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EAO 2z, zaF AS:; /2 =—f—

HIEEEEA L
1-sm(—2-+_)
[zal|= 8
sin —
Elz2}-NR
d' >Nz, =1-6=0
da'~=0

0—0=> | za4 ﬁ%:oo
ie {za}—2
HEMZEME { 2. } R E2Z ,
BrEl LR
#E ISR , &IFE 41 Stereographic HEE—@ER MBS ,
HomosmMERERAY
REENHTTERT
7 BEEC FH—BEM , Bl 71 RENFHRNERLZ S RR—EC., &
T RE#RE 41,
r: REEC LA —ERE, Al 7: RENFTHRNFELZ L RRF—EC:,
RTRFE—ERE L2,
MC:1 8 C, MRRMEENK A, MEE ,
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LB 40 41 B 42 B Co B1C: EEENWITINE , Tm. Bm: BIE W EHE
LARNGRE, AAKTRH , RPAREZZEm. BEm: HRALRK 4184,
WRAE, REETHETBPET, 4 8y 3HE , £ #Hr 3555 , Frol
0B RBEESRr By WA ALBRBETH LHBNTAES
RELERE LS ErlE 2 2kA , Bl Stereographic i R S— R AR

8,

BTRABERGRAE , RFEDTEERE - LERBTFE 1A B E£ BRI NE
et : I B4 ( Compact ) iy FIE MR M AT A48 C AL IERMBE , (HPU {co} H

RERBE (- IR-REL)

REEH :

you hear the one about

18 mathematicians who
me onto the baseball
ond to play but nev-
started the game? (They
uldn’t prove it was a field.)

[ScOREBOARD

2. Complex Analysis:

1 Introduction to complex Analysis: Nevanlinna Paatero,
Lars V, Ahlfors,

3  Zutroductory complex Aualysis: Richard A, Silverman,

And what says that a player
who slides into base ahead of
the ball is safe? (the slide rule)

And what do you call running
from first to second base?

(changing bases!) %_@; 2
. Tl s

oot -

= _

: oz 4
fos: \ - o
|
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% B ] 4EL

LEBAEFHIER B RE=BETRA SR , T HiZEH# , Descartes
HE L EEFTEIERENTMEHARY ~E+F =2 , HFV , E, FAHERS
EHS s TEE B REZEE , 17524, Bt A Euleri@HEARZ 5 —8% , &
MiDescartes } Euler# Z#E T — AR ZHhEM , BIRRLEARELEE 2K
(AT FERN , BIEEAS Y Euler AT HHERH

WamiEeR—miEEk, REBY , GEHREEZERB KX, REBEET2E
REEEzEE, MEETHEL , HBRELER/FEFER , VRERREEH
B FE 1,

EulerZy 2 & & F-

N

4 QN \bv

(i) (ii) (iii)
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N7

(i) () (i)

FEE L ERSS Y, BENLEAE, BSAVBR=SAVES , §—
HABESBVSRFED , OV GETS, ERFEEML , BMV —E+ F 28
BERTE , FEEE =AM TSHE=HE

Ok E—= AR

(o) HREL R = AT S

EE=E=/AFHEE

BH-AME—SETEEERL, HHHEBE, AIVRETEBRE ,
FERWA1 , AWMV —E+ FZBETE  S—E=AVEMSEIEHE- SR L,
EiSthmaBE, AERS 2 , MV , FERA 1 , RV —E + FIR#

WHRAS—BRE_ B AN RABE , BRES—=AF , MV —E+F
ZEBRRS , HEEaYV —E+F =1, §EHES , $V -E+F=2

EEBE,

RAAH Euler AX 2 =(Hfli 5 EA :

H EsHERELEBRCIESmEVNE— HEER» 82 L AimF=2E=
nV , ¢ Euler A&
1 1 1 b g

s 2
m n 2 E

1 1
@m,n>3&;+%>;,&@?ﬂﬂﬁﬂ%ﬁ
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m n V E F SEBRLAE

3 3 4 6 4 JUE#& Tetrahedron

3 4 8 12 6 1758 Cube

3 -5 20 30 12 +_HE# Icosahedron

4 3 6 12 8 J\E %8 Octahedron

5 3 12 30 20 —-+iE%# Duodecahedron

B REZAEAE , SEEEETEERE L2 ERES , B Buler A% 7
WAZIRE LERBIS 208 , ERMAEL RS , RREH » EA RS R
FES , MERSAESTEER—8 , SHEMSERZEY , #Euler AR,
BERBYRE , BBHAV =2(,)=n(n-1), E=2n(n—1) , #MF =
n—n+2,

B BESBHER, PickAR , FELZERUEEEEY 55082 HE
ERKE, BoBEES R, LI R BANETEES AN R SR 2 2%E
m,ﬂ&§%ZEE%A=I+%B—I,ﬁﬁPMkﬁiU&wﬁ)ﬁﬁZ%%,

BEBVEISREE=AY , BESSANZARRERET B ( EEERA ).
BHLE=AVREA=AF , IS ZREEREA=AES, F2ES, BE
ZHE (HB ) SEE, ( HyREER, L8 ERELEE , AMEA=AK
ZEHIAE )RLBHUHBIHRT BEA=AN , AISEEF =T, REEHR=
Bl , B 2E=3F, E1E = 3T, ft Euler A%,

T=2I+B—2

FEBAEERAS AR ZEN A B, RTISWVERE T=I+-B—1,

E%%%m/%qQEKEﬁ%ZE%ﬁ@nyO,Unyﬂ,uhy03
HEER Ao Z%(xlj’z —Z2y1+ %2¥3 — X3Y2+ X3y1— X193 ) , A x1, %2, %3,
Y1, 32, 33 REH, Ao>%0

1 .
HXEH A _<.; , RNEREER=ZAK
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PR MR, 0, EMEE (p—1) (@ —1) ARER 2p+29 87F,
EENBREA=AY , AIZAMZEER 2(2—1)(9—1)+2p+29~2=204,

EVERR b, WEKE%%EEZ")K‘% s B Ao =—

A Ratio Test For lim an=0.
fn-»00

Proposition:If lim
N> 00,

J an+1<l then llm an=0.

an+ll<1 i an is obsolutely convergent.

Proof: Since liml 7l

Hence, gan is convergent. It follows that lim an=0.

Ry
for example. Find %}’r: il, , lit:l; 2—: . }_1':2 —:r and %}’I:l’ n® ~q"L (]al<1) .
1) Let an=£;—! i Then llml an+1{ =1lim uzl:z)! —le—‘ =1lim E%T =041,
2) Let an=2! . Then %ﬂll?%ll = }‘},‘:},%g’-«'—fr g"' =-:‘-§E (311)* - 15;(1,,151 _.é &1
n->p0
» lin (“—;};{; ff— ~lim 3 3 (e =1 ¢1.
o 1in| ol g lin (142" (q]=|al<1.

=00 e

herefore, all the desired limits equal to zero.
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Galoisf il 2 TH AR AY
G & WJ

¥ %sﬁ' ¥ ki
e %mﬂfl

ANERTERBMRENS , BTHERE LWER , BER , FEER, BY
RHERAWEBRARE L , R BECRERE ZEBCRWERES  , 8 Galois
ERWEEAR , MEUSERA-BZABRHENERFHK ,

EREIAZTEZH, BMALBNTZEHE :

EFR—ER, ERFINEREBRE , P(2) BHRF(x) WEENSEXAP(a)
=0 ,EUE:—FE—x]—, (E: F(x)]) =deg P(x),
(P(%))
=
& (P(x)) = {h(x) P(x) | h(x) eF(x)} RF(x) KB (ideal)

BHP(x) AR, BP(x) BF(x) (IR AEM (maximal ideal),

F[x]
T (P(x))
& f(x)eF[x], HBEREL (Division Process )
FHEq(x), r(x)e Flx], 18 f(x)=q(x) P(x) + r(x), r(x) =05

deg r(x) < deg P(x),

@ +I=(q@x) Px) +r@)+1 (1= Px) )

=rx)+1

=—{EE

w B



B fex) + L St raXab e E o aadenes + Fug "I T
= (ro+I)+(r)@E+HD e + re1 (2*14T), 1, €F,
0<i<n—1

&_—E—’Z ,P(x)/]___[e+],x+[ g reeeene xu—l_‘_l]
%70(9+1)+71(x+])+ ......... +7'n.-1(x""1+1)20
CFLx) /1 Wyt oA 1 )

= O SRR ETE S B R + raa(x i+ T) e
{HE deg r(x) < deg P(x)
Drg = #y Seeeeeeees =7y1=0

Sole+T , x+T yeeeeennes ’x"—l‘f'l:'%%ﬁﬂ'ﬂo

dim, F(x) /I = deg P(x) =n

LE : F[x]] =deg P(x)
SJ=x+1,HFI=(Px)
P(J)=0,J]¢€¢kE
EE P F(x]—F[(x] /I
()¢ =f(x)+ 1
f(x) ¢ = (@ + a1x + Qpx? +eveeenes + apx*) ¢
= @p B @y P fesshuai bt +apxt + T
=(a +I) + (@ +1) (x+I)+-+ (i +D (x+1)*
i ¢ BR—EFBRE
HF={a+I|acF}

HjF~F T T, [y QuE—— A ———— - W

Flx) ¢ =ag +arf +oseem R N LA () § E e eRees @

EE(I) P(x) @ =Plx) + I = I ssvwsnsisgsiesosesneis 3) (St — (P(x)))
() P(x) ¢ = P(J) wwervreereeresuessesnes YR I )

=@ P(H=I,IRFx]/I REMTR
i J R P(J)H—ER
B A, BHEREAKHESEA LR EE TR
#deg f(x)=n
HI(E:F]l<n!
f(x) BEnEHREa, az, e s On,
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[, (011 Qp cerereeeenes a, )
1700 SR 2 IRTTTTRORReE a, 2

2eS, BG(G,F)ESH—ETH,

LU A0 DR 8
#il

f(x) =x*— 2 e Q(x)
—14+43¢

4r—2=02x-V2w,) (x-V2w2)=0 Hpw= z

E=QR2,w)
(E:Ql=[Q¥Z,w):Qu)])-[Qw):Q]
=3.2
=6 (31)
o, t RABEEBSHE
T = Y2
a i W =5 wz
W) = ow?) = (w?)? =w* =w
e 00a) =2
V2 — 2w
w — w
(X2 )=c2(2w) = (YZw? =42 w® =42
Soo(r) =3 "
\

[ A

G(E,Q)=[o,z])={e, 0,7 ,70,2%,c%}
0(G(E,Q))=[E:Q]=31=6

£ e=(1) \r.
ra<(132.) /2

£,=(23) \

Composition«— e rt r? 4, vt It
215 @ e r? 4y Oirt. ar?
7! ri 2 e O17r? 4y Ot

r? r? e 7! byrt  dard 2,

4, 21 Lirt g2 e rt r?

Oyt | byt lar? 4, r? e r!

Lrra| Lar? 2, 417t 7l i e
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M G(E,Q)=S;s
fx) =2*—22=HRBV2,V2w,Y2w?,
EaE—HB Y2 fiGalois G (E,K)
B TSR H L S B4R
¢ ——F
{e,ot? }oQ(F2w?)
{e,r}=Q(2w)
{e,r',r?} =K Q(%2)
{e, '} =H-Q(w) .
{e,r,7%0,0r,07°} =G(E,Q)=Q(V2 ,w)

2 Qe)REROMe BIR/IE,

g2z :
f(x) =2~ 1 € QLx)
A ¥*—1=0
S (2—1) (x—w) (x—w? )=0, w:-—leB?

g {w—w?
dFw)=ow?)=w=w (w'=1, wkf(x) WE)
G(E,Q)={e,0},0(G(E,Q))=[(Q(w),Q)=0(S:2)
XE&EmM—Bw R Galois G (E,Q) , AIFTRES—18
8 o(w) =w?
{e} — E
[ l
{e,o}=G(E, Q—Q(w)
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Gl1, B2 4 REMESHEAPHE—ERK Galois B, BITRHBELH

ROEMBAT AR ,
Gl1, G2 IAAKRE, 28 Galois L& ETHE , WETE THD

Galois B , BREATHAEE BAE (Algebraically closed Field)
Glan - EEERS EER R ARG RBEME , B1C=F>),

REE  BIEARE  BAGALOISHEHR ,
I.N. herstein : Topics In ALGEBRA.

BURTON: ABSTRACT AND LINEAR ALGEBRA.

A Good Math Teacher, . .

by Bob Hamada

A good mathematics teacher, like

Ford, has better ideas.

Pan-Am, makes the going great

Bayer aspirin, works wonders,

General Electric, lights your path.

Hallmark cards, cares enough to give the very best.
Coke, is the real thing.

Pepsi; has a lot to give.

Tide, gets the stain out that others leave behind.
VO-5 hair spray, helds through all kinds of weather.
Ivory soap, is 100% pure, mathematically speaking.
Cheerios, makes you feel groovy.

Frosted Fjakes, makes you feel gr-r-r-reat

Sears, has everything.

Master Charge, is good for emergencies,

State Farm, is like @ gooa neighbor, always near

Good mathematics teachers are like

‘Matte! toys; You can tell they're swell.

Dral soap: Aren't you glad you kiow them? Don't you wish
everybody did?

Alka Seltzef Try them, you'll like them.

All State Yourein good hands
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A Short Discussion on Zn

A Short Discussion On Z,*.

#® =R
L TeMeC.

We assume that the readers are familiar with basic algebra. We only exhibit

some definitions and theorems for the conveniance in the sequel.

Def

The

Th.

Our
examples

Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.

. 1 Let (R;+,*) be a ring with identity. We use the symbol R* to denote

the set of all invertible elements in R.

i Let (R;+,°*) be a .ring with identity. (R¥*;+) forms a group, called the
invertible group of the ring.

2 If G=(a) be a cyclic group of order n, then an element a¥eG can act as
another generator of G iff (n.k)=1.

discussion will concentrate on the commutative ring (Zn:;+,+). A few
may be suitable here.

Z={0.1} Za*={1l}=(1).

Z3={0.1.2} Za*={1.2}=(2)

z4,={0.1.2.3} Z,*={1.3}=(3)

Zs={0.1.2.3.4} Zs*={1.2.3.4}=(2)=(3)

Ze={0.1.2.3.4.5} “Ze*={1.5}=(5)

Z;={0.1.2.3.4.5.6} Z,*%={1.2.3.4.5.6}=(3)=(5)
Zg={0.1.2.3.4.5.6.7} Zg*={1.3.5.7}= t

Notice that (Zs*;+) is not a cyclic group, since 32=52=72=1,

Ex.

Zq={0.l.2.3.4.5.6.7.8} Zo*={1.2.4.5.7.8}=(2)=(5)

Now, our problem comes as follows: for what n, is the group (Zn*;-) cyclic?

Def.

2 If the group (z%;°¢) is cyclic, any of its generators will be called

a primitive root moduls n.

Though we have not answered the problem, a bew abvious facts. are available.

We list two comments, below.

(1)

If you are familiar with the ring (Zp;+,+), you should know that the
invertible elements in Zp are just those relatively prime to n. Hence,
the order of the group (Zp*;°+) is ¢(n).

If a is a primitive root modulo n, then, by definition, Zn*={l.a,a jE—
2(n) -1y and a?(?)=1. Hence, a is a primitive root modulc n iff (a.n.)=l
and ¢(n) is the least positive integer satisfies a¥=1(mod n). (this

equation means that a*=1 in Zp*). However, by the following theoxem, the

lcondition (a,n)=1 is useléss.
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h.v3 There is some integer X such that a®*=z1 (mod n) iff (a,n)=1.

Pf: Let d=(a,n). Since z*¥=1(mod n) for some XeZ, we may let & -1=tn for
some tez. Therefore, since d|a and d|n, d|a*-tn=1. It must be that d=1.

conversely, if (a,n)=1, then, by Euler's theorem, aé(n)zl(mod n). Hence, A jg
a primitive root modulo n iff ®(n) is the least posotive integer satisfies axil(modn)

(2) If a is a primitive root modulo n, then Zn*={l,a5a2,....,aé(n)_l},

USing
Th. 2, we know that & is another primitive root modulo n iff (k,®(n))=1,
Hence, if there is one primitive root modulo n, then there are @ (d(n))

primitive roots modulo n all.

Ex. We have seen that 3 is a primtive root modulo 7. Hence, there are ¢ (®(7))=2
primitive roots modulo 7. The other is 5.

Ex. There are no primitive roots modulo 8.

Now, we are in a position to find the type of n such that there exists some a

for which ¢(n) is the least positive integer satisfies & =1 (mod n) .

Consider the group (Zn*;:) where n=p11‘pglz...psls(p1§p2<...<p% are distinct

primes). ‘For §ny'aszn*, since (a,n)=1, we have (a,p;)=1 for all i=%vs. By Euler's
a®®  )1(moda p t ) for all i=lvs. Let l=lem(#(pi'!),®(p2?),...,0(p+" )).

1) for all i=lvs. Hence, alzl(mod pillp,t2...p 1), or alz1

theorem,
We have alsl(mod P
(mod n). Thus, we have already found some fixed positive integer 1 satisfies

a =1l(mod n) for all aezn*. If 1<&(n), there are no primitive roots modulo n(recall
the above comment (1)).

Now, if n has two distinct odd prime lelsors, say p1 and p2, then 2(py 1) and
@(pzlx) are both even. Consequently, since (¢(p1 L) @(pz 2))#1, ' 1= lcm(é(plll) o (p2 1,
sews P 4 )) <@ (pa l) Q(pzlg)...,Q(p 1 )= @(p;ll 12...p 1 y=6(n). This tells us that
if n has two distinct odd prime divisors, then there are no primitive roots modulo n.
In other words, there may exist primitive roots modulo n if n=2k, pk, or 2cpk where
p is an odd prime since they are the integers not having two distinct odd prime
divisors. Morever, we observe that, in the case n=2cpk, if-c22;,; @(20)=Zc~l is even.
Consequently, l=lcm(62°),8(p*))<®(n) since (#(2°),8(p))#1l. There cannot be
rimitive roots modulo n either. Hence, we know that-there may exist primitive roots
modulo n if n=2k, pk or 2pk where p is an odd prime. We will examine each case step’
by step.

case I: n=2%.
n=2- (Z2%;+) is cyclic. 1 is a primitive root modulo 2.

n=4 (Zy*;+) is cyclic. 3 is a primitive root modulo 4.

If K>3, there are no primitive roots modulo ok by the following thworem. First
notice that all elements in Z,f* are odd.

A2



. I X
Th. 3 For any odd integer a and k23, a2k7221 (mog 2%) .

Pf: We use mathematical induction.
K=3. Let a=2b-1 for some beZ. a®’=(2b-1)%=4b*-4b+l. So, 8|a?-1=4b(b-1).
rhis shows that the thworem holds for k=3.

If the statements hold for k=a-1, then a2a~2=(a2a_3)2='§1+t-2°‘_l)2 for some teZ
- - - -2
(since we assume that a2 (®*1)=227 (no@ 2%71) ) =1+t .2%4£2.22%72 | 5o, 2%|a2%7 % 3=
£e2% (1+t+2%7?) . (notice that a-2>0). The statements also hold for k=a.

From the above theorem, we know that @(2k) Zk'l .is not the least positive
1nteger satifies a*z1l(mod 5% ) for all aszék* when k23. Hence, there are no primitive

no primitive roots modulo 2 if k3.

Case II: n=pk where p is an odd prime.
n=p Consider the set zp*={1,2,...,p—l}. By Euler's theorem, a (p)‘l(mod p)
holds for all aazp*. But ¢{p) may not be the least positive integer satisfies a ¥=1
(mod p) . In this case, this a is not a primitive root modulo p. In order that there
ists primitive roots modulo p, there must exists some aszp* such that &(p) is the
east positive integer satisfies a*=1l(mod p). Let N . denote the number of aezp*
uch that ¢(p) is the least positive integer satlsfles a*z1(mod p), that is, the number
f primitive roots modulo p. If N -1=°’ then there are no primitive roots modulo p.
wever, we intend to prove that NP #&, that is there do exist primitive roots modulo
b- Recalling the preceeding comment (2), we know that, if N %@, NP_1=¢(p—l). Hence,

ye intend to prove that N ¥ —@(p E)v

Lemma. 1 P be an odd prime. For any positive divisor d|p-1, let N, denote the
jumber of integers aezp* such that d is the least positive integer satisfies a*=z1(
mod p). Then, we have Nd=0 or ¢(d).

Pf: If, for any aeZ *, d is the least positive integer satisfies a*=1(mod P)s
then 0(a)=din the group(z *;+). (By Lagrange's theorem, O(a)IO(Z *)=0¢ (p)=p-1. This
Is the reason why we want the condition d|p-1.) Hence, N denotes the number of

d
elements 1n(Zp*,°) which have order d where d]p—l. 4

If there are no elements of order d, then clearly N, =0. If Nd#O, we want
tO prove N .=¢{d). Since Nd#o there do exist elements of order d. Let D(a)=d. h
Then, (a)= {1 AR s mip

d_l} forms a cyclic subgroup of (Z %33) of order d. Notice
that 1, a, a?,..., and a%"! are solutions of the congruence equation t9z1(mod p) .

Since this equation has at most d mutually incongruent solutions, 1, a, a2,...., 2
ﬂd—lare all solutions of the equation. This tells us that the subgroup (a) contains '
éll the elements of order d. (this is becaus that an element of order d must satisfy
#he above equation.) On the other hand, by Th. 2, an element ake(a) is of order
90 (a) iff (k,d)=1. So, there are exact ¢(d) elements in (Z *;.) of order d, or
N=0iq).

Bl

h Th. 4 p be an odd prime. For any positive divisor d|p-1, we must have N
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Pf: By the above lemma, we get N,;<®(d).

Now, by Lagrange's theorem, the order of any element in (Z *;-) must be a divigor
of ¢(p)=p-1. This tells us that ;£ /N,=0(Z *)=p-l. On the other hand, d;;-lg(d)=P‘l.
Hence, d%;_l(Nd-é(d))=d p-lNd—d _1§(d) =0 Since each term Nd—Q(d)so, we must have
N, -0 (d)=0 for all d. .o, N_=0(d) for all djp-1.

Now, by putting d=p-1, we would get Np_l=®(p—1). This is exact what we want.
Speak plainly, we have proved that there are &(p-1l) primitive roots modulo p.

n=pk. Next, we would derive a primitive root modulo pk(k22) by using any
one primitive root modulo p. The work proceeds as follows:

Lgmma. 2 If a is a primitive root modulo p such that a¢(p)¢l(mod p ). then
aQ(P ’#1(mod p ) for all kx2.

Pf: We use mathematical induction.

k=2. The theorem clearly holds.

Suppose the statement holds for k=o.. We want to prove that it also holds for
k=a+1.

@(pa
By Euler's theorem, a

= l(mo? p . (notice that (a,p)=1 since a is

@ (p* )~1+t p®~t for some tgz, Notice that prt
)21 (mod p%) . Hence," at@ ) _ o(p PP (14t a'l)P=l+t o
+ EZPCY(tp“ 1y Y1 4iep™ +2 . C £YpY (%71) 214458 (mod p®* 1).(thls is becausepthat 823 ind
y(a=1)20+1l) . So, ¢(P )Zl(mod P +l) since pft. This shows that the statement alse

holds for k=a+l.

a primitive root modulo p& Let a

slgce we assume that aé(p

Th., 5 If a is a primitive root modulo p, then a is also primitive roots
modulo p for all k=2 iff 2®(P)71(mod p*) .

Pf: If a is primitive roots modulo pk for all k»2, then, putting k=2, @ (p2?)
is the least positive integer satisfies a*=z1 (mod p?). ©Now, since @(p)¢¢(p2), we
have aé(p)zl(mod P2«

®(p)

Conversely, if a isna primitive root modulo p and a #Z1(mod p2?), we want to

prove a is also primitive roots modulo pk for all k22.

Let c is the least positive 1nteger satisfies ar l(mod p ) for some k22, that

is 0(a)=c in the group (Z_,*;-). If we can prove c= ¢(p ), then we are done. Since

pk
a“gl(mod p' ), we have a®z1(mod p). Hence, @(p)|c. (notice that a(a)=d(p) in the

group (Zp*;-) and recall Lagrang's theorem.) Let c=0(p).d for some positive integer
d.

g k
Oon the other hand, by Euler's theorem, a¢(P )El(mod pk). ((a,p)=1 since a is a

primitive root modulo p.) Hence, c]@(pk), {again, we use Lagrange's theorem) that

is d¢(p)l¢(pk)=pk'l¢(p). alp¥"l. Let d=p® where 0ss<k-1. So, c=dé(p)=p°®(p).

R-1, oz

If s<R-1, or s<R-2, then c=ps¢(p)]pR—2¢(p)=®(p Consequently, a



(mod pk) since a®z1 (mod pk). This contradicts the result of the above lemma
k-1 2 A
gence, s=k-l. c=p o (p)=2(p) .

Cor. 1 There do exist some primitive root b modulo p such that bQ(p)il(mod p%)
- Hence, there do exist some primitive root modulo p*¥ for all k>2.

Pf: Take any primitive root a modulo p. Define b as follows:
b= T2 if. a2 ) 21 (moa p2)4
(a+p if a®®)=z1(mod p?) L

@(p) -

Clearly b is still a primitive root modulo pasince (a+p) aQ(P)El(mod PPi -

We want to_ show that bé(p)zl(mod p>) in the second case. bQ(p)=(a+p)¢{P)=a¢(P9+
-1 i . = -2 B . %
¢(p)_a¢(p) + c aCI>(p) rpr=ap l+(p-l)ap ZP+EE% aP 1-r T3P J

r=20(p) r +(p2-p) a2 (moa

p-lcr p
p® (Pl-gp-1

®(p)

—pap—zzl—pap-z(mod p?) since aP 121 (mod 52) 5 Hence,bé(p)ll(mod p?)

=1 (mod p?) would induce the result that pap_ZEO(mod p?) which means that

D) .
since b

p|ap_2. (a is a primitive root modulo p implies (a,P)=L1.)

Case III: n=2pk where p is an odd prime.
Take any primitive root a modulo pk. Define b as follows:
a if a is odd.
b= { k ; # In each case, b is odd.
a+p if a is even.
Clearly, b is still a primitive root modulo p#. We want to show that b is also

a primitive root modulo 2pk.

Let c be the least positive integer satisfies b*z1 (mod ZpK)J that is, c¢=0(b) in
the group (Z2pk *;.). We must show that c=6(2p*)=0(p¥).

Siace bS=1 (mod 2pk), we have b°=1(mod pk). é(pk)lc (notice thatb is a primitive
root modulo pk and use Lagrange's theorem) .

o (2p%) _

On the other hand, by Euler's theorem, b =1 (mod 2pk) since-b is odd_and

(b,p")=1. .. c[e(2p®)= (p*).
Hence, c=®(pk), We have got what we want.

In all, we have proved that (Zn*;-) is cyclic iff n=2, 4, pk or 2pk where p is
an odd prime. ;

REZE K . Number Theory Andrew
BT JLE
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A Formula for P (D) (xmecx
ELE Sl B3 Y
= FHIEE

ABSTRACT In this note, we derive the

(3)
formula P(D) (x"e¥)= ecszb(]) ¥ 77 (c) to
find a particular solution of. (D?+4D+3D) y=
6x2e” ¥,
Let the polynomial operator P(D)=a°D”+a1D”'1+...+an 1D+ao, where D is the
derivative operator ég; . Associated with this operator is the polynomial P, where
P(r)=aurn+a1rn_l+...+an_lr+an Then We have

Lemma 1. If i is a nonnegative integer and u, v are two functions of x, then

i » " P

i =3 (Ayu(F)ydi-3)
D (uv) j=0(j)
Proof: We porve it by induction on i.
Clearly, it is true for i=0 and i=1.
Suppose it is true fou i=k. Then

p**1 (uv) = D(D (uv) )= DE ( )u”) (k=3) = 2( )D(u(J) (k=37

% 2’( ){u(1+1) (k ~30 g (3) {k+1 ])} 2 o )u(;+1) (k- ])+ 2 ( ky o (3 (kt1-5)
(k+1) *;2 (]) L J)+JZ’( )u(J) (k+1- ;)+u(0) s
w(k+1), (O)Jrjzl(J l)u(J) (k+l=3) 4 2'(J)u(1) (k+1=3) (o)  (k+1)

g (k1) (0 +§ GE e e @)y hrd=3) 1 (00 (k)

oy (B+1) (0) ; (k+1) (])V(k+1-j¢+u(0)v(k+1) @fl(k+1) (j)v(k+l_j).Q.E.D.

j=0

Lemma 2. If j, m are two nonnegative integers, then Djxm=(?)j!xm'j.
The proof is trivial.
Lemma 3. If i, m are two nonnegative integers, then

3 (hirMxmIeivie 3 (d) 4y (mygmmdei=g
=0 3 3 j=0 3 b

Proof: We have the following three cases:

TN A ' ik e e I 1 my m~-j i-j, W m j
(i) i>m ]2 ()J ( )x o %+l(])]'( N xM" It "I+ éb(J)Jl( HRT T
=0+ 2 o(L)j'(m)X dots j((’j")_o for j>m)

i
20(5)3'( Mx" Il




(ii) i=m. obviously.

(iii) i<m. The proof is similar to part (i). Q.E.D.

n
. n-1 . i
Let ¢ be a real number, we define p(c)=a0c"+a1c +...+a£_lc+afi§ban_icf.

3 Jj n "
d p(J)(c)=—g—gi£L =23 a (& )]'C “J. Then we get the main result.
dr? r=c i= 0 n-i

m . .
Theorem With the above notation, p(D)(Xmecx) ecxjéb(?)xm—JP(J)(C)-

Proof: p(D)(xmecx) igoan ;D (xmecx)
=i§0an L1737 o(])(DJx Yot Te®) (By lemma 1)
=.n a E ( )( )]'xm J i rTgen _ (by lemma 2)
1=0 ﬁ
=efly Eo n- 1] o( )3'( e id
—eC¥ goan o 0(_7 .( )xm Jei-i (By lemma 3)
=ecxigoj=§ n- 1(1)3’( )Xm Tei™
=ecx3—gigo Tn- '( )3!( )xm J ¢
=ecxj§o J) J1§oan 1(7)jlc i
= B, (Dx"Tp T (o). Q.E.D.

Remark: From the theorem, we see that if the number c¢ is an m-fold root of the

polynomial equation p(r)=0, then p(D)(xkeCk)=0 for k=0,1,.:q.,m=1.

Example. Find the general solution of y"+4y'+3y=6x%e *.

Sol We see that e ¥

is y, (x)=(Ax+Bx’+cx’) e ¥Hence, p(r)=r?+4r+3 = and P(-1)=0

is a solution of y"+4y'+3y=0. The tentative trial solution

p'(x)=2r+4 pl=1y=2,
p" (r)=2 p"Xa1) =2,
S p'"(-1)=0.

Thus p(p)y, (x)=AP(D) (xe ) +BP (D) (x’e %Jtcp (D) (x’e™™) .

1 2 . n 3 " % <
=pp ¥ 3 (25 I-JLF). -x 24 2=F (F) o -¥ 3y 3=3 €3,
re ™ 5 (Dx I63L1) +Be 2o x¥ e (1 ree™ 2 (DT (1)

Compating the coefficients in both- sides,we get:

Lp'(-1)  Lep"(-1) Lep'"(-1) "

g Ri-H 2:p'(-1)  3.p"(-1) ] A ] .
o 1-p(-1) 3:p'(-1) P 1= -

-2 0 1 p(-1) X g

-67-
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1-p'(-1) L.pmi(=1) l.p'"(-1) 0 21290 0 1 g 0 0
1.p(-1) 2:p"(-1) 3vp" (=1) 0 0 4 6 0 0 1-.3/24 0
0 1-p(-1) 3vp " (=1) 6 0 0 6 6 g 0 0 1 1
0 0 l‘.p(-l)‘ 0 0y <0: 0 0 0 0 O 0
1 0 0.}5
0 1 o -3/2

i 0 0 1 1
0 0 0 0

Therefore, p=3/2, B=-3/2, c=1, yy(x)=(3/2x—3/2x2+x3)e‘x. Hence the general solution

is y(x) =c1e"3x+c:2e"x+(3/2x—3/2x2+x3 )erX,

Example 2. Find the general solution of (D-2)(D-1) (D+1)y=(3-2x-2x2+4x")+(4-6x+6x?

Sol. Up(x)=A#B; x+Cx2+D, x° is the tentative trial solution of

(D-2) (D-1) (D+1) y=(3-2x-2x"+4x*) , and Vp(x)=(AzX+B2X2+C2X3) e’ is the tentative trisl
solution of (D-2) (D-1) (D+1)y=(4-6x+6x2)e*; Hance

p(0)=2, p(1)=0 ,

p'(0)=-1, p'(l)=-2 ,

p(r)=(r-2) (r-1) (r+l)=r®-2r*-r+2.

p'(r)=3r%-4r-1

p"(r)=6r-4 y p"(0)=-4, p"(1)=2 o

p"!(x)=6, p"'(0)=6, p"'(1)=6

1.p(0) 1:p'(0) 1-p"(0) le.p'"(0)] 3 2 -1 -4 6 3
0 1-p(0) 2:p'(0) 3.p"(0) -2 0 2 -2 =12 -2

5 i

0 0 1:p(0) 3.p'(0) -2 0 0 2 -3 -2
0 0 0 1-p(0) 4 o otz iy

2 -1 -4 0 =9 2(r=1+0 © -1 0 0 O 6

0 1 -1 o 11 0 1-'0 -0 13 1 0 0O 13

0 0 1 M 2 0 0 19 0 2 & 0" '%x 0 2

0 0 [ 2 0 0o 0 1 2 0 0 1 2

-2 2 6 4 w2 0 10 17070 =5

0 -4 &6 -6 0 -4 0 0 0 1 o0 0

0 0 -6 6 0 0 1 -1 ~ 0o 0 1 -1

0 0 0 0 0 0 a 0 0 0 0 0

The general solution is y(x) =cle[x+c2ex+c3e'x+(6+13x+2x2+2x3)+(-5x-x3)e’9 i

Reference: A.L. Rabenstein; Introductionto Ordinary Differential Equation ,1966.
—-6R~
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Is a special number,” Tom said perfectly.
emove the braces,"” remarked Tom parenthetically.
p, then g,” implied Tom.

o0 e

te concavity changes here,” said Tom with inflection.

!is three meters long,” ruled Tom.

12 % a/b," noted Tom irrationally.

fey are mirror images," reflected Tom.

Epeating decimals do not end,” remarked Tom in his infinite wisdom.
his is a function,” related Tom.

tis a fraction,” said Tom properly.

isa vector," directed Tom.

fle course ends in 35 weeks," said Tom distantly.

I= 112," noted Tom basely.

“It just touches,"” noted Tom tangentially.

“b? - 4ac = 0," discriminated Tom.

“Space is an infinite set of points,” Tom said distantly
“1, 3, 5, 7,” Tom said oddly.

“It must pe a convex quadrilateral,” figured Tom.
"[1.| = 1,” Tom stated absolutely.

“y = mx + C,” Tom analyzed.
“it's a plane figure," Tom said flatly.

“99 is almost 100," said Tom roughly.

“Proofs are necessary,” reasoned Tom )
| hate quizzes," Tom stated testily.
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The Greek Alphabet

A a alpha
B B beta

| i ¥ gamma
A 8 delta

E € epsilon
Z L zeta

H n eta

® ] theta

I L iota

K K kappa
A A lambda
M I mu

N v nu

= ¢ xi

0 o omicron
I T pi

P P rho

s o sigma
T T tau

¥ v upsilon
@ ¢ - phi

X X chi

v 1 psi

0 @ omega

i
=]

T

i 1R
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