LS AR BHIEERB MR (Anti-
nomies ), MR :
(1);@#8Hy—(Burali— Forti , Cantor ,
Russell )
(27 EMW—( Richard , Epimenides )



M Bt th 535 S8R Ay iR i R A Bt ?F‘ﬁﬁ
‘JI#P%: :tﬁ/\ujﬁj:m EUEEEAH%EZ:‘%T

ul:l;::

ZKllﬁﬂ: ﬁumﬁmmn TR A BT R
BE . AEHNERNGBIETTENES ,

jt?ffﬁﬁﬁ AT , B EERSREA , 5 2R BER
M, AR Ramsey fiBEETT EWFEE,
EHEEE M ( ConstructibilityRfEE
P ( definability ) T HfELER: , REH
—HEEA 2 A ( totality of predicat-
es ) MR , SEERHBELTHEN ( The-
oloyical ) , B3 ETEFRAET LLKNSE fieim 218
518 , BERYAE Ramsey , I EATEEG HR
BETHEWEE, BNIE—RIWER , E0l
TRBFIE ARSI [EE] W
%, B2, RN, I REZHKE LR
WEERANWHE , BREERMNENT
o EF EMFTRE IR ? 20 , 1£
1946 , Weyl GELIS R 82 FE 2R R
REESE , R : [BMETHEINEEL
, MRAE— R R E R ]
B th 33 a0 R—MEA 4 (i ) 1848 E EEAT
2By “ @R R ” ( transcendental wor-
1d)@(M)&E§%ﬁ£m$nm(ZF
» NBG) Wit , MELHABEEE, #

Hermm S =ik « %%ﬁﬁi’l’% P HIIFER o

EHEEELYNREHRANRE (ESA
#LREREARENRBMZFENE . THER
FHEELMREHZHATHE , HEEEHRNE
2, BAMFIIRELEBREEREEX . ER
ERHBE T HEMBHNEMETS . £EF
FMNBEERST , BREFHETSETEE
B , MER T BE WA HR , BHMM
B4R K2R B A , A2 EATRGE TR R
+5 SEEH , BT LIBHE R E AR YGRA i R
B . A

IARIEEESE EWTIEQuine ( 1940 )32
HEARRHI—A , HREEEZH|WHIT |
WmEERMAGodel (1944°) FriRd , Wik
HEEHIN AR, R FERMAE 5w ( Bleck
1933 ) E AFTEEH .
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. ~E%FFHEIntutitionism~

ERUNEEARRETEE ; EEE—
REER S AL ARBHEMH ; 8FXAB
ERNN—RERE T ARMAEERENEL ,
FTAES ER AR “ 55 ” 1 .

7C 18804 , EWeierstrass , Can-
tor , Dedekind Wy HFIEIEERITH , REEE
5 ( Kronecker ) A& /#h 5% © M A
WMEBRTEZ2RZHK ;s BB , T 6 AL
—MRIRE T RE—TFENRTHWAREETHEE
% , MEKEE ( Poincare’ ) , fhthfEfEsE
“HEBFINEE —REHBERMBHERNANT
B ”HAETRIBERNIIE , KZARTURE
RHWERESRE .

a5 1908 4£ , /155 K ( Brouwer ) f£
iy — a3« EiﬁE’JEEET{E{%EEE’J 2
o, BB HAINSMEkE ; S5
FEMREA TR SEIK , —MAMEEY
WAL , TIEA “ Y WEES , #3E
BE (Weyl ) 7£1946 F i H T BEHMN
EEEAREERENHRA , BT LK ?
ENTGZR—T .

T E LR M I FARRA - BE AR
TEEBEARRBA—EKL : BT HFFAE
REFRBHIRGR , BRZ . fin—>2n ,
neN Bk, RARBMARATR , EHE
BEATS , BHRTHW .

BRAS LEAESFENAEL, ATR
FEARIRARA © fh LIRS EME T HE BN R B A
FREL ZEHREN . B2 , MESERAFATA,

PEh4E ( excluded middle )V V ~vy
V,—or , ~—negation 4 E4HES : £
DELARAE—ETR , AAEEP : LIFHE
ZAigaxeD,D, p&), EHRBHFELR
( axiom of specification )Wz,
‘ﬁ?%‘“_tﬁﬂ’ﬂfﬂfﬁﬁ’ﬂﬁl MR EIRE . EAm
NG ~4 , B ELTTRN TR« ~
VEIVx eD,~ p@x) , BNEBDPWITR , T
HprEE .



Al A RS TEMER o AV~AHD
GxeD,2p@),V ,VxeDS~px), B
BB MEEBRE (HRDhWEMTE)
REAGKESD .

BEMED RARES , B b —E—E
Wi, BTEREN ; E—EBEABKT,
TEE—E A , ST EETE , —K
, TIEstREET ; (B2 ; £FE L ER R
Ak , AR SRS EhAZER
KRERESR TR, ¥DB—RKHEL ,
R RMEIRT -, T ELBAPISE AN o ig——
%,

BT UBRRAEORBEAD A —THR
WEp , BFGTUHBSHAEE : QL&
—(ED hHTRETHELE D 5 (BB
EA—ETREE, , MEHBH . Bk
@%,%D={(m,n)|m,neZ'},
Z" R, TipH2mt =n® |, MHLEIR

BRT AR, REKAEAHWERRKER

HEMO, @, WFTEEN , Tia Mt £

], MEFT Y  RUBRBHREEE
( Fermat )3 :
BEEE:Vn>2,q%,9,2¢Z",
S attgf =N
i, BMETERBD = {(%,2,2,n)
%.9:2,6Z5  n>2) , TELWHES :
x+yr =2t —EES K (H 16374 ) i
REBRAAEBRE , REBACBTEE
RIS EAAEH ¢ 7£ 4000 U THIER
BATERE , TEXARRGSE ; B—FF
AR ? i —F , BREERMR L —E
7 TR 5 B 5 T (PR LA B AR
T N EESE A PR AT E#S
WA F R B R FIAEE 5 T AT R = EAS R
Rl ; MELCREHPINRE , STHEE
RS, ERRE , M MHRE T —EREAN
FrEk SN AR o T APt B R R P IR
BRI PR 5 B SO S ERIER T 16
EFERA TR LR BB SR |
ERERSTE ( 1908 ) WIEAT AR
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ZHIFTEENEE ( FRERE) , BBz
By ( classical ), MifEA KA b EIR
FftEFre THAER BEBE “ERTEN”
s RZ AR “ FEREEN” ( non— intu-
itionistic ) , fEf& , Weierstrass ,
Dedekind EEERHE . iz mEse, 5
RERSRL L , FEUAEGREMN (
actual ) , 5221 ( completed ) , S\ i€
# ( .extended ) FIfFEAEME ( -existential
)  —EEBNEARIREEENTLRH
, MR TCHERMNWEEBES R, BE -
WA AR BIEFBREER , RAH
MRS o 5 A DU AR 85 2 FTRE R

( potential ) , F4EH ( becoming )

, UMY ( comstructive ), BfE 1831
& , & ( Gauss ) SHHEWARE LR
B LRI REEERE K —EEERE ., &
B ERTHFN . it , BT &
BN —-RNT (HEFEMWS) .-

ARG B ALEREBEENL ( mathe-
matical induction ), MEHEERTH
of P 2R 2B A 0 e e B M1 i R O Bk (E AR
b)) RAMBEAVR , pln) . TATAEIMA
£ 0F|n MWB®R ; EFTREstFSIIFIRER
FHE , IN(TRFRA , BIEFEEBHHRE

&

H—EFEERENRR—an ,>,
@), CEEREZE LM BERE— o BN
H % ¥E ( Communication abstract )
AT AR , 2 pn) EGEMER EBIHZ
EEN ; RAERE —EEF n WRp , BED
Bl B A fta— 1B B AR R AR T BT,
RIE ? TRAGHRWES L, BAREN; E
&K ( non—constructive ) SN E
T  MTELEAREREEAMERE . £
o ERA (A ) DpMm) , HEABEE T
BEYRAERVrS~p ) BEH—MEFE , 7
REHREMNER FHRYBEAIRAEZE
( reductio ad absurdum ), PREf{zE
i~ Vr S~ pn) , TMELMERESE ,



IR~V >~p@)ENan 2p@ , AIE
#®—MME , ERERELAAYH . EFE EF
# EFEMEREERA ¢ B0, FRMTERRE miA
Bl Fan , o, p@), AIRBZEE , /AL
ARBLEEHEFEEFSHEZR?RECH
R ? :

BRMBEEZT (Heyting ) HEE
EBENEE: R 1934 ERET THEH—LE
Fim o AR RGBS RIRHEY , BB
K B E R ER . BT EEMBEN , B
BEANAEATHEMENAS , KFATUA
WSS L FEEREN , RS EWR
SPARBYAEERFEELE ARELRTE
BINBHEEECHRIERTEA , mE% (
BER) THREFRWHERER . ERER ,
HATRE —TEEE AT B EE
REFMAAN  HRERIELWEE , B
THFREE—EERRENEE( norms ) XK
BEIHR , S BRI UK —E RS ; B2
, BEHRERE L BEEECNBH
( evidence ) ,TMiH , EFHTHEREHEZM
BB, TRRENERHN  SEsE
B EERBHIEAR  EUTRERELN—
fESHE , ERH TBE SR , iR L
TMERBLHEW , SRETMHHEREM

. BECARZHE !

MSHEMRGEHE —FENE: FEETE
HyH e R PR A E BRI , B
B ERMAEIFFERE 5 0 F B B
HERBERETWHA , B (EEFEIH
PERE EMTESR , TRERERN . MEARKM
HEEEERR LY B iEH KR , TRENE
BERMEZEBEEAME ., MESAHEERETE
R FEAENEYIBRA FT L BR M HEARE L AE
F—E, LEESNE (BHFESHEER
B2 AR FEREBWHE (EEH
MER E) ERBARMENHEZ , (meth-
odology )

Rk, BAMEL—EMENFRRIERR
o [TEREWEEseBE L EER T ENE

37

#E? | BT SR, AT AT
BREFEESZ » EAWEX , MiEBERNE
REZWRH L, IEEREWEE , 485
FRRT , T EBRAFHBAEE R EHE SR
T @t 88 ( Continum ) FIEA R
e, MEEBERGETHARERTAAS
WES, ERBERNARREREBRTIAL ,
IREMETE KRR MBEN—TEE FWEE
, MEEHRBEREESK - ETANET ,
TR IE ? M dm AR o B B 5
EEMEHEBKEEE—ETRE , e AR
BHER .

~FKEFEFormalism ~

B B ARTEAT SRA RS (2K — A A
REIER KN RENE, MERBR
IR AWBIREERE , 76k h RRSE BRI E
Nl

~i A~

BTHR, BIEERRET , bFRES
—B# ; RANMERE , HETAZERA K
RHERE: , TTRERINERBERTEN , RIEK
R—ARERAN , FEERETME  FRF
HIRE ANETINEE , ZEEBET H BTN
B, TEHAS IR BRI , BRI SR
MERRERNY , BT ZE&MEIIR (IR M
HE R . BRRE-- DRSS

VEHWEHE , FTRERSRIREM .
4R B , BAIGERA BN EH .
IRFR 1970 , 4, 11 A

A% Bl Specker AR , 1949

By a “ systems of objects

T#1):

(&2):
” we mean a ( non—empty)
set or class or domain D
( or possibly several such
sets,) of objects among
which are established

T#28R



am BRI ERIE

“Mathematics is the queen of the sciences,
but number theory is the queen of Mathematics’’

B am PR AT A S R H T o B AR
ATHEHS , METHE EATE, RG]
REMLTEREN , FE—FRAT ENEE

RERAERREH « 1kl » 10 o —BIRE
RN B R e R e B AR S A
TERR , (BRERFEANKRERENW ) , B
Lo ) P BN R E VA o
)

LEZHEAE—ILA%E ? —3Am - <

o A E# 578, IREEBEAE ?

AN

( Courant
Hilbert : geometry and Imagin-
ation P.292 )

S22 3 n , n B
EEHS , En @i (BER))K, E

AH—« B (digit) EHEEME

Moper place Bl 27E5=f1 , 3EF=
) ISREZEZ 4 ? ( Courant :
What is Math,? P.115—116 )
SHF—FEEHEZ=0a.10"+an1~10"""!
+10-a,+a, ,KMEREEE
fris , MEHMAENEE BEREW 3 ,
5,9, 11 %%k, EH7, 13,17,
""" W, REEEH—EEEFER
2 (PIHE TS R a, +3a,+2a,
—a;—3a,—2a5+a¢+3a,+2a,—a,
HERR 7 BER , AIZ gheEd 7 BIR)
( Long:
Ex4, 3—(2); Courant: What is
Math ? P.35 )

Intrs to Number theory

:What is Math ? R240;

38

Carl Friedrich Gauss
(1777—1855)

- EBA
BT EE=EA&WATFN, BEHFSY
i R FEE R AR AR RN o
W@®Fermat’s last Th: « n >3EN ,
Alx "+ y"=z" mEBHHE » HES AELE
, Fermat RETMWBHA , FAER
BAn <4001 BERSL , BB 22 0 52 R
BETERTEATET 200701 RILMEE
ARz
®Goldbach’s conjecture : ¥ £
—K# 2 BB R B EE # pri-

CEDRR 1 FnA F SN BA
HMEH ( factor ) B, 1EEFEEK
JRFEA B ( compositenumber ) Z#l

s E—KR O METHATRB=EEE M
o 18 1937 FEBBEIBE RV inogrador
BT EAR AR ETHETES=HK
Z# , M« BEHs » AESBHEABH
HE 8% , (Hardy and Wright :
An Introduction to the Theory
of Nos P.19 ; P.22 )

@Fermat B%#ZB2* +1 (neN )
EHNBEEY ,E 1732 Euler
Bgn =582 + 1= 641 x 6700417
REEAH, WEBEE KL o

OERAAME TS 2 RasEENGEs T
B ERT B8 36 Bl HullE =7 Ay fEzs
BER, EEMHELER , AEHAA—
i@ FE torus LR A-LREEBAGE®R , M

Egﬁﬁiﬂ[ G , BERMES DT HE
EE—HbE H 7 B N @ZEE ( Cou-

me number



rant : What is Math,? P.264—
267 )
®e , n 2B ( transcendental
number ) 2HRMELM , 2V7, &,
e , BABHE , (REEEBEANE ? (3 :
Harry Pollard : the theory of
algebraic numbers , P.45—46 ;
Hardy&Wright : An intro, to the

theory, of numbers , P.39 ; P.176)

Epae, V7, 2° %, IESHTME
L EEE o
EBEREIE , AR« T 0 KR,
B BRI R T B LRI ERY , B
REIENAERSEEY, TRBR/NAER
, RAAKRY ; HEAE ( congruence ) ,
EEEME LA
DEuclid BAMER : EBRNEBRESS ,
(EERES ) EE ELHEMTE—E—EE

W&égﬁﬁﬁé¢z&—ﬁi,%z%%
R 5 K, g RIT—EE,
z%%ﬁ&ﬁ&(ng:P43—44)

@EN =p, % p, Mt pu "= 7 p

(O REFH) , 6N) RFTENIRKFRT
BIRE , v (V) RATAEN WRBHEE ,
@ (N) RFTA/NAN TIFN EE M E REHY

ag+1
RGN = ﬂfjlﬁ_:?l—l—

oN) = f C(at1),

i=1

(N) = vitflp."‘“l(p. =

n 1 B .
I (1= =) 5 L CENRRECA

t=1 ¢

BN =N ~-1), !

HE, Euclid ARBE : « ZHBEBT (@Perfect number ( B28 ) #HE—8A

WELAETFE»BAE .
DML« (n) RIATAR n iy BRI EK
, iz (100) =25, #(1000) =168

il o
LALPLLLL I 1o

I oo,

HE) .

(®Sieve of Eratosthenes ( 276— 194"

B.C.) Rt GBMRELKER. (A
AXEXEHZE P.33— 34 ; Long :
Elementary Introduction to No.
Theory P.41) o

@Dirichelet BT :#a , dER(H
e, d QEARK) M (a,d)=1RE
Ha>0,d>0, I5&RSMEa +kd
ERPAWES (K>1)FIM4K+3,
4K+1, 10K+1, 10K+3, 10K+
7, 10K +9%% , Long : Elenetary
Introduction to No

®m2,355,7; 11,13 ;- EHH
EER—BEEE , WMRSRAEEE ( twin
primes,) Brun BT #E ¢ ERATEER

39

Theory P.43 .

BNEE6WN) =2N , AINR—Z2H,
‘6(6)=1+2+3+6=12 ,6(28)=
56 , 6(496) =992 , £(8128) =
16256 , ATbi6 , 28 , 496 , 8128%
2528, L.E. Dickson ( 1911 )
FEAmer, , Math, , Mothly Vol. 18
P.109®BFHT . « ZEMEEm ZIBAT 2K,
Alm=2*"1(2*~1" ,XF2" -1
B%» , (Harry N. Wright : Frist
course in Theory of numbers P.10
; Long : Elementary Intro, to No.
P. 305 i Dickson :
to theory of numbers , P.4 , Ex. -
7 ; Po5 U Ex8))
@fiRkBax+by=c2EERE(x, »)
Hepa,b,cel tWHRNAEEMAS
BlRae , b 2HEAARNd (b (a,
b )RS ) MFRcMER(UI | cH(a
» b)) | e K2 ) AEEAMVa , bET,
Hxo,yo EIDaxs+by0xd (5
a ,b))Rc=kdHl.

Theory Intro,



a(Kxo)+b(Ky,)=Kd=c¢ VT(EBE)=2+(VT-2)

( Kx,,Ky.) ENRATK ( EAT A A— n 1 . 1
f#) , (XLong Ele Iatro,to No. Th- 1 V7T+2
eory P.66 4 F5—1kf#« Diophantine V7T-2 3
equation ax +by=c¢ ») 5 1 o 1
@F [P (LA BB E L (&AL ) 24 : i +\/T— 1 il
HEL (ARNBEER /N ) BEEEA 3 V7+1
HEELL R NE & » BERMERAAE 2 .
{EPEBAT ), continuedfraction (#7 o 1 :2+.l 1
k) £ o FEZARREGH I ( Horry N. 1o 1 1414
Wright CH.I) 17'7‘;—1
WS (HEEO) = 24572 45T 4 B5y .
e T oY)
ATl AR 1 o 1| 3
1+_§_ 1434144 = e ertenesaite =(2,1,1,1,4,
19. s A (U Ol )
=21 ;3,1 ..4)
s KIA
A 22 HE AR w0 TF R LLHE
B— FEHiE

EHYTE LS ELR , RFRARKT P 2ARRRESLTR &
IRV AER—#, BWEBERTEMANR  PIFE A=ETHENH
BB T A EREN W, M PA—HRESLE=EHERN
ERYTE BT AE TR IBBREEBTHELZ R, S
RMEERE—EHRYTE ; ANFAE [ ] RTER ] FINERT NS SR
RABREE—EHYTE ; K& , RMER CAPY=[ 1 BRI FrzEEs , Bk
PEMERYTEARME , e , RMER 588,
EEERF , AEE - EERSHRZ , HERREE FERIRAE , BRKMKEE
T TEASNYTE, BiE—ERAS (AT , BESRERMEARWEEEE , fitn, B2
RBIER ) » REFETR CBIER) UL B (F1T7) RIEH
Lok, TMRETIIRGE TR A MEENERNES , B S
P LB RMH , BE—REEZ ER o

40



o3k B ARETE EZ—&, LU {[
1]} BRIl ZER .

UEHZ2RETES 0T ¢
S e B S AT A o BK R A T TS hn_E R AR e 4
g2 S ;S HHUARES TR BURA M o ERR K
7 , 0 EARESERR o
&FE: MEFENTSARETES B—HYE
H o
B RMEBASWEP 1L.—P 4. ¢

PL4P ,Q€S8 ., 1) &P ,QHRK
KA FoEs , (&P , QEA—BREFTWE
8, NP ,Q FRERESEMRE , S HBEP,
QEE—R., 2) EPRFRHE, MQ=
[l ]B—=EH, ABPIKRE—ERmTT
I, REime[ I ] ; MREEmZH#EFTE .
om R EEP , Q I—RiR . B , &P
, QIR ER—& . 3) BP , QLEREREHR
, IIAE—GEEEREAEEM.

P24l  mESHZ=K. 1) HL,
mERSEFE I m QA , nZR-FH
B Elum, QEBHP*=[1]=[m]
BHZE, 2) &l BEERMOnRESER
,AIP=[ 1] BHEH

P 3R#EE HEFEA= BRI ,
REBHESEGETEE EMET . KBEA

P AEER | TR2E , Q@ Ed{E(T—
HROERGRZTIT . RP ,Q , REEZETH
G EE , IR =R E R’ | £17
, WERAERE , R@P s R F1T,
HEMR  EEe—RE, BIRMTRERE !
EW—SP , 4mBBP, , BZER , Al 4E
E—RPRTEmE , 4 nRE , B2ER ,n,
RBPTITmZERR , Al ny , n, BBETF
ﬁml%:ﬁiﬁﬁqﬂﬁ$ﬂ%oﬂﬂE¢
WERES G AWES . BEN LRSS, &
S —BELEE=E  BERS BTG
=K, (AE58&)

g we.d.

GRS EERLTIENS |, &M
BREBHYTHE (Real projective

|4

plane ) o

BE , BMERERLEBIE—EHNY
TH o, B4k , HMAER P EE —EMRT R :
XTY&HII€R/ {0} HX=2Y ,ER
BRT RARERR —SHEME o (equi-
valence relation)’H T EMEEEMA (
equivatente reiation ) FIMFLET IFE R’
hEHS(EE : ( equivalence class )
g PrX = {Y | YER{EYTX}' o
B 5% Py XB—T%HEE. ( equivalen:
ce class )

B, RMEMENTSEEEEE—ER
A, USRS, WEE—ET SEEUR
» o BhEEHE , RAKEE—EU M« R »
Ry :

EFe: Kax+ax,tax, =0(a,,a,,
o, FEB0 ) B-=x—RBRFEX, Al
BEL
l={PpX|XFa,x,+axstax,=0
<—#}

%—ﬁ o

HNERW S, ZRFFTUAREENSRE
KAMBBEER—EHYTE . BE , RMB
PHEWmEP 2, P 3 , HBRERHAEES.

P2@RA: 3! ,,!, AWK, REKM
RE R R BIR

a %, +a,x,tay %, =0 ()

aix,tayx,tazx, =0 2
HRAVERQLEEA—ER (0,0, 0)
HIDSERR , RIEAIMER (x, ,%,,%,) L8|
ﬂiﬁﬁpf(-’h:xzs"a)eh s B
Pp(xy,5,,%,) €1, ,,&%-(x,,x,,x,
elynily o

P3BMA: R, WEHKREZH BX
B axta,x,ta,x, =0
BME BN A=A A RERS
B, BR, (a,,8,,8,) BTWEE o &
Py (ay,a,,8,) €L,
g.e.d.’
Lk, BRAERSEHT —ERYTES



o B MRS §” 5T 2K S ZR

—{EE#E , ( isomophism ) HKMES Lk

ST AME TE gt 58T o A8 , FKIFIHyAL

BEHFAR—E=TAFEME ; RMEHA—

fEclass RET~—H

S RS HSBREARYTE , EEEF—
7S B S —8— HMBEBH , FiRES
LIRSt , IR S BS'E . ( isomo-
phism )

fRE: N ERBENRERSY TEREMB. ( is-
omosphism )

B AR K TEHERERY , H—T 2K

TES JEELEH RE2LZEAE . At ,

S @& AN T8 FE RE—HH ENES

EE, (ERFEEL , FAFTANERRR)

o SWRIE S S HEIR—HE , 5 SRS [,
BP = po (50, %0,%0) BS 2~ o L
H(P) eSinTF :

1) Bxx0, MIEH(P) = ( x1/%,,
X,/ %) o WRTEES , ABEE (x,,5,,
X ) BAC A%, A%y, Ax,) R, RIH(P)
TR ( %,/ %y ,%,/%,) o FGARFR , R iy
F-H(x, ) ERSHE-HZHR, R

HpgCx,5,1)1=Cx, 90

2) FHx, =0, IEEHP) BREmM=
x,/ %, FPTEEERE , hEBELEHE -, R’
BmABE (A%, ,dx,,0 )P A ZEME . K
BHRR , BE—ESEE (TFEHEE R En
), RARES e —HRHE , KR : &
macookf \H[ pap (1 ,m, 0) ]=7m
ﬁﬁtZMﬁE%;EM=wﬁ,H[ﬁxm
1,0) 1=yt EREEREN

R, ERYERE—H—W ., Jit , &M
BEIT 1SS S h—E——EMBEERBH .
THRERAH AR R E AR

&1 = {p.rX | XBax,+a,x,+azx,
= 02—} REBZ—R o BP = pgx,,
xp,%,) €1 , 1) Ra,,0, THFBO o FHx,
X0, |HP)EERa,xt+a,y+a, =0FE;
Ex,=0, Bl (x,,%5,%,) T (2a,,—12a,,

42

0) , TH(P) =H [ pop(x,,%,,%,) ] =
H[ pp(Ra,,—2a,, 0) ] AREm=
—a,/a, (JRENE#R a,x+a,y+a, =0 )FF
REMES RS . B RTEEY , HP) &
HEEMa,x+ayt+a, =0 2HERK L

2) Fa,=a, =0, FEXERx, =0,
R SH AT EHNEL = by (x,,%,,0 )2k
S hrmeR s, AEEESERE .

9 .e.d.

BEARS ESTEME , Mgt TUBEMERR
—4 o TS g B AR RIS By BB R
WEBH FUES -

(E#®1857)

Ho o BERREARCEE RN AR R
AFTE HF)E AT underlying
logic , BEAIBE —ZBENETHE
£ , AN ARERHEEwW , #
HABH RETHLFANBESR (im-
plicit definition )

b, W& EH Church : Introduetion
to Mathematical Logic Vol.1
B — R B RA £,

H=:

BEEFE  AXNBIEBREAZE B
EAMBARBEERNTE, YHFHEs 2
Tarski’s Intro to Math Logic and
deduction method. AW EH FELZ
Church’s Intro Math LogicHhiE 5
HEFA AT~ Review FTiE , Kleene iy
Math. Logic % Quine fyMath. Logic
BERRGR # . BHQuine E—MEEER
BIERBEBER R SR E(ERATH



X Hh3Z B s
- BRER

hHFFEARSEMARERRFENE , BELFAERMIE | HESE—2%HE , VL
ERE T EGRER , FEERER B AREF , 2 RUTIRCERN , REBRER—2
AWM TXEE A ERARERMBRRMIELENEEE | FEEERT , RERBEME
Bo

FX:+FHt . FLRTRERFERETT . FTERPREFRFERZB T X o
o MENMAREZBIL o MERERAE o HFRABRIEMURTEM o MEFT  IF T ZAH
HRLEZ B MBBZATHERF o MEEABRERZ , ASAMELFFRE . HAMEES

SN RBRIE R o AT FRAIFRERBZ I . AR =F . AR . ZFIRMT,

® B %
RZATRE B EFE

] HWHBEEx®RERLEXB
e ERBEEMEERRS

® %fﬁ%(ﬁ E fE W MR A
B REABEHRERBXE

® kB &
FRHEEMIREF R B HRX

] WOk E R AR W EERA
R b T

AERBGE BGEEXR

Pp#%‘f i

LY ﬁﬁﬁlﬁﬁﬁﬁlﬁllﬁjﬁ Gl

BE BBHE T o
DUE REEE TS R , % A B L B ST , ST R4 RBF T
CH 4T , ERRBEE EE , DRMFRXZATRETSN , MnESERNEET
Wz BEEHZIAE x xE , KRR , RMEE TRIMNMNG , SRR ERMRT . B
HFIRMLREIT ¢
AT RCHRETRR LA TROEET R
IS SR I O R L S R S ISR R
FRENREF % 8 BRLTF B H IR BF % 6 B
REXFERIFIT %, BTBIATEFEENEE , RXLFE=, BT+, &TE
BN EE 515 RS |, B3 AA T8 o RIS ARG , B EHEMEL , REXRE SR
B REEEE () . BEEHFZRF , BIREAZMEZAC (10, 12 YETRZ
Pk, BREHSIGR TEYE , BEES , BETHILREE , SAAATE . B ER mE
REHRT :
BEFERR , B —— =W SBREFZE T, Tl 23 4--HRIREFREIN -
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Fx:
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FRBEEHIL AN TE , Al R T2 —BkigE -
HE—EW , ERRBATH , BERTZRRBEMMLMBEN , A —RREXRAAE ,

J TIRE R = o

Hfth o | FEHR . RHARW .
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[_] 1m1 EKJ twﬁ i

~

§1.BEER

£%8 ( Classif cation) [ EEEME ik
BEF . F .Klein ( 1849—1925 ) bl
BB T IR /AR & 3 AN 43 2 — BT R
EMARALERET « RRTEBHEE » 2
SR o BREKTZE IAAE RIS rigid i (
TREES ) TABWEE (RE ,AE, @
B, BEES ) SRS B R S B (
Projectircty ) oM#r#* EAIRFETERE (
~ ( homeomorphism ) B T BWEE .
HIFI A S i B AL (IR 38 B B , Rl
ThEE R BRIZE MR 24T o _
ThiE LB MR R AR , YT
T R BT B, o IR ST (T i BB
1 ( neighborhood ) sl #fs , £1l4n 5 Fr &8
it , frdk s ERE T A5 BB R AR
ottt , WIS TR M, WP TEME (1
g , B HEKE , A, nEEME ( co-
‘nnectedness ) Bk ( separation ) {5
T8 (BT, AEEAREE) TR
IR Hb S84 g 22 G ISR , M B«
hEES» . (N=AK , TIEE K, B (
), BEE , RA#EAE, FRERE , KE
, EEES HERS ) 2 5HERER « &

TEfTR R Z2 R AT » o A RIS 7P [ 225

WIE , AW 2T EERR , SR o
B[] BE22 R (R A s i ([ BRE 3

45

RRAH

BEE ) , AR SRS TRNKAIE2 E
BIARR 22/ 7 BEAR i E B AR By , AR5
E% , sk R aES , T A&« #» WA
« { » B9 3558E 22N [ ? R4 & s v
Henri Poincari ( 1854—1912 ) #2Hi,
YEE Al ( manifold , g , BHE W —AR &S
%, JBEBERER K2R ) E’Jﬁﬁ%tl R
R E o

§ 2.H.PoincarefK.F. Gauss

YIEEEY 2%, RENEE FERT
H, B, Fa—ttiEst . HEBE
FRAAABENER . BRI EER , BE
By , BEBENAENED , B 0RR
THSBRBS WA , RSB BT
PR , UIMBH EEER S, TREE
, AR BB« BIE»  , RS« HHER
WA HEREEE » , HIEEREREN
RIE o Bi%E4n#E ( Point set topolyy) &
F.Hansdorff S AB M 1900 £% 1910
4ERY , $HEZeM (/B B ¥ RAyHansdorffZ2
) MG IR B A RIER L , A
BEEABWES , ToHRN AN FIs Rk ST
i T BB BHESE « EHUFT , ¥k
REFSTER , 25 HF S EANREES
B« Ffh 7ol [ » EAMSSRARYE



By _Ta 5 (s pEmE

\ '7' f

"l(sl) ftOit

® B @i BN
. 3+ A AREE S HRAR
A, Bt E o
¥ AHREES—TUR (
8 F Bh iR R e
FOWBET, (E*)=0 (RE3)
(© m,(S$*) =z (BEBIMER)
() FH R AT R —E
(r BEH)
r = 0 REESH BUihiR
r<0 , 7> 045 BMERE
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2. by the definition of a free structure, we know, if f(s) is 2 dense subset
of Fand E is the closed subspace which contains f(s), then I(s)CE=E,
and hence F—E. It follows that F=E and f(s) generates F.
Briefly, we can state theabove theorem as a free structure F generated by S .
(in the sense of homeomorphism)
Note:

In the theory of the free group, we have a theorem stated as follows; if a group
together with a function f:S—F is a free group on the set S, then f is injective
and its image f(s) generates F.

Theorem 2: (Uniqueness theorem)

i (F,f) and (F',f') are free structures on the same completely regular
space S, then there exists a unique homeomorphism j:F—»F' such that jof=f'.
Proof:

Since (F,f) is a free structure on S, it follows from the definition of a free
structure that there exists a unique contiuous function j:F—F' such that jof= f'

holds in the following triangle: ¢
S
\ '

¥

Similarly, there exists a unique homeomorphism K:F' — F
such that Kof'=f holds in the following trianlge;
f.

S }F'
\ //K
F

Next, let us consider the composition h=Koj and the identity function i of F. In
the following diagram: £

. \
S ,T/F
h = =
f
o

e”

2+
CP
25
1

(Note: h and i are unique because of the definition of the free structure.)

We have hof=Kojof=Kof'=f, iof=f. It follows from the uniqueness in the defi-
nition that Koj=h=i. Since i is an identity function, it follows that j is in-
jective. Similarly, one can show that.joK is the indentity function on F', Hence
ji-is also surjective. This proves j is a bijective continuous function. Since F
and F' are compact Hausdorff spaceés, it is a homeomoephism.’

Note:

In the theory of the free group; we have a theorem stated as follows: If (F,f)
and (F',f') are free groups on the same set S, ° then there exists a unique iso-
morphism J:F—F' such that jof=f'.

Theorem: 3: (Existence theorem)

For any completely regular space X, there always exists a free structure on

X.

Proof: X

If X is completely regular, then there is an embedding 01X —~0" where X 3
beins a cartesian product of closed unit intervals, is compact Hausdorff. Letf( X)
=p(X), then O(X) ' which is a closed subspace of PX is a compact Hausdorff
space By theorem, we have the commutative diagram:
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X »—Y

Lo

~B(v)
Note: B(X) ¢ ﬁ

(Y is compact, gnd f is a continuous function, ) PNl

Since Y is compact Hausdorff,we haveoa closed map.Hence,|0,(Y)= Po(Y)= ﬂ'(Y),
and Y is homeomorphic to B(Y). Let F=Po~1¢'L F is unique because X 1s
dense in B(X). Onthe whole ( B(X), @) is a free structure on the completely
regular space X.

Note:

In the theory of the group, we have a theorem stated as follows; For any
set S, there always exists a free groupon S.

Theorem: 4:

If X is any compact Hausdroff space with a homeomorphism f from a completely
regular space X onto a dense subsets of S of § =X is homeomorphic to a quot-
ient space of a free structure F generated by X.

Proof:

First, pic; a dense subset S of X which generates X. For example, we
may take S =

Consider the free structure. F generated by the set S.  Then the inclusive
function g:S—X extends to a unique continuous function h:F—X ( by existence
theorem)., Since S = g(S) C h(F) and since S generates ® and h is a closed
map, hence h(F) =X and it follows that h is surjective.

Because h is a closed continuous surjection, —=>h isan identification, Hence,
X is homeomorphic to F/ker (h). (By the theorem of quatient space)

Note: S=X.
Theorem 5:

Let (F,f) and (G,g) be the free structures on X, Y respectively. If 0:X_ Y
is a homeomorphism, prove that there @ exists a homeomorphism between F and
G.

Proof:

Since X==Y, it follows from Thm.2 that there exists j: F—G which is a
homeomorphism.
Note:

In the theory of the free group, we have two theorems stated as follows:

1) Every group is isomorphic to a quotient group of a free group.

2) Let F be freely generated by X and G freely generated by Y. If #:X —Y

is a one-to-one correspondence, then F is isomorphic to G.
Theorem  6:

If Z* with discrete topology and 'S with discrete topology are homeomorphic
=>the cardinal number of the free structure G generated by S is equalto 2%.
Proof:

First, we want to prove N(F) = 2C where F is a free structure generated by
Z+“. Let_IC  be the cartesian 8roduct of 2™ copies of I, then N(I°)=C*=
(2")€ = 2C | and furthermore IC has a countable dense set D. Let@: ZT—-D
be a surjection ; ¢i1§ continuous so it is extendable to ¥ e | ’ Since F is
compact Hausdorff ,!k(F)is a closed set containing D ;consequently l is also surjec-
tive and therefore we have N(F).>2%. However, there are C™=C maps of Z*
into I, and F is a subspace of IC; thus N(F)< 2C and it is proved. This proof
is due to J.Mrowka, Next, for Z*==S, it follows from Thm.5 that F is home-
omorphic to G. Hence, N(G) = N(F) =2C,

Theorem 7:
It (0,1]) is the subspace of- E' and let R ={rational numbers €{(0,1)\} andl
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1 ={irrational numbers&(0,1]}, then there exist free structures ( (0,1) ,f) and
((0,1), g) on R and I respectively.
Proof: )

Since (0,1 ) is a metric space, hence the subspaces R and I are completely
reqular spaces. Hence we have the free structures ( [0 1),1) and ( (0, J,g)
on R and I respectively. By Thm. 3.

Note : )

In the theory of the free group, we can define the rank to be a common number
i.e. the number of elements in any set which freely generates F. The resource
of this common number comes from a theorem statea as follows:

Let F be a free group. Suppose X and Y both freely generate F. If IXI -
( IXI = the number if elements of X ) is finite, then so is IYI and IXI = IYI. But,.
we cannot have a common number from the above theorem.

Theorem 8:

I { P, Poas o en } =P is a subspace of E', - then there exists.a free
structure 'F generated by P.

Proof:

Since P is ginite subspace of E', so P is a clogéd metric subspace, it fol-
lows that there exists a free structure P and F =P -
Note:

In the theory of the free group, we have a theorem stated as follows:

The number of elements of X is infinite.
Theorem: 9:
. There is a functor foam the category of completely regular spaces with
homeomorphism (P, #)={f| f:P — Q and f is continuous}to the category @ of a
coémpact Hausdorff spaces with Homeomorphism (P, §) ={f|f:P - Q and f iscon-
tinuous.}
Proof:

Define a functor g: § —a as follows; for each complete; u regular spaceXe&d,
let g(X) denote the free structure generated by X. On the other hand, for each
continuous function 0: X YCg(Y) ind, let g(a)denote the unique continuous
- function 0" : g(X) —g(Y) 30% X = 0.

One can easily verify that g is covariant functor.

Note:

In the theory of the free group. there is a functor from the category S' of sets

and the category a of Abelian groups.

The application of the idea of the free structure s

X is a noncompact completely regular space. It can be embedded in a compact .
methods:

1) The Stone-Cech compactification of X. In other words, we can have a

free structure on X.

2) The P. Alexandroff's one-point compactification of X,

Now, I will discuss some relations between 0 (X) and & with the idea of the
free structure when X is locally compert space, where P(Xfxs the free structure
X and Y is compact space so that Y—{ P} =X.

First, I will show an example about Z™ with discrete topology.

Example, by theorem 3, N(p(Z¥))=2C. Since Z* is an infinite discrete
topology, Z+ is locally compact. Hence - we can have a compact space
Z+9 +—{P}=Z} vbut N(%"') =a+1, then P;(Z' ) is not homeomorphic to 2*’.
Next, I will prove a long theorem given by me.

Theorem 10:

.Let X be locally compact and f be a homeomorphism of X into a compact space
Y such that Y -{p} =X. Prove:

1) The Stone-Cech extension F: P(X) — Y sends (P (X)) X into Y - #(X).
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2) F is a surjection.

3) F is an identification.

4) P(X)/K(F) is compact.

5) P(X)/K(F) =Y. 21

6) If Y _is another compact soaue such that Y'—{p’} =X , then P(X)/K(F)
=p0(X)/K(F'), where F' is the Stone-Cech extension from P(X) to Y'.

7) If any two compacts spaces X and Y having the property: e
a loca;gly compact space X can beembedded in a compact space X (Y) so
that X - X(¥ - X) is a single point are homeomorphic.

8) F is a perfect map.

~

1) It is proved by ex.7 P. 256 reference 1.

2) By (1) and Y -{p}=X, F is a surjection.

3) Since F is continuous surjection, and itis closed map (because F is
continuous from a compact space PX) toa compact space Y. ) F is an

identification. Sl
4) F:P(X) — Y is continuous , hence F can be factored asP (X)"’—’P(EVK(E
—Y; where p and are continuous, p is surjective, q is injective.

From q, weknow P(X)/K(F) is Hausdorff space. From p, we know
P(X)/K(F) is a compact space.
5) By (4), q: P(X)/K(F) — Y and F =qop. Because F is onto, hence q
is is onto, but by (4) q is injective, hence q is a continuous bijection from
a compact space P(X)/K(F) to a compact space Y, then P(X)/K(F)==Y.
6) I will prove it by the diagram:

y f F 'P gt
£ p(z)/ K(F")
e
X L P
S PR/ KF)
Y EPh
Because p: A(X) — 0(X)/K(F) is an identification and p': p(X)—0(X)/K(F)
is continuous and p' p'1 is single valued, hence p'p~ is continuous .

(where p'p=! is single valued means p' is constant on p-=1 (Y) ).
Since F sends P(X)-X toa point y and F' sends P(X) - X to a point
y', hence p'p~! is bijective. Moreover, P(X)/K(F) and P K(F')
are compact, hence p'p~! isa homeo. from P(X)/K(F) onto/(X)/K(F!').
Therefore ﬁ(X‘)/K(F);‘E(Y)/K(F') :

7) By (6) X =Y.

8) Since F is a continuous closed map, and F-! (y)is compact for each yeY,
then F is perfect map. The reason F-!(y) is compact for each y€Y is
y {v} isclosedin Y and F-1(y) is closed in the compact space p(X).

In fact, 2,3,4,5, can be derived from Thm.4, but I can also prove it form 1.

By this theorem, I gpecially want to mention about 3,5,6,8.

Because X is an identification, we car nave a better look at the relations be-
tween the properties of P(X) and that of Y, for instance, if [J63) is %00311}'
connected, sois Y and we can create something because of many applications of
the identification . Because P(X)/K(F) =Y, it gives us a wondérful look at the
relation between P(X) and Y.
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Because of 6, it gives us a different proof to the second part of P. Alexan-
droff's one-point compactification.

Because F is a percent map, I want to show something important about the
relations betweenP(X) and Y.

By the theorems of the perfect map, I have some theorems stated as follows:

1) If P(X) is metrizable =>Y is metrizable.

2) If P(X) is 2 countable =Y is 2° countable.

3) If Y is Lindelof =>P(X) is Lindelof.

4) If Y is Lindelof =>P(X)xY is Lindelof .

By the theorem: Let X be locally compact. Then it's one-point compacti-
fication Y is metrizable if and only if X is 2 countable , - We have.

5) If P(X) is metrizable = X is 2 countable.

6) If X is 2° countable => P(X) is regular Lindelof.

Proof:

Since X is 2° countable, Y is metrizable. By Y is metric compact, Y is
regular Lindelof and paracompact, hence @(X) is regular Lindelof because of F
is a perfect map.

In the book, General Topology, thereis a relation is defined as follows:

A relation is defined on the collection of all compacticfications of a space X by
agreeing that (f,Y)_>(g,Z) if there is a continuous map h of Y onto Z such that
hof = g. By this definition the collection of all compacticfications of a topological
space is partially ordered by > .

Now, I have two theorems proved as follows:

1) If P(X) id metrizable, then all compactifications of X are metrizable.

Proof: Since there is a unique continuous closea surjection F : m =Y
where Y is compactification of X, Hence Y is metrizable because
F is a perfect map.

2) If the one point compactification X' of X is Lindelof, then all the
compactifications of X are Lindelof. iAo

Proof: Sipce there is a unique continuous closed surjection F : p(X) — X!,
hence P(X) is Lindelof because of (3). But, there is a unique
continuous closed surjection F': (T(i) — Y for every compactification
of X, hence Y is Lindelof.
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NOTES ON THEORY OF
DIFFERENTIAL EQUATIONS

—THE FUNDAMENTAL THEOREM— - F i

In the introductory course on differential equations which we attended at our
department, we had assumed without proof the fundamental theorem, so called -the
existence and uniqueness theorem for initial value problems. The goal of this
article is to fill this serious gap. In view of the general theory of differential
caculus which I discussed in another article of the present annals, this funda-
mental theorem can be Earmulated and proved with not extra cost for differential
equations defined by : dt= F(t,a), F:I1xA —W, where I, as usual, an
interval of real numbers but A is an open subset of some arbitrary Banach SpaceW
instead of R or RI". '

Roughly speaking this theorem plays the same role in theory of differential
equations as the fundamental theorem of algebra in classicalalgebra which asserts
that a polynomial of the nth degree always has exactly n complex roots (counted
according to multiplicities). But it turns out that every differential equations has
a '"continuous" of solutions and consequently the question to be posed does not
concern the number of solutions but rather how the set of all solutions of a given
differential equation can be described. We are going to see that if F has a con-
tinuous second partial differential, then there exists a uniquely determined "Local
solution" through any point (tos»®o) « I x A,

Traditionally this theorem is proved by the so called "Picard's method of -
successive aproximations'. The idea of successive approximation is familiar one
if you still remember the Newton's method for locating roots of polynomials in high
school. It goes this way: For justification of the unique existence of something
which can't be found directly, we first find another definite object and then modify
it to better and better approximations, thereby we get a convergent sequence. al-
though n» term of this sequence is what we want, it's limit might turn out to be
exectly what long for. As the theory of complete metric spaces and Banach Spaces
growing up, it becomes clear that this Picard's method should be interpreted as
a special case of the more general one know as Banach's '(lzontraction mapping fixed-
point principle which I have already proved in the article differential calculus,part
TS Hence the approach here to the fundamental theorem is through an elegant
application of Banach's theorem instead of the more tedious classical one by pi-
card,

§ I LOCAL SOLUTIONS

The first step is to reduce an initial value problem for differential equation to
an integral equation,

Before doing so we must develope an integration process for funciions defined
on an real interval but taking values on arbitrary Banach Space . However, this
process is essentially the same as the ordinary Riemamm Integration in elementary
calculus for real valued functions of a single real variable. Therefore I shall
sketch only those vital steps in the construction of such an integral. !

We may easily define what naturally called step functions from I=[a, v} to
some fixed but arbitrary Banach Space W with respect to a partition of ga, b:[-
For such functions we may form their "Riemann Sums" as well. It's trivial to
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see that the set of all step fun~tions constitute a subspace S  of the set of all
bounded functions from [ a, k) to W which is in fact a Banach Space if we take sup
norm, Now, the Riemann Sum becomes a continuous linear mapping from S to W
and if we apply the elementary linear extension theorem of Banach Space theory to
this mapping what we get is a continuous linear mapping from S to W. The im-
portant thing to note here is that S will contain all the continuous functions from
(2, ) to W. The value of fE S under this mapping will be denoted by Jaf(t)de

Even W is arbitrary abstract Banach Space, the so called fundamental.theorem
of calculus is still with us. It rends as follows:

If f is continuous from (a, b) to W,the function F defined by F(x)= I f(t)dt
is then differentiable for every x& (a, bl , moreover if we use F'(x) to denote
the unique directional derivative of X in W the famous identity F'(x)=f(x) survives.

Now we are in a position to "integrate' an initial value problem.

Let I be openintervalin R, A be an open subset of Banach Space W and
let F:IxA — W be continuous.

We want to study ﬁ: F(t,&). By a solution of this equation we mean
f:J A, where J iS Some open subinterval of I, such that f'(t) exists and
£'(t) = F(t, f(t)) for every t. Note that f'(t) is the unique directional derivative
of f at t whose existence is entirely equivalent to the condition that f € Dt R,W)
consequently f(t) must also be a continuous function on (&,5} . More than that ,
since F is continuous and f'(t) = F(t, f(t) ) it follows f' is also continuous. Thus
a solution f is in fact a continuous by differentiable function on[ a.b).

Suppose f is such a solution satisfying initial condifion (Lorexe ) then an
integration gives us: X

vtel, ft—1(t)= J F(S, £(s))ds, f(t)= ao+It F(S, f(s))ds

Conversely if f satisfy above "integral equation" it t‘ollows f1(t) = Flt, £(t) ),
by the fundamental theorem of calculus, Consequently f becomes the desired so-
lution.

In other words f on J through ( t. oo ) is a solution if and only if f is a
fixed function under the integral transform

K:(f:J—A) > (g:)—>W) aefined by g(t)=a, +J { F(S. f(s))ds

Thinking of the basic fact that the set of all bounded continuous functions from
(¢, d) to W is also a Banach Spacé under sup norm, the above observations
suggest us that if we can prove this integral transform K determined by F and
(to oo ) is really a contraction i.e. a Lipschitzmapping with constant less than
e we will be able to conclude the unique existence of solution forour initial value
problem from the famous Banach's theorem.

To this end, we must impose more stronger conbition on  F then mere conti-
nuity: local uniform Lipschitz continuity of the second variable, By this we mean
that for any point ( to:@ )& I x A there is a neighborhood M x N and a constant
b such that [[F(t, §) - F(t, 7 ) ||<b || é—n|lforall teM and all§, pEN

Theorem I The Fundamental Theorem.

Let A be an open subset of 2 Banach Space W, .let I be an open interval in R,
and let F be a continuous mapping from I xA to W which is locally uniformly
Lipschitz in it's second variable.

Then for any point ( tos@ )=1Ix A and any sufficiently small interval neigh-
borhood J of t,, there is a unique solution from J to A passing through (teds.
Proof:

First, we proceed to show that for any peint (t.,%¢)E1Ix A, for some
neighborhood {J of de and for any sufficiently small interval J containing te ,
there is a unique function from J tolJ which is a solution of the differential equa-
tion passing through (t.,%s). What we will apply is not Banach's theorem it-
self but one of it's natural corollary concerning a sufficient condition for a contrac-

74



tion from an open ball-to the whole space to have a unique fixed point. This corollary
has also been proved in " Differential Calculus, Part II. -

We start by choosing a neighborhood where, in some sense, we can control the
crucial behavior of F, 1.e. a neighborhood LX Br (de) of (tedo) on which
F(t,&) is bounded by constant M and lipschitz in & with constant C mdependent
of t. Let J be some open subinterval of L containing to with length §'<_ "Li'c'r_'
and let B be the Banach Space of bounded continuous functions from J to . We
consider the ball of functions Br (fa,) in B where fa, is the constant function
with value gy, any f in this ball has it's range in Br (os), so that F(t, f(t) ) is
defined, bounded, and continuous a fortiori integrable. Therefore the integral
transform 'K defined earlier maps Br(feo) into B. It's contractability is shown
below:

¢ :
IKED) KD |[=Sup{ |l (F(S, £f,)-F(S,f(s)))ds ||} tE]T

to

<Sup{ IIF(S, f,&F(S, f6M} -3, SE(to,t),tET
< 3C- Sup{ || fe)r- 1,6} =0C|If, —f. ..

T :
Since §<|fFcrit follows & C<1, consequently K is a contraction.
Moreover this contraction moves the center fe&, 2 distance less then (1 -9C)r
so that Banach's corollary is applicable:

t ;
I K (fa) —fa,|| = Sup { lut F(S,a,)ds||} <dm<(1-0C)7 .
0

Next we try to remove the restriction above on the range, all we have toshow .
is that the uniqueness of solutions has nothing to do with it's range: If g; andg;are
any two solutions of A§& F(t, ) through (t,Xe), then £;(t) =82(t) for all t
in the intersection J=J,f Jx of their domams. This fact depends vitally on the
completeness of R. If's proof is an "old story" arguing at the greatest lower

" bound of some crucial set of real numbers contending if what we want to prove -is not
true then the greatest lower bound is no more itself:

Suppose on the contrary there is a point s in J such that 81 (s) & 82 (s).

If s>ty ,let x=inf{ tIt>t, and g, (tPcg,(t)} , then g (x) =¢:(x), since
#15 g are continuous., Denote this common value by « and then apply our former
unique existence conclusion to (x,®k ). By choosing sufficiently small 4 we have
a unique solution g from (x -3, x+3) to Br'(R)C Br(ole) and if 0 is really
small enough the restriction of g€,and €: to (x - 3, x +3) will also bave their
range in Br'(®l) since they are both continuously passing through (x,®A), Thus
g€, =g.=g on (x -3, x +4) contradicts to the definition of x as a greatest lower
bound.

If S< to, we can use sup instead of inf and argue similarly..

In concluding this section we must emphasize that this fundamental theorem like
all other important foundational results in analysis belongs to the deepest implica-
tions of the completeness of underlying spaces, which in a sense simply tells us
that all the points ought to be there are really there and therefore we can pick out
what we want,

§II FROM LOCAL SOLUTION TO GLOLOL SOLUTION

The solutions which we have found until now are defined only in sufficiently
small neighborhood of the initial point t . Accordingly they are called local so-
lution , If we run along to a point (t.,0,) near the ena of such a local solution and

75



then consider the local solution about (to>@p),first of all it will bave to agree with
the first solution on the intersection of their domains as we have seen in section I,
Secondly it will in general extend farther beyond t , than the first solution so that
the two solutions will fit together to make a solution on a larger domain.Continuing
in this way we might be able to extend our original solution to what called a global
solution, made up of a patchwork of matching local solution.

" For (th,a)) € Ix A, let F denote the family of all solutions through (to,a,),
Any two of them must agree on the intersection of their domains. Therefore if we
are taking these functions as set of ordered pairs, their union F is still afunction,
“furthermore a solution, the unique maximal solution through ('to»@ ). The global
solutions which we interest are, "of course, those maximal solutions having the
whole I as domain., For their existence we must impose more stronger global
conditions on F to ensure the continuation of matching process without stopping.

Theorem II,

Let W be a Banach Space and let I be an open interal in R.

Let F:I1xW — W be continuous and suppose that there is a continuous function
C:1I—R suchthat [|[F(t,a;)—F(t,ay)|] <C(t)]| @;—a;]|| for all t €I and
a; ,a, EW"

Then every maximal solution of -~ = F' (t,&) has I as it's domain.

First, - we go back to our original situations in Th 1, analyze how a maximal
solution can fail to be a global solution. If g be such a maximal solution whose
domain interval J has right-hand endpoint b less then that of I. Thenas t __ b,
the restriction on §, the length of local solution through (t,&), must go to zero.In
other words, as to sufficiently close to b, the numbers r, m, ¢ in Theorem T
must satisfya_—{_—ag éfor arbitrarily small £ ., Hence, it's clear that if the con-

Gitions on F is strong enough to free 0 from approaching zero then maximability
will always imply globalness

The hypothes is in the present theorem for F is just what we need. 1

For if A =W, we have no restriction on R, the bound on § then becomes-—,
a fixed value. If we now choose to such that b - to< %, Wwe will have local so-
lutions through t which helps us to extend g beyond b -- contradicts to the max-
imability of g. The justification for having these crucial local solutions at hand is
seen in the behaviour of ¢ also assumed in the hypothesis. i

The actual proof is given below:

Suppose g, b as above, we choose a finite open interval I' containing b such
that,_L' C 1. Since I' now is compact the continuous C has a maximal value Co
on I'. Let t,eI'NJ suchthat b~ t,<z.and we set&;—g(tNandM=Max{||F(t,a )}
tEI'. Then the proof of Theorem I gives ds a local solution f through (Ti,@y)
with domain (t;- § , ti1+6 ) for any S lessthen 1, since we choose t, sothat

€ ;
t, +>b »Wwe can now choose 0 so that t;+ 6 >b. Therefore we get the desired
contradiction .

REMARKS

(1) We have claimed at the beginning that if F has a continuous second partial
differential then there exists a uniquely determined local solution through any
point (te,0le)€ I x A. This follows easily from a theorem in '"Differential Cal-
culus" Part II where we call it generalized mean-value theorem, for according
to this theorem such F satisfies local uniform Lipschity condition on it's second
‘variable with a constand afforded by the bound on it's second differential.

(2) Our preceeding fundamental theorems are proved for so called first-order
differential equations. As to nth order differential equations, there are similar
results which can be proved by applying theorem 1, 2 to those equationson W°
which are essentially equivalent to the priginal nth order equations on W.
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(3) As an example-of functions satisfying the hypothesis on F in theorem 2. so
that the differential equation defined by it always has global solutjons, we metion
the defining function of any familiar linear differential equation.

(4) Also we must note] that all Banach Spaces we have considered are not neces-
sarily real ones, they might be spaces over complex number system, Therefore
our results also hold for complex differéential equations.
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ON LATTICE

8- FTa®

On the topic, we'll, section,  six'paragraphs in general , but not. into
the details. The -details will be found on "Algebra" by Saunders Mac Lane
Garrett birkhoff :

And on "Lecture on Modern Algebra" by p. Dubreil and M.L. Dubreil-jacotin.
I'11 be thankful for your reading and your suggestions wherever I am wrong. Now,
let us begin.

§1.POSET AND CHAIN

A poset S is a set on which there is defined an order relation, i.e. a binary
relation with the properties

(i) Reflexivity a<a, ,a€&S
(ii) Antisymmetry asb,b{azPa=>b
iii) Transitivity alb,b&cdagc.

We apply the notation a £ b and denote that "a is less than or equal to b".
A poset S is called to be a chain if we have either
a<borb<aforYa,béS.
The notation a<b means a £ brand a #b. Hneither a< b nor b% a then we
denote ajb.
For the sake of convenience, we represent a poset S by means of a Hasse dia-
gram.
Example 1. If S is any set, then the family of subsets p (S) of S is a poset
under the ordinary inclusion (Q) _
2, LetN= 1,2,3....1n, .... be the set of natural numbers.
then, we may define the same set to be in different ways.
() p¢ae» Ir €N 3 pr=q
(It is a poset, but not a chain).
(b) a<b&Japrim: pya=pSandb=pt St
(This is also a poset, but not a chain). :
(c) 2p+1< 2qforvpandy q: 2p+1/£29+14 psq, 2p< 2S& pyS
(Clearly, it is a poset and a chain, alsq).

Hasse Diagram L2
e ; 4
[0 S
' 4 : 8
0
- 6| _
4 / 8
| 45 A°% T T % 7
# - : s 5
; $y L 238 E T orRE S

- L (Diag. a) (Diag. b) (Diag. c)
@ F={tx)| x(0,1) and f(x) is conti}. ;
Then F is a chain by the relation 1 £ g & H) f(x) dx £ f, g(x) dx
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Definition:

A greatest or universal element of a poset S is an element u such that
x £u Y XE S. The same way; we may define a smallest or zero element. )

A maximal element of S is an element m € XS©3IX & SO mi< x (or
mYx, VX €8)

Minimal element u&E S $ xES) 3x<u
Note:

If greatest element (or smallest) element exists then it is unique. But a mimal
(or a maximal) element, if it exists, is not necessarily unique, e.g. in P (E) - E the
element E- {a} (ya €E)is maximal. But in P (E)-¢@ , the element { #} where
a < E is a minimal element.

Lemmas: 1

Any finite non-empty subset X of a poset has minimal and maximal elements.

Theorem:
Every finite chains of n elements is isomorphic to the ordered set n.
Proof: Bl 1
Heren={1,2,3....n}.
By the lemma, S {21, 22 .... an}, we may arrange
={x1, X3, x3 ....xp} where X;<<X if i<K, (Why).
Then, we define f : S—>n to be a mapping
defined (X)) =K for 1 £K £n. Hence t 1s isomorphic

§2.LATTICE

Definition: )

A sup semilattice is a poset in which any two elements a and b always have a
smallest upper bound. We call this smallest upper bound the union of a‘and b, and
denote it by sup (2, b) or by a \/ b,
Esample:, 1. In p (E) (E is a set) ordered by inclusion. we define sup. (A, B) =
AVB,. Clearly. p (E) is a sup semilattice.  But if F = P (E) = E; and sup (A, B) =
AVB. then F is not a.sup semilattice. (Why).

2. LetN={1,2,3....n....). p.qEN, pSq & areN 3 pr=q.
Then N is sup semilattice if sup (p.q) =1l.c.m. (p.q)

Theorems:

In a sup semilattice any finite subset has a smallest upper bound. “

It is easy to prove by mathematical induction, -
Definition:

A complete sup semilattice is a sup semilattice in which any subset T has a smal-
lest upper bound and denotes it by supT"

For example, in p (E), any family of elements A; (A; C E) has a least upper
bound, namely the set-theoretic union of these subsets sup A J X: X €E,
3IET XEnj} =UA;

Evidently. p (E) is a complete sup semilattice.
N the natural number.isn't a complete sup semllattlce, is 1t"
Definition:
_ A inf semilattice S is a'poset & Va,b =S, a and b possess a largest lower
found. And we denote it by inf (a,b) orbyaAb. A Complete inf semilattice is
defined as above.
Example: 1. At paragraph 2. example 2. Let inf (p.q) =g.c.d. (p.q).
Then N is aninf semilattice.
2. Is the set F = p (E) - ¢ in inf semilattice, let inf (A, B) = ANB?
3. p (E) is a complete inf semilattice, while the chain of real numbers,

vl : i ]
{-E:' n£ N}, under the usual ordering, is not. (Why ?)
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Definition:

A lattice S <> S is a sup semilattice and an inf semilattice. A complete lattice
<> S is a complete sup semilattice and a complete inf semilattice.
Note:

If S is a lattice, but S'CS need not be necessarily a lattice. (Why?)

We say that two posets S and S* are isomorphic if there is a bijection of S
onto S* such that each of the relations a < b, a (a)< @ (b) implies the other.
Lemua: :

If E and E* are two isomorphic posets, a set ACS has a smallest upper bound S
or greatest lower bound i so is the iwage a (S) and a (i), respectively, in E*,
Theorem:

Any complete sup (inf) semilattice A with a smallest element o (greatest element
u) is a complete lattice.

Proof:

Let A be a complete sup semilattics and SCA.

The set L of lower bound of S in A. Then L ;é d since 0 € L. L is a subset of
A and has a smallest upper bound, say 1.

IfVSeS,thenm< SforV mé L. Hence S is an upper bound of L, so 1<S,
This implies that 1 is the greatest lower bound of S. Since S is any subset of A.
So A is a complete inf semilattice. Accordingly, A is a complete lattice
Example: .1. A Moore family F of subsets of set E is a complete inf semilattice with

E as universal element. By the theorem, we deduce F is a complete
lattice.
Remark:

Moore family

A family F of subsets of a non-empty set E is called @

Moore family if F possesses the following properties:

Mi: E € F; M2.1fF'C , then NFeF

FEF’ o =

In this complete lattice, the smallest upper bound of a subset F' of F, i.e. sup
S! is formed as follows Letu = {M: M € F, SCM, yScF'}

Then, we have sup S =inf M = :eu

2. The subsemigroups S of a semigroup form a Moore family, and hence
a complete lattice, in which
inf (Sy, S;) =S1N S2.  sup (Sq, Sp) =S1U S, where S{U S5 is
the semigroup generated by S1 U Sj.

3. The subgroups H of a group form a Moore family,and hence a complete
Jattice, in which IS Ak,
inf (Hq, Hp) = Hy N Hz. sup (Hy, Hp) = H{UH,, where H{UH2 is the
join of Hy and Hj.

In topology the name filter is a family F of subsets of E with the three proper-

@) Fy EF F, eF> F,ﬂerF
(ii)) FEFx2F> xF
(i) ¢ EF
Hence, a filter is not P (E) since @& p(E)
- We call p (E) to be an improper filter.
Theorem:
The filters of E, together with p (E) form a Moore fam1ly.
Proof:
Let T ={ T: T is a filter of E} U{p(E :
¢y Then My): p(E)ET ,
(My): If T'CT, thenqi T must be a filter of E.
(Why ?) According. 71 is a Moore family
We call this family the Moore family of filters.
. Consider any two filters F“F2 . Let F=inf (F,, F_) is the intersection of
thbse two families in p (E)

ties
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Let ¢ ={F,UF,:F,eF, F,eF,} e
To see this, we noeF, UF, 2 F,=» F,UF,€F; while F, UF, =Ry
= F,UF,€F, 3¢ cF oo @D 35 5
Conversely, if FEF, then F=FUF&¢ Fcg---- (2)
From (1) and (2), we deduce F=¢ %
Let sup ('Fle:) = F is the pet which is the Union of F and F,
Then T =sup ( E,F; )={F,NF, :F,&F, F,€F,}
Since this fieter is closed under intersection, so
(F,NF)HUX=(F,UX)N(F,;UX), VXEP(E)
According the Moore family of filters forms a complete lattice.
Note:
sup (F1F,) = p (E) i.e. improper fieter if and only if
F,NF, = @ for someF, € F,, and F, €F,

§3.DISIRIBUTIVE AND COMPLEMENTED LATTICE

The operation is distributive with respect to each other.
aA(bVc)=(aAb)V(aAc)
Definition:
A distributive lattice is a lattice in which each operation is distributive.
Duality principle:
PA=[a/\( bVe)=(aAb)V(aAc)]) = (aV(bAc)=(aV/b)A(aVc))=B
roof:
Here, we only prove A = B. And B =>A remains.

(aVb)ACaVve)=(C(aVb)lAalVv((aVvblAc]
=aV[((aVb)Ac)=aV(aAc)V(bAc)]

Theorems =(aV(aAc)IV(bAc)=a\/(bAc)
The lattice of filters of a set E is distributive.
Proof: 4

Suppose that F;,F;,F; are any three filters of E.
Then. we have F,\ (K, \/F;)={F,U(F,;NF;) :Fy EF 1215203 }
B“tFlU(Fz NF;)=(F,UF, )1 (F,UF,) then it follows

F;’/\(FzVFs) (F:\/Fz)/\(Fl\/Fa). Fy A\ (F,\/F, )g(Fl\/Fg A
On the other hand, in any lattice :F[\/Fg) i)
(FyVE )N (Fy VF )<F A (Fy\/Fy ) vveeeees @

From (1) and (2) we deduce that F, \ (F,\/F; )=(F;AF;)\V (F,V/F;)
Hence, the lattice of filters of a ser E is distripbutive.
Example: 1. N={1,2,3:-n, *--} Let p\/q=1.c.m. (p.q)
p/\q = g.c.d. (p.q)
The lattice is a distributive lattice.
. Any sublattice of a distributive lattice is a distributive lattice, also.
3. Any distributive lattice possesses the condition
c/\a=c/Ab
. cVa=cVb
Proofi a=av(cAa)=(aVe)IA(aVb)
b=b\V(cAb)=(b\VVc)A(bVa)

4. The product lattice of two distributive lattices is distributive.

[\V)

a=b
} = -a=b

Proof: =
Let F1:F: are two distributive lattices
Ty X Ty =1 Camas )ea = Fisa < Tl

Cajsas JA (ag,ac) =(agNas,a; Aagdi(a;sas)V (as,a,)=(a;Vas,aVa,)
Therefore

(agsas IN] (aa’acf)\/(asoao)]:(a“ag N (a3VVa;), (aVae)}
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={a;A(a;Vas ), a: A (acVae }={ (a; Aas)V (a; Adg)» (a:Aa, )V (a2, Aao)}
=(a,Nass>a; Na,)V(asNag,a; \ag)={ ('a‘laag)/\(aS’at)}\/{ (aisaz) A\ (as,ae).

In a JatticeS, lét Z be the zero element, u be the universal element, a'€ S is
called complement of an element a if af\a’=Z a\/a'=U |
Theorem:
In a distributive lattice, if complements exist, then they are unique.
Proof:
Irb, » ax)iabtwozcom}a\lements of a, then
a a/\C )
aVb=U=a\Vec } b=c. (By3.Ex3)
Remark:
In the lattice, complement is not necessarily ‘unique.
As following:
u

Q
b e

a
Jc 1)
a
Z 2z
Figure (I) C has two complements a and b.
Figure (II) a has complements b.c.d.e. d has complements a.b.c. but d and e
are not complements each other.
Definition:
A complemented lattice is a lattice ‘with zero element and a universal element in
which each element has at least one complement.
Theorem:
The product of two complemented lattices is a complemented lattice.
Example: 1. If E is any set then the lattice p (E) is complemented. since every set
ACE, E-A is complement of A.
2. The lattice formed by the filters of an infinite set E and p (E) is not
complemented.
Proof: First, we have [ E } as zero element and p (E) as universal. Let
K be a filter consisting of the complements of the finite subsets
of E. And suppose K the filter to be-a complenient of K. Then
any element H of K must be such that HUF=E , VFEK, so that
H must contain E-F for VF=K Thus H must contain all the finite
subsets of E, and, in partlcular, any element of E. Thus H=E
andK = [E} But {E}J\V K=K 2P (E) ‘This iniplies that K
hasn't a complement. Hence, the lattice of filters is not com-
plemented.

§ 4.BOOLEAN LATTICE AND BOOLEAN RING

Definition:

A Boolean lattice is one which is both complemented and distributive.
Theorem:

In a Boolean lattice

(a/\b)’—a’\/b (aVvb)' =a’"Ab’
f(aAb)A(a’Vvb)=(aAbAa’)V(aAbAD ) =2\V/z=z
(aAb)\/(a'\/h")=(a\/a’V/b')A(bVa'Vb )=u\/u=z

Hence, (g A\b)’'=2a’ \Yas
Similarly, we can prove ( a\/b)'=a’Ab’.
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Example: 1, All the lattices consisting only two element a,b with aLb are all
Boolean lattice.

2. LetT={(X;,X, -~-X,) |X: ETi} Ti={a;,bs|a,<bf}
Then T is a Boolean lattice.
Let N={1,2, 3------ n }, then T is isomorphic to the lattice p(N).

Proof:

. We set up a bijection of T onto p (N) by assoriating with XET the subset Bx of
N consisting of the suffixes 1 of whose components xj of x for which xj =b; (i.e.
BEN there is associatedX € Tdefined by | x,=b, if i €B

Futher, we havex < y { = if i

if and only if B, CB, X<ty 1f 1 GB
"Theorem: )

With -suitable definitions of addition and multiplication, Boolean lattice is an
idempotent commutative ring with an identity element.

~ Proof:

Let us consider the internal composition laws defined in the Boolean lattice by.

a+b=(a"Ab’)V(a/\b) ab=aVb

Using the dlstrmuuntv. we have first.

a+b=(a’Ab’ )V (aAb)=[ (a  Ab)Valnl(a"AbDVb]

.=(bVa)N(a"\/b); trom this, it's clear that this addition is commutative.
Secondly. we will show -that it's associative.
(a+b)+c={{(aAb")V(a'Ab)IAcHV{((a’Ab )V (aAb)IAc}
=(aAb’Ac’ )V (a’AbAc DV (a"Ab"Ac)V(aAbAc)
a+(b+c)={a’ A((bAcIV(b Ac)I}V{aAL(b Ac’)V(bAc))
=(a’"AbAc’ )V(a’b’/\c )V(aAb Ac’)V (aAbAc)
.(arb)+c=a+(h+c)for Va,b,c

a+u—(a Az )V (apu)=z\/a=a 10r Va.

'Lnis implies that is a zero element for this aadition this
shows that every element is involuntary Accordingly, we have shown that this addi-
tion is satisfying that all conditions for an abelian group. So the lattice is an
abelian group.

In fact, we set ab=a¥Yb 2> (ab)C=a(bc), clearly, Now, we, finally, must verify
that this multiplication distributive over addition.

‘ac+bc=(a\V/c)+(bVc)={(aVe ) V(bVe)tA{(aVe)lV(bVec)'}
=(a’VbVc)A(aVvb'Vc)=((a'Vb)A(aVvb')IVc
=(a+b)Vc=(a+b)ec

Thus, under tne above laws of addition and multiplication, we have finished
these hypotheses.

We call this ring to be a Boolean Ring.
Discussion:

If we set upa+b=(a"\/b’)A(aVb)= (a’"Ab )\/( a/\b")

And ab=a/\b . then T'is also a Boolean Ring. (Why?)
Pheorem: }

From above theorem, the ideals of the Boolean Ring + are closed under the
operation A
Proof:

We remind the definition of an ideal F' of T being an additive Subgroup and a
subset permissible for multiplication.

Then, ifa, bEF then 3 4+p =F , ab=a\VbeF a+b+(a\Vvb)EF
aVb Cy c’ =a /\b »
a+b+c=(a’Ab’Ac)V(a"AbAc’ )V(a/\b Ac’)V(aAbAc)
=z\VzVzV (aAb)=aAb
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§ 5.MODULAR LATTICE

Definition:
A lattice T is said to be modular if
x<t= xV(yAt)=(xVy)At
Theorem:
Any distributive lattice is modular.
Theorem:
Any sublattice of a modular lattice is modular
Theorem:
The lattice of normal subgroups of a group G is modular.
Proof:
Let Sy, Sp, S3 be three normal subgroups of group G.
Suppose Sq € S3. We have (S;\/S;)AS; =S;S: NS,
Let xS 52 8. xX= b,b, =S; Si€S;
Then§, =S7!'S, €S, Si'ES.. S. €S,NS,.
so that xES. (S, NS. ) =S,V (S, ASs) (S,VSs IAS<S:V (S AS)
But 8,V (8,AS:) < (SiVS; IAS,

Accorumgly, the latuice 1S moduiar.
Corrollary:
The lattice of subgroups of an abelian group is modular,
The lattices of left ideals, of right ideals of a ring are all modular.
Remark:
1. The lattice of normal subgroups of a group G is not, in general, distributive.
Let us see here, let G be the free abelian group with two generators a and b
i.e. G={a®b":m,n integers,m>=0 . n=0}
Then we have that there are subgroups S,,S,,5, generated by a, b and ab, respec-
tively. Then we have
S, NS;={ e} (eis identity element)
(S1AS:)VS; ={e}\VS;=S,
But g .\/S, =S, US, =G since a“‘b"- “®(a’h®)
S; VS; =S, US; =G since a™b” =b®(a™b"™®)
Hence ( S V'S, IANCS, \/Ss ) :GAG:G AF Sy =(S; NSV S,

2
7] u u u
/it )a . c ¢
c@ CDb a$6' : a
4 7 Z Z

Above four figures, which of them is distaibutive, modular, non-distributive,
non-modular, both distributive and modular, both non-distributive and non-
modular ?

Theorem:
The modular lattice T<a < b

.a/\c:b/\c} —>'a=—b
a\/ci=bN\/c

‘Proof:
(A) necessarv condition:
a=aV(c\va)=aVecAb )—(a\/c YAb=(a\V/b)Ab=b
(B) Sufficient condition. Xl oy
Suppose T is non-modular. let x,y,ze Tandx\/(vAt) < (xVy)At
Here, let a=x\V/(yAt) b=(xVy)At, a<< a<b
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for yceT = aVc<bVcand aAc<bAc

we take ¢ = y, therefore

aVe=xV(yAt )vy=xVy = BiJc =g
b\/c:—{(x\/y)/\t}\/yg{(X\/Y)/\t}V(XVY):X\/Y} W ER
Accordingly; a\/c =b\/c ]

Similarly, we easily prove that a/\c=bAc

Heace, we deduce the sufficient condition i1s true

Theorems:
A lattice is distributive <= 2/\C=bA C} Loy
a\Vc=bV
Proot:

A Sufflclent condition
s a=aV(a/c)=aV(bAc)=(aVb)A(aAc)=(aVb)A(bAc)
b=bV(bAc)=bV(aAc)=(aVb)A(bAc)
Heace a=»b
(B) Necessary condition
We note first that the given condition holds.
Then, from the above theorem, we have T is modular.
Let x.y,t be any three elements of T and
let a=(xAy)V{tA(xVy)t b=(yAt)V{xA(yVt)}

Since T is modular, we have
a={(XAyIVt}A(xVy), b={(yAtIVX}IA(YVL)
If we take v = c. then we obtain
,Ba/\c (xAy)I)V(tAy) and bAc= (t/\Y)V(X/\Y) a/\c
y duality, we also nave
so that, we deduce a = b. bVc=aVe

But g Ax={ (XA\Y )Vt JACXVY )} Ax= (CXAYIVEIAR=(XAY IV (tAX)
bAx={ (yVtIAN(XV (YAt I} Ax=(yVt)IAX
Since aAx=bAx= xA(yVt)=(xAy)IV(tAx)

From the result, we deduce T is distributive.

Studying: o
A lattice T with the propert a/\c=bAc = a=b
T perty .
’ aVVc=bVc v
u u
C % : is equivalent to the condition that there should exist
Q: c no sublattice of type (M) or (N)
Z b

(M) N £

Proof: (I) Sufficient condition: It's clear.
(II) Necessary condition:
Suppose th%r'e exist three elements a, b, ¢ such that
a\/c=b\/c
a/\c:b/\c'} SR TLE
If 2 and b are comparable, then it's obvious that there is sublattice of
type (N)
Suppose a and b are non-comparable. Then the lattice is modular and we
shall prove that it has a sublattice of type (M).
The sublattice, generated by a, b and ¢, together with the elements, con-
tains the elements a/\c sb/\c =a/Ab/Ac=z
a\/c=bVc=aVbVc=u, it also cn contains cA(b\Va ), c\/(aAb)

‘and (aAb)V{cACaVvb)}=(a¥b)A{cv(aAb)}=m
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Then we have aAm=a/A{c\V/(aAb)}

By the modularity, a A\m=a/\b

Similarly, b =

n the sa.)r,ne wa/;r,n Vavé\ I?ave a\/m=b\/m=a\/b

'L hus the five elements a , b, a b, a b, and m.from
a sublattice of type M if they are distinct.

Hence, it suffices to say that necessary condition is true.
From (I) and (II), to sum up, they are equivalent.

§6. Lattice Mapping

finition:

A mapping, ¢ : ¥ €P(S) —P(S) where S is a set, possessing the following
operties, is called a family closure mapping:

i) Extensive : i.e. AC @A
ii) Isotonic: i.e. ACB= ¢@AC?®B
iii) Idempotent: i.e.q ( oA)=0@A)
mma:

If P(S) has a closure mapping ¢ then there is a moore family F C P (S)
ving ¢ as family closure mapping.
eorem: (Mac Neil theorem)

Any poset S can be embedded in a complete lattice T in such a way thatleast
per bounds and greatest lower bounds in S (when they exist) are preserved.
oof:

Let S be a poset, let us consider the mapping & of P(S) into itself, defined

a:A—A* where
A*={x:x<m, VmeM, xS} and M,={m:a<m, VacA}

Note If A=¢, then M, =E and A*={0} ¢ accordingas S has a zero]

element o ornot. If M.=¢ , then A*=S

Then, the mapping «a defined in this way has the properties.

i) A CA¥*,

ii) If A SB then A* S B¥*,

iii) Since A SA¥, any upper bound m* of A¥ is an upper bound of A. but,
any upper bound m of A is an upper bound of A¥, Hence M,=M, * =
A¥ = A¥¥

Since a possesses these three closure mapping properties, so @ is a Moore
»ure mapping, According, the closures a (A) =A* form a Moore family and
nce it forms a complete lattice T. The order relation is inclusion, and inf
set-theoretic intersection. Consider now the subsets { x } , singlehen, of S

we denote a({x} )=x*={y|ysCx} Let T be the set of all such X* as X
scribes S. Then tne mapping X —»X¥ of S onto T is clearly bijective;
sther, x<£y =»x* Cy*, and conversely., Hence the poset S and T are
ymorphic. Since T is a complete lattice. any subset of T possesses a least
per bound and a greatest lower bound, and these belongto T with the corres-
nding bounds for S exist

Thus, the Mac Neil theorem is completely proved.

Now, let us apply Mac Neil theorem to the real number system. We have to
prove the Jordan-Holder-Dedekind theorem.
finition:

By a covers b in a poset p. it is meantthat a>b but that a>x>b for no
P. The length of a finite chain n is defined to be n-1. and the length 1(p) of
»oset p is defined as the least upper bound of the lengths of the chains in p.
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Definition:

In a modular lattice, two-intervals of the form [a/\bl a] and (b, avbj. will
be called transposes; two intervals [c, d) and [c*, d¥Jwill be called projective
where there exists a sequence of intervals k =0, 125500 M such that
(1) (coydo) =Lc,a). (ii) (en,dn)=(c*, a*) and (iii) (Cy-1>dx-,) apd
(ck>dy) are transposes, for k=1,2, .... n.

Lemma: )

Let L(A) be the modular lattice of all R-submodules of any R-module A. In
L(A), projective intervals (S, T ) and [ S¥, T* ] correspond to isomorphic
quotient-modules T/S and T¥/S*,

Proof:

Any transposed intervals are isomorphic, (Why?)

Since isomorphism is transtive it follows in any modular lattice that any two
projective intervals are isomorphic sublattices,

By the Diamond Isomorphism Theorem, transposed intervals correspond to
isomorphic quotient-modules. Since isomorphism is transitive T/S = T*/S*

Note: Diamond Isomorphism Theorem:

For submodules S and T of a module A. the assignment
T+s forall s¢S' is an isomorphism

Theorem: (Jordan-Holder-Dedekind theorem)

Let M be any lattice of finite length in which either covering condition or
holds. i. e.

() If a andb both cover ¢, then a b covers both a and b.

(¢') Dually, if c covers both a and b, then botha andb cover a b.

Then any two connected chains in M which have the same ends have the same
length.

Note: A connected chain of length m in a poset is a list of elements X0, X;,..

Xn of p in which Xx; covers x;., .
Proof:

For each positive interger m , let P(m) stand for the proposition: T r is
a connected chain from ato b in L has length m. r ={ Xy ua =Xg = Xy <Xz“'xm:'b}
then every such connected chain has length m. Clearly, P(1) is true. Let p(m-1)
be true, also . Thus let r':a =y, y; €Y cocee <Y 5 =be be any other
connected chain from a to be in L. We set Z = X ey A Yn-1-

If Z=Xm-1 =Yau-y, then p(m-1) trivially implies m-1 = n-1 ==m = n.

If Xm-1#Y,-, , from the assumed covering condition ( ¢’ ), we deduce that
Xpe;jand ¥ ,-, both cover Z =X,.;Ay;-i- By our hyperthesis p(m-1) .  the
connected chain § : 8 =Xy < +.0....&Z<Xn-1from a to x  will have length
m-1, Similarly S': y, &y; eeeee <ZLyp-; Will have length m-1. this
implies m = n.

By mathematical Induction, we deduce that p(m) is true. We have proved this
statement.

We'1l have come to an end with some problems:

(1) Show that (aAb)\/(cAd) < (aye )A(bvd) for any four elements a, b, c,d
in a lattice.

(2) Prove that (xAy )\V(yAz )V (zAx)=(xvy)A(yvz)A(zyx) in any distri-
butive lattice.

(3) Prove Diamond Isomorphism Theorem for modules.
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