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& BHEGHE 4
81,0528 ;. g4 == 0.3 g3 =0.25 ;. F{ £0,23 , g5 =0,37
& R (X A 15
Poo=50s /0287 =\1420s
Ps =100s./(0.287" £0,31" )% 14.%5
P, =150/ (0%28 1 407317 +0.257%D =13.9
Ps =2005/C0.28° +0.317Y#0.25! +0.237*) 5 13.25s
Pe¢=250s/(0,28"" +0.317* +0:25"*+0.23"! +0.377%)
=14.0s
B EET &P >P; (i+3 ), REHEETME 6 FiGE 3 M NBER2HE
RHERERBEERERRGT R . HKER § 14.7s (H s REFMBEROMEIFH
o

OO~ 5 N N - . . S

OO0~ 0~

o~~~

VZz=22°
EERE—EBH vV 2Z=2"WHE, 0ITH, QZERES 1WFEES=
B, lP. REFE ; 41§ P.UFES , &M P (OE) WLBFHiE; B
P, 8% 5, EMC)FHNLBHER P ; TIHEET X , B THEHLEH .
Piy P2y Ps, oy PoyERE, En—oco, Py,— P1,1l P =2,
LV Z=2 , BEHREER ?

F
Py 4
(
( S
(e) d)
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HERIEHES ( Strategic  Situation ) ERFHNBER , W BEZ 19214
s Emile Borel SAE §H LR 2 Hn , A E1928% /55 (game the-
ory ) HUIEEGE®E , ATAHEU/NEME ( Minimax Strategy ) Von Neumann
% , {H—1& %1 19444 “ Theory and P ractice of games and economic beh-
avior ¥ —EHREH BRI ZIEZNER

FRERE — MBI HEE (Player ) HiEA— EHAIEEEN B : HENR
, —ERBLABE TN G : OXBREERRTZ SR b EE 2RI
Strategy YIEAREH c O —KHEERILRF , EHEE ZHAMA (pay-of f JHAITE
SEEIRIE o FHIELT 4038 B AR = SRR K B BBt 2R L B KM (optimal strat-
egy ) WRREERBPEISEBAFER (LeffRTEHE (Value K KEFTE
FHERESD o ) ‘

RENSBETHTLEERSESE F | OHBERRLRNEMER . QBB
BOAM . OQHBRREVEANAEREEERES , SE & .

OFEBRFERLE ROEMENRE , B1E B IrE B ESR M ETT A E
; HIFB RS B 5555 ( zero sum game ) . BAIBEBIEEMBEE -

(1) : AR B AR BRIIHEBER LR ERR  AFRIAT | FREGHIIET
Eﬁilﬁlﬂ%tﬁﬁﬁﬁﬁ JAIARB — Tt BERHNBERR—E-KNEBE, RIBR

— 16—



A—To 4 ABWMARBRE—X , HEZ LS ENERBM 2
. REMGE , BESRPEUAZHARE . MHRMT N ERRREE

- i [FR

Hep: 1ZARMB—To E =1

—1 FAKKBB—IC © Kk |—1 1
BEPTA , EARM—ICR , BRLIK—G NLEMOEFRE, ILERR—

FRBE o

Fl@) : MRE—BERMNBTED , BRFEFR L EHE , AROETER R
Hig& , B IR—FERABR o

OE2HRBEAEWMEA , IBRABR . E3RBRRER=ZAZB=ZAN L
 AIBRSABE . MAORE—EMAFTNHE. HEESABRD , EHRE
EERMEAEE , N AEEFTRAE—EEE , U THERmANSE. AT
EHIFI4) , EBRS &5 HRIEEH S E SR SRR ER & B R S AR R
AFF o

EEERMREZIRBRCECHREREBLAR RERBE T §ABRER
%o BEROINE—EHRBE o

EH(DHRRS , BETEBHE THHER | RERHTERMANERMER ,

1=k

o oM=C_ )

RARRRL AR B, 77 DB FEEEMAT L (AYFHUER o K/FMHES
e+ 4ERE ( pay-off matrix) , BEEHBIER 2 x 2 B
ERMEE—Em x nfHFE , BREHHEAEREDT

; B1 Bz' cee ...B]..., ...Bn
A1l @11 Qg aee son Qyj o Q1 0
Az|an ax
Aiilai
Aﬂ aﬂll --------------------------- am’l aﬂl
B1 Bz eeeeeens Bjeeeeeees Bn

B Aivi=123:-- TmBERBETZKME , PUBj, j=1525n KRB THHER
W, Hitb, BRMEE A RIER , BHNBBELRLET XE B, KIE, #RS
HERR 2:,; REB/IME o BRIFVESE i 5180 0y PEIRNE a; R



éﬂ 1 a; =min @i rereeeerecesiseseneenes (1)
i

ﬁ*mmiﬁﬁi—ﬁiiﬁﬁﬂ%ﬁm;%%&ﬁ%;ﬁ,ﬁuﬁm%ﬁ—ﬁﬁ
BB T , RENEEE— A o WEEL , B SR
gn . o = mx QU reeeeereesessessenaian. .(2)

i 7

m1)@)TE a = max m%n a;;

T, o R R AT RS R RIME T R A ME o BB o B A /ME (Max-
imin ), 1A BILESEHE A B/ ME KM (Maxi min strategy ) . R , HHE M
PUER T BRER/D , BOAE , ADAZ b A B BB R AT 3205 7 SR RORS 5 5
B B RREWEB; T RO T EGHRAER o

gl B; =max  ai;

i

e B B Hul/ME @ Bl B =min .3;"

#EE B :M?nmax a;;
H M B R B MERME (Minimax ) , RIARHGTRER KMEFHIK/IME o HERHIB;
BB /N HK EHEHE (Minimax strategy) o R , ERFRAEA BWIMEE
& , BI7NRE TS IR EBRGFEERTNAR o , AE, FHFRIUE/NME
KAEKEE , 7w T5 R AR IRAI A RERONEE L « HE , EFEHIH
b, BRGNS A fEE & A ) ME ZABLEIE 2 B W AR /B K E B KR/ ME
THEE o (FHRETEAO) ) ; & mEHS , AIFBLLBE% % ( saddle point ) &
£, BRREL B RL7E W08 BT IE A 1) 18 KB SRS 2 18 K 18 /ME SRS | 3 BRI
IERR IR R (= 5RME (optinal strategy) o
 EREER L, AEE—HEE £ HEEIBEMEETHNER (B

2 B5E2 E#H (Complete infor mation) ] EHEE —E¥RE , LBt RAREHE
ENRE——FE—BRERE . EEEBMNTAREH (& FEET 2% Guill -
ermo-owen P Game theory ) H 22 L@ N DIERET ©

B3 : = Almiit EE— XN B £ - KE BB /R stk ( B BCRSAR I k-
THEEHE ) , AR LB LR B ERARERE . |

% EERENERETRERET . A FE—ERENRERE , 5L
BH—H BB , REMR ESR—EMARERSF O, DERERE HREME , M
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RERERS FHEBOI—BE W, MET X, BA—EBR h o
F@) » BFHHEE ZENEARZE S5 E— A1~ A A s WHE=RBRR R
#: B1 B2 B; , ZHEE WA BIhi# B1~B: ~B; UEZE 575 0.7+0.6+0.4
; A BEVEBIF0.650.6 0.7 5 As BEEAIR 0.6 ~ 0.4~ 0.7 o FASRHMEIE
5 B SR o
% . WEREE , &I —E EEEDT
0.7 0.6 0.4\ 0.4 HehB TR ay; RFE MG A BHE B, Mgz,
(0.6 0.6 0.7>0.6 B AR P BN o T a=0.6
0.6 0.4 0.7 /0.4 /Nl KE B FIE - B=0.6
0.7 0.6 0.7 Ha=0.6=p8, JAKEFEZRER (A2, B, )o UELR
REFRA A BEERDE 0.6 FUBAEEERE , A5 EMAB. REXKLE
0.6 FYBZSIEEE T o FTLI ABHIRERER( A2, B2 ) o
FI(5) : EEEINRFRES “ 8I0O x 7 HuleE , HHAIRER ©
OFEMR L 8l— A7 EHME NEERE -
OBELXNEEA—/FHE (GBE BOH X ) EAKPE—KRIELBCHIRIE,
—X—@ , MWARKETE , B NAN R ESER AR,
@ LIS £ A W= HE R RERE . Coim: %, fof,

B .AETHERZ2BHAMASE  c ALEREFE , RIHTFEERR
PR FRE 1 2 3 O BUE, A, BB —FEREEE, |||,
e, AENERE , BEER , ARHEHENmEA , MMAEENER
BT . R BREEBMRN—HE 18 35 7 5 9 8] 5058 , Wi RE8
£5 R B AN ER . (EMEEK) 346 9

RN BEH LA TFREBRT2B WA , A7 FERL ~ 5 (Nim ) e 8%, F
EER, RETRNBHE AL , BLUEREMMRHERS . (F: BRLFERZ2
BEHABE )

B F&RMEpra e bl , % BR B CBREID ~ @)41) BT L ZESR S SR Y -
TREEHE , REEFR A A SR T BRSPS 7B e OB SR & AL A S Bk M - R &
NESKEE (Pure strategy) , (BB , M5KISHEDRFERME , KR T
FEFS EEAISERE 41 , LU A S RFEER & R BRI , ISR RIF&ER , B
ZRIEASEN (mixed strategy ) o

F1(6): BEMAIDMNRE , REBE T HEEMIE SR ; A BEIUEE B
Rz , REWBKER x, , BEEENEBES »n , RENVEESy, . ARE—
BERPENEERNRL ,FTblri+2.=1, yi+y.=1

2| 5|8




B A BT RANRERARKBEE-FNHRNRRER v , je, EARRE
RIERERBEIGD R o, BRG0PI R EREE 28X ( BERBENGE
)EE HAWME - Rmax v=2
R X1 =%z =0
—x1+2x, >0
% | Hangi= 1
200 wiE=0
Hep, 21 —x2 > 08 —21 + 12 2 v RILHRE AR BIHENNRBATIIRFAD
HEEE . HRER .

= |
(xl,xz)< )
A —1 I

HESEHBNESES 21=1/2 , 0 =0, 22 =1/2
FEABMEAEE: n=1/2,0=0,3y,=1/2
TAIE G BSRIRAR B RAAE ATH o BRERIE B B RITTEN B o
&%, BN BEEREENGTF LB E -
) : E—RBEE T ;s FEFR—ENENEC , HAIRERN | BEHTZ
BENABD , MABAFLBE=Z5RE . M ERERLE , —REIELBH—
REATE . BEWE SREALE (DIWDER) , —RIBIELEE (Bl 1c FR)
, (BBEENB=RRMIE_E (M2c FR) . FEALEEHCF L —&E,
IR AR T B o MR RBEET—REER , RZMR o MRAREHR R
, BRI - RIRFLUE A F NS RRMEE . =M , EBREATR 285
PIEMER o
R ER—HEWAZNEE , SEREZE =T ERE , X THEARREK
EHFEA o TEE R RE/NENTEEA - IEHEAMAEBOT

|1.D 1.C 2.C (&%)
SlPatlogd ) -l —2 1 (Faéces
BO) (681 Sl £ 1 RN ST i it 1
260 HRT HE D 20041040
SHTRIA , ERAXKTEH 1D , KBt 2D AT IR o Bl fillE EREE
Toififbes ( 2 x 3 ) BEEo

<—1 1 i
& -2 0)

FIRE , BE WAEH 2C , FILUEESRRERBEMER( 2 x2 ) FHK.

CERARERE )



FxE AR ICH 2D HIBER 21, x5 (R 2 =0 ) FILA LRGSR BIR
=

x max v =29

—%+2%32>0
Xa—%3 > v

X1 25l
x:20, 22,20

LA x3=1—x;
> —Bay—v2—2
22,—v =1

0<% <1

RERERBR 1, =3/58v=1/5 - IUHEER 1/5, WRMlANER 1D
, R 1C AR 3/5 , ER2DHER 2/5, AleXaIE ZER 1/5, FTLIE
BRERTATH , BFIREREA o

BU(T) : —REE A RV E e FRSEREIME T % SFRER o MRBA BT
AFRHIES , MBS REEBBRNEALNEN , AOAHOEMEME BKE, LR
BRI B EAB B AR R L IERAERH —EER . IR —EEEN 5—-EE
B, IETRTERBHAEFEATNEE th , EREFARAZTEE . MRW
EEFECRIEH FF o MERMESLIES 8 B CHFIZE 55 , AIZE5E THE % &GS 2

% BEREM, AERFEFRE , BUER !

| =& = 5 B (zm)
B AR | (5%, 5% ) (@M ,20%)
ER (20 ,HH) s (14, 14)

R EAR IR E R o ARE—BERATE o TE 55— BEIEARM FI5RM , i
ARLBET o BUELFLEME , WZEER , AIFUARALS £, BRAH20
FE, EREFAR s MZEER , IRLARAIEEHE , G8FAL 1 FHNE, W
LUEER Bk o MBS ZIU W R Ak o FiLMAR T AS WAHASHRTE , g
BASE A RELTNECENER, ARED—EER , UMAREERHAL
BRENGER . RTEERY AR B MERMNE ? EA2R , MR MMELH
A, EAYS BAFE—HER . ERAEREMER , XEBERE 2 €T
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#OBCHRURT MEEHER? FARREREREERBEL BEZHBT ,
e LU xR HIE1F uth A FIRUELE o R IREERIE?

BEEH .

1L Adams & Gemirz & Quintas :“Elements of linear program?” ,
2. Guillermo & Owen : Game theory .

3 HEIRER L MV ER RER  REPEER -

A BfRENE . RAUETE| BB ER 5 R R o

5JLE®R « MEHRBIZERE R KHRIT o

6. LA ( fEEWE , BHEAAR .

1THRE ~ SIREHE ( RBER BEEESRA, 8%, B=H,

HERS

FEERERRE , F -0, EEVHERS , 25BELES » FERNTER
= . KRS =HEST , HBHREI—TS0EE

BAgaRe , 5 BH RASRNE LT, TRARWSHLELIR - E=E , 8
REEENEHLET R, HEBRT . 8, HROWRGMHHT—-EXE , wH
EHATRHEBEEINES , A ERABENHE , APEHBEENTH. 8%, KT
ETEHERNE —SBLRFHER THS , HRFBHLREBANT . BRE 2 ¢
1o

HERNWAHEEFE: R, RE LU —ERRMNE, 2 BE8NEEE ,
IXEIRESI1S ERO e kA o W

(@3 =)

£ = F
B.Cf%. 00
RIRORTE
@ TR ST EX

( x ZH B , ORHEHM )
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g}__—] UHB %IJ /% By 3

—— FXREAETIAFR, mt ﬁmwifﬂﬁrr
SR e B—EAKFTERNEH , EEENERESHE HEME, DL
RARERE - LHAN—EHT -BEYNE : BB L, KFTDOKSTIEEE
EMarR [EREE B T MR FE] SRSt ERERE , KBEUSRT
FIH B :
LB ——BRAEEY (KA ) 28BS/ (population) o
2 YEAT B —— R SERETEY iR R B AT HI R o
3 AEE N — U SR ARE R ETRWEHS
4L GHERN—ERESNEY , NSTEFHH ~ EE¥E %, (HE—BT
RS ) o '
5 WEETHERR — S IR ARS8 ( parameter ), AHIRTE o
WL EHR Bk N —ERFEE IR R , 18 R ETHERR , AN REEEEEN EEHER
BERY TSR , NMEE B FASE R HEEE A, RN ER A2 RRE N
67 , MFE F—EFRREA , TENSE BB —& T !
METHI YRR (Decision Theory )y RHH/FH 5% (Game Theory) FfE
H, REREEEYREBEN D , BHAMIE LB ESK John von Neuma
T, BEARE7A 1921 4£ Emil Borel H4E2H #/55% , (A2 J. Neumann
E1927 EHE [FREBPHGminmax EH | WEH, & T%FJ B o




19444 J. Neumann #I Oskar Morgen stern'éq”FtﬂﬂﬁT [Theory of
Games and Economic Behavior | —& , EEH B EH Bl o & FEREEHST
e , € J. Ney man fiEgon Pearson BE— RFINIH s T B Wik
ERNHEER . RE £ K HH s ERpUBH &4 & Abraham Wald ,
e B IG5 E A 20k SREERR |E o

—BEBOER , LAE T =B6YE : OEPBWMAREEE - OK HHES
8 DL RS SR T (R . @S H B ELES KK ME (Lt EmE R/ E
%) BRI o R &S RAMZARBANRE (HRER EAR DR R , B HH AR
& RNIRTTHIIE IR ) BB RETER /S (zero-sum game ) o
[Fl1 JRZWMAME , RERST) - B8 -, WMASHREESXR—T , HFER
A , AEEBERRK |

Z 5
l@: B97) a,: AW as T
H 6.:307] 0 -1 1
0,: AE 1 0 -1
J 0s: A -1 1 0

HEIB—WMAGERER . BATRBATE— AR RIEBFEE (maximing player
) BBRSIBEE (row player ) , B—AZREHEE (minzing player ) &
{7%i%#& (column player) , [l 4, ;ZaRFEERIK 0, , Z3BEFRIE o; B , ZfF
R , £:>0 RRERZAEH , £ <0 BRTRFMEZ « IRFBEmBER
B, 78 n BRI FTHGRE |, Al (L ) WR—EBmxniEE L= (£;; ) BRE 4k
o FEEEMEEFHEME , BT — 7 DI TARIA 580 KIS LI Ye B CHUSE RS , E=3ES
A ( B ER/ANELX)NER

BEL — @6 T30 AT E MRE 2R s FZmAER - B AERAT :

Z 5
a, a; a;
BH 6, —4 —3 1
(723 3 4 2
5.0s] 6 2 —1

B (AR , RN T LIBH PEREME 6., RAOTER 2 0FG , HR
0 BERATIER 6 MFIE , Bt AR LN , REKRRN FAT , PR
0. KM, LBl B EE BX ERETEGHR/ NS, FBERE BT AE  (
INREURD



(78 :miné,,- =—4
j

F 0, . min £y; =2 :)maxminégj=éza=2
? gy '
s : mindgy =—1

J

FE, TUBHZEREW a; TLIEA? , EREK A ER 4B e, B3
WA ES 6 S , MERERGENT , ZBEHes £1, B BEZ5EEE
BT S R KRR , BRI RN | CABR ) ¢

a, . max 4;; =6
i

.0 as méx'é;'z=4 >min max £;; =433 =2
' i i i

a; . max ¥;; =z
RELRFT , FEERRE 0. , ZEERKIE ¢; RS#EPKE LAl (Optimal
decision rule) , BEERE—XKZAEE 2 BBt o
(BE1IE—RREP, EFEmERIK 6, , 05, - s Om , ZE0n R a,
b Gyt AR s 8n yBL=(Ly) 1<i<m, 1< j<nBHERM
il o Ed1<7<m, >min £,;, =max min ¢;; £ 6, max-

7 i J

min ;% 1<k<m, max/{;,, =minmax ¢;;&# ¢, B min-

K J 2

max ; Fmax min £;; = max rni.n lij =L B, BB, RiZEL,
E—BEEEUNERT, 0, Ra SREF&ERE , HEEBE—XZABH
Lok ZE‘%N o BT IR EE KIS B R E MK (pure strategy) o
EXRGBHRRBPERLTFE , mel 1 R ER
—1 =max min £;; #minmax 4;; =1
LY iy
ﬁ)fu%@%ﬁﬁ&%ﬁﬁé o EERBBUWZT , Hf— BB SRS N A RS ,
R TTUZRE S SR , KECHETERAERNDHES R KA ( Bk iE
K o MREFIRFAKME O, , 02 o s OnHIREBE SRR £1 5 X2 5 -ooee: Zm o HP O
Su<1, Zx=1,Z80%Ma, a, o, 0 WEESAB N, v,

=4

e LN



""" ,yn yﬁqjosyjsly i J’j=1,EUJJWEX:(xl,xz,""",xm

i=1

) M= ( Vi1 g P2 v s Im ) ﬁﬂu%EFZ%%EHiE@?E’%%% (mixed Strateg}’) o
BRI, , ZRARARIEY W , FBAZ MR T L.y, TS

BERAREX , ZEAESCEKY 5 , PEAZHZES 2 ( 2 4,9,)
i=1 i=1

= X b x,-é,-,-y,_- o

&1 §51

E(XsY) =5 va,-é‘,-y,-:‘[xl,xz, ...... x”']

i=1 =1

\Eulém; '.""t‘en:n/ \y.n

RBWEX,Y) LRFZANERBARESEKX , Vi, ZH2H5s H2E .
EMAEELNRR S , B CERUEEE ) |, SN R % £ LIRS
W X HHLZ 096 — B AR e, (R IVFIR ( Bimin E(X,e;)) , BRHBARK

WX* , #@min E(X*, ;) =max min (X,a;) =0 , REAETRARE
7 X ey

KX, EHTEAGR o (B EFRAPLFMEX R, BARBHZHTAE

MR min E(X, ¢;) , MARHFARSEIEY Rmin E(X, V), B ar,

E(X,a,,):min E(X‘,aj) ’ EUECX,Y) = % z x.—é,-,-yi= z ( b x-,~€,-,-)y,~
i 5 ks T 1o |

i=1 j=1
= g ij(X;ai) > E Yi E(X9ah) =E(Xyah)( Z yi>:E(X’ak) 9 gf
51 i=1 i=1 '
DNEX ,Y) >E(X, as) Blmin E(X,Y) >min E(X,q; )-] , AEHZLHE
Y i
BEESRIBY® #F8max E(6; ,Y*) =minmax £(6; ,Y) =p , MEBELXIR
i ¥ i

ﬁgﬁf‘ om%ﬁE-X* ’ Y*y 8 max min E(X y @j ) =min max E(6; QY) s

X j Y i

EX*Y*)=p=v , REERFEBv(=p) BEZHKY; (generalized saddle
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point), ZEEEBRT , FHRERER X", ZHRERERY ", BERE—KZA
B o IBEFT o ER X RY* ZR¥E , DL EMREGRPHMX” ,Y* BRTIITRER
KEH R
E(X,a;)>v
x; =0 I's1'<m
g X =zl
§71
E(g; \BPYL v
Y20 KAl ji<n

51

T TLLF AR ERBIN T ERRE _
(B2 )& 1RBLERS, R—EEERNER , BRFRARESKEBX =
(%1% y%3), P21, 22,25 >0, 21 +22+23=1 BFFIRER

M
Xz—%3 20 1
X3 —2%1 20 )
X1—%X; >0 ®
x1+22+2x3=1 (4)
X1 4 %95 X3 20
D+@ X142x,>1+v (5)
> —1 X(4)H2) —2x;—%x; >v—1 6)
X —Xy =0 ®
B+ 2 x(6) —3%1 2301
= B+2 x@®) 3x1 > 3v+1

E T =%B§, 0 MERAME? =0, XEHA SR EENBY R , KE

X1 =X =X3 =%o Ek=3:008 R ZREBESEEY = (1 s V29Y3)s ﬁ‘#‘yl,yz

y Y320 Hy1+y:+y; = 187RERM .

Bi7—



Lo,

(o,o)

A
iZ

—Y2 +y3 =0
Yi—Yy3 =0
=Yk =0
N+y+y=1
Y1y Y2 ,9320
B#EE M=y =y =1/3 R, vBEAKRMEr =0 , AtFZEH 2R ER
I BAE3IT] ~ BE ~ =R IBPLE 1/3 BB ERENER, XERv =0
, TABER~XR , FREY BRI 2 ( BZHHZ L) RE , BRAR B ATHRE
J@o
MErRRMEU L ERARBAGT BRE , PHERE 2EMELENR : — &
etk , Mt BDEBARENAE , MU AREEZFTBEZE , BEZE
WA R, —RBZBAER (Nature) , CHHEESEZNAS , EMARERS
b, B RE W EUREEE AR , LI CESR KFG , 4% HZEIKKAR
%, BERKMES , BEZEREE T , NE ST E T Re SKIENR , T
Wil , EHRFTERAR K. -~ ERFP , BREHBFRMEBENHA , B
B AN R ETTAT DAGE PR B R , T S — (B AR , RIS T REIR
HUHIRRE , BRILIRE O HRIE - EYSKMED , et D AGKCBHEER , #
fRiehEm H — Ak oW - B, BRAELRREERK THS |
BB B E R R , FIFS B4R sRER A -

E- -




L B 8Z2 R (parameter, space)———{EIEZZRE O , T AR BN T aEEHNSE

Bo

2422 (sample space)——ifat BABRPHTH 7 BEAVHI S (out come )FE
EBREAZE, SR X, ARUE—ERR X FHOEEREHX , P, RH
Ro €6 , XHizH & (probllity measure) , (5, P, Ao Wi J,
HABBESHRF(x |0), e X, .

3. /78922 (action space )—— @I EA A , I EHETE W6HE HNTHN
£Eo

4. B EE (loss function) —EEMR O x6 FAEBEXE, L(6,a) ,
EREREC BERO W, M RAGTH cRHEL o

5 YR (decision function)——HBALMREFHEBMER , d X
—a , EABRNBEE (observe value) RX =x &, HEHH R« BEST
Bid(x)e 6, IHERRL(O ,dx)) , ELIDERFERREEZES

6 S HE (risk, function) —HFEEWE ¢ O, L(0 ,d(x))B—EEiE
& (random quantity) , €ER(0 ,d) =EL(6 ,d(x))=[L(6,d(x)
dF(x | 0)RAIRBHEO x 6BE R WEH , BREBEK .

7.BE B YL SE B B ( randomi zed decision function) ——AIRLHESE 6 ,
BRAEMDPHSEYSK , Bl o BRIEBRERE , HZ RESEND L 2B
B, HERSER , EEBERISKEH N EREEBRR(,0)=ER(F,
Z) o TEHEHMLREI c 60 ,R(0,1)HFEBFRIERIKESTR
B

(EE2 I IRGEEHRKEE 00, 18 sup R (0,0,) = Ing sup R(4,d)

€O SED* 5€0
Al 60 FBminmax
(3 I MRKHE 01,02, HER(0,0:)<R(0,0:) , 006 HAlfFo,
10 —BEHF o BR(6 06, )<R(0,05) . VOO, ABEE—0O>
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An algebraic reconsiruction of the topology on a compact T,-space.
& A +
In this note, we want to reconstruct a topology on the com-
pact Hausdorff space by using elementary algebraic concepts, so
that it is convenient for us to study the abstract compact
Hausdoff space from algebraic viewpoint.
Let A be any commutative rihg with identity.
Spec (A)=Y={P:P is the prime ideal of A}
7 ={V(E) |[ECA}
Where V(E)={P|P is the .prime ideal and ES;P}
Now we shall show that (Y, ) is a topological space.
Lemma: If is the ideal generated by E
then V(E)=V( @ )
proof Let @ = (E), Then ECa
Clearly, V( a )SV(E)
We claim that V(E)S V(a)
Let PEV(E), that is, P is a prime ideal and ECP
Since a is the small ideal containing E
Hence,a&SP, so V(E)TV( a )
Thus V(E)=V( a )
Theorem:
i) v({o})=y, V({1})=¢
ii) If (E;) i€r 1is any family éf subsets of A.
Then . V(E:) = V(.U  E;)
ier i€r
iii) V(e ) V(b )=V( ab ) for any idealsa,b p of A
[prooﬂ: i) Since enery prime ideal eoutains O
V Hence V({0})= Y
By. definition, 1€&P for any prime ideal P

So V({1}) =¢

==y



1d¥) isinee’ By G [y NE; Vi
i€r
Hence V ( y E)NCSV(E), Vi
i€
that is, V( U, E)S N V(E;)
i€r i€r'
We only claim that N U(E)HCSV( U E;)
i€ri€r i€I
Let P ﬂe ViED) " Thel P "V(E;) i
i€r
and E/CP,V i
UE;cPp>prev( U E;)
¥ $Er . ,‘E]
Thus N V(E;)CV( Ul E)

i€l ;€1
iii) abZa , ab" b
Then V(a ) S V( ab ) V(b)ESV( ab )
V(a) UV(d) SV(ab)
To show V(ab) SV(a) UV(b)
Let P€V(ab) , ThenabCP
Let a€a, bEbd
abEP=>a&Por bEP
>aZPor bCP
Hence PEV(a) UV(b)
Thus V(ab) SV(a)UV(b)

<remark>Let V(E), V(F) be any elements inJ and
(E)=a (F)=b
By lemma, V(E)U V(F)=V(a)UV(d) = V( ab )

By above theorem, we know that  satisfy the axioms for the
clos'ed sets in a topological space.
Thus (Y .7 ) is a topological space

Since a maximal ideal is a prime ideal

Hence, we consider some subspace of Y
Let Max(A)=Y'={m|m is a maximal ideal of A}

Y'CY Thus we obtain a subspace Y' of Y

Consider the Compact Hausdorff space X



Let C(X) be the collection of all real-ualued Coutinuous.
functions an X, that is,
C(X)={f|f:X—> R , is continuous}
and the point wise sum and product of f and g denoted
f+g and f-g, defined by
(f+g) (x)=£(x)+g(x), f-g(x)=£(x)g(x), xEX.
Thus C(X) forms a commutative ving with identity.
Let may={£EC(X):£(x0)=0} x,EX :
To show M4 is a maximal ideal of C(X)
Let ¢x, =C(X) — R be defined by
¢z, () = f( %)
$. (f+8)=(f+e)(x:) =flx)+ gx) =g+ (N+¢:(g)
$:,(f-8) =f-8(x) = fx) - g(xe) = $5,() -9, ()
Thus ¢Xx, is ring homomorphism and onto
By fundamental homomorphism theorem

We have Cor/Ker ($:) =R

But R is a field,Hence K,, (@., )is a maximal ideal of C(X)
Then m,, is a maximal ideal of C(X)
Let X=Max(C(X))
Let #: X —> X be defined by
R x.EX
We want to show that g is a homeomorphism of X outo X
proof ¢ i) To show p is subjective

Let m be any maximal ideal of C(X)

We claim that g ¥ e X , S =m, =m

Thus we know that p is subjective

Let! V={x &£ X:» f{x)=0" for+ 411 ‘£ m}

Then V is not empty.

LT



For, suppose that V is empty

Then VxeX,df.em, >f.(x) #0
Since f. is continuous ‘_function, there _is an open
neighborhood U, of X sueb that f, does not vanish on
U,. But Xis compé.éf, thére is a finite number of
the _neighbo'rhoods, say U,,l A U,z‘,———, U,”, Cover X.

Let  f=f2 ot fE |
Then f! belongs to m and f does not vanish a_t any
point of X Hence d f!
f f'=1 i.e 1Em
Then m=C(X), This is a contradiction.
Hence we can éhoose a point of V
So mCm, but m is a maximal ideal of C(X)
thereforel m=m,
ii) To show g is injective

Since X is compact Hausdorff space.

Hence X is normal

By Urysohn's Lemma (Notel), Let x#y

Since {x}, {y} are two disjoint non-empty closed
sets, there is a continuous function f from X into

R such that f vanishes at X, but not at y
Thus m, #£m,

Hence p is injective

iii) Let fE&€C(X)

Uf={x€X: f(x)#0} fff: {me.?f: fe&Em}
We show that the open sets Uf (resp. ‘5, ) form
a basis of the topology on X.

(a) 1° X=U,

U NUg={2€X: f@#0}N {xEX=¢g0() #
={xeX: f(x)#and g(x)#0}
={zxeX:f-gx)#0}
=Uy,




Defined T, ={U/C X|U is the union of numbers of

the open sets Uy 1}
ThenT, is a topology on X and the open sets [,
is a basis for T, )

b) Let fe& C(X), Since V(f) is a closed set in Spec(C(x))
Then the complement of V(f) in Spec(C(x)), denoted
by X, , is open‘ and the open sets Xy form a basis
for the topology on-Spec (C(x))

X%
= VG ) )
={m€X:f$m}=Uf
Hence the open sets 5} form a basis of the
topology on ;
Finally; It suffices to show that p(U;) :E'}

tUsp)= U {m:}

z€V
= U {m.}
f(z)¥o~
={meX . fe&m}
=U%

By theorem [ Note 2 J; Weiknow that # is a homeomorphism
of X outo x Therefore, the compact Hausdorff'space X
can be reconstructed from the ring of funcfions C(X)
and it is our object.
Corollary: The Banach-Stone Theorem:
Two compact Hausdorff spaces X; and X, are homeomorphic

& their corresponding function algebras C(X;) and C(X2)

— 45—



are isomorphic.
proot : i) Suppose that C(X;) and C{X,) are ' isomorphic-

Since X;(resp..X;) and m, (resp.. m, ). are
homéomorphic Hence X; and X, homeomorphic

ii) Suppose that X; and X, are homeomorphic (XIEh X2)
Lbet P: C(X;) —C(Xz)

¥ (f1) = fiok

W(f1+f1’)=(f1+f'x)oh=¢'(f1)+W(fi)4 e
V(f1ofi) =Cfi-f)oh=v(f) v () %
Let f€C(X2) @ froh'€C(X1),>
V(fa0h™ ) =(f20h7)oh =f>

Hence y is a homomorphism of C(X;) outo C(X3)

Kerv= { f1|fi0h =0}
Since f; Oh(xz) =f1(h(x2)) = f[(xl) =0 and h

is a homeomorphism Then Kery={Ol}that is , ¥ is
injective
Thus C(X;) and C(X,) are isomorphic
The Banach-stone theorem gave a useful tool for us to classify
compact Hausdorff spaces with elementery algebraic. concepts.
(Note 1] Urysohn's Lemma: A topological space X, 7is Ty if
and only if given any disjoint non-empty closed sets
A and B, there is a continuous function f from X into
— R such that.
f(a) =0, f(b)=1, for anya €A, bEB
[Note 2] Let f be a one-one function from a space X,/ outo a
space Y, 7'Then
f is a homeomorphism <> If B is a basis for
Then f(B)={f(B)|B€(B)}Ais a basis for X’

G
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INTERESTING EXAMPLE IN INTEGRAL.
* Bgig «

In the Fubini's theorem of integral calculus, We have

fCx,y) : Ca,b)x [c,d)—R is integrable if f(x,y) is conti-

‘nuous, and Em’ﬂ(,Jl‘:mﬂf'(_.x,y)'d_y)dx, f?,”(ﬁa'blf(x,y)dx)dy exist,

and [ ([ . fCx,9)dy)ds = o [m”}f(x,y)dx)dy=f[a,”x[‘_ﬂf

Now we give on. example as following such that

f[m”(f[“dlf(x,y)dy)dx, f[“u(f[a_uf(x,y)dxwy exist but

does not exist.
S oS oad 5y 32820 dy
We need some definitions and theorems before getting this

example. We show. these definitions and theorems as follows:

DEFINITION:

A subset B of R” has (n-dimensional) measure O

if for every ¢ >0, there is a cover {U;, U,, Uz, ...}



of B by closed rectangles such that o}?V (U;)<e
i=1
where V(U; ) is the volume of U;

DEFINITION:
IFuC CR*0 ) the characteristic function yc of C is
defined by
2 (x) = {0 e
1 ze€c
THEOREM:

A is some closed rectangle, the function g, : A—R
is integrable if and only if the boundary of C has
measure O. )

Now we const{r"uct a set CC"[(i‘,ka!/ZO!,Ll]such that C contains

at most a“point on each horizontal and on each vertical line,

but the boundary of C= (0,13X (0,13

If such set C exists, then ff[o.1 4 0,1]" Xe(x,y)dxdy

does not exist, beca_use the boundary of C has measuring not

equaling to O. (By theorem).

But f[w( f[(,,l]\xg(x ,¥)dx )dy =f[0.1]0 dy=0

("." for every fixed y, there is at most one point %~ € [0.1)

such that chx V)= {1 x = h €,00,1] &

0 otherwise

J

Slmllarlly,

fto,l](f[“]xc(y,x)dy)dx_fl: 0dx=0 )

so the example is obtained.

[0, 1] Xe (x 9y)dx =0

Now the main work is how to construct this set C C[0,1]1x[0,1]
such that C contains at most a point on each horizontal line

and each vertical line.
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We construct this set C as follows:

For the purpose that C contains at most a point on each horizontal
and each vertical line. What we are seeking is one-to-one
coresspondence f with domain (0,1) and range (0,1], and the

graph {(x,f(x))} is dense in(0,1Jx(0,1) (i.e. the boundary of

c= (0,13 x(0,1))

We start by defining f(x) for x€(0,1JNQ, in stages.

Let the points of B¢ ( (0,1]NQ ) X ( (0,1] N Q) be arranged

in sequénce: (X1°5'¥1);"Cxg 5 Y2), (X3 33 ), e ovnevoss

We define f(x;)=yifor the zero stage.

For stage one we partition B into four disjoint parts by
vertical and horizontal bisecting lines, ((0 ,%] na) x ((0,—;-] ne)
(0,210 x (t,17n9, (G110 @) x (0,31N@,

((—%—,1] ne)d x ('(—%—,1] ne )  and denote these parts

in any order: By, Bz, Bz, Bu ‘

Denote by (x5 y.u)' the first point of ) BB

the sequence {( %11 , yu )}that belongs to Bn % B11|Bis

and 11 # %1, yu #y1 , and let f(*¥u)=yu 0l ™1 ok

Denote by ( %4, , y1» ) the first point of the sequence {(%w , ¥a )}
that belongo to By, and X33 ¥ X1 , %17 ¥ X1 y V12 % Y1 , V12 % Y11

and let f(X1) =32

After f(x,3) is defined similarily to be eqﬁal to . y;4

We denote by ( %14 , 14 ) the first point of {(xs ,y. )} that

belongs to Bw and X4 ¥ X1 4 %14 ¥ X131 y%14 % X12 4 ¥14 ¥ X13 , V14 ¥ V1
Y1e ¥ Y1z, Y14 ¥ y13 and let f(X14) = y1s

This complete stage one.
Stage two is similar with B partioned into 42=16 parts

by further vertical and horizontal bisections By , Bp ...., Ba?

_AR—



for each of these parts in turn we

1
define f(x)at a rational point not % Bz B
: 4
By3|B ¢
yet in its domain and having as 1 ool ; ;
Bz |Bas 1§
value a rational point not yet in Y _
Bg1|Bzs | . »
its range. 0 W V% 3 1

IF this procedure is infinitely continued, with B partioned
into 4% congruent parts at stage n.

so a function‘ f having the specified properties for

(0,11 NQ is obtained, Finally, we extend the domain and
range of f into [0,1] by defining f(x)=% for [0,1]/C(0,1] NQ
so the graph {(x,f(x)} of such f has the properties thht
containing at most one point on each horizontal and each
vertical line, and demsing in [0,1] x [0,1] (ie the boundary
of C= [0,1] x [0,1])

so such set C is obtained, and we complete the entire work.
REFERENCES : : :
Calculus on Manifolds: Michael Spivak.

Counterexampes in Analysis: B.R.G. and J.M.H.O.
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ALL NON-ABELIAN GROUPS (UP TO ISOMORPHISM)

OF ORDER LESS THAN 16.
158 A
fF& s

In the course of Algebra I, We have made much discussion
on abelian groups, but hardly any on the structure of non-abelian
groups. The purpose of this article is to find all the non-
abelian groups of order less than 16 (up to isomorphism). As
to the structure of non-abelian groups.whose order is between
15 and 32, please consult the bibliography [¢] , P.134

Let F [A] be the free group generated by the set.A and
suppose that we want to form a new group as much like F raj
as it can be, subject to certain equations. Each equation
can be written in a form in which the right-hand side is 1,
the identity. Thus we can write the equations to ber; =1 ,4=1
42 .,k where 7: €EF[A]. Clearly, if we require that 7; =1

_ then we will have to have £ (77)x~! =1, for any x=F[A] and ne 1,



Furthermore, any finite product of the form IIx;(779)«7!
where 7;; need not be distinct, is equal 1 in the new group.
Hence, the set of all these finite products is a normal
subgroup R of FLA] and the group we are looking fpy is FEA]/R.
We can view this group as described by the generating and the
set { 7: } Hence we define:

Let A be a set and let { 7;} SF[A] Let R be the least
normal subgroup of FEA‘], containing {7;} An isomorphism ¢ of
F[A]/R onto a group G is a presentation of G. The sets[Aland

{7:} give a group presentation. The set A is the set of
generators for the presentation and eaci’l r; is a relator.
An equation 7; =1 is a relation.
The group presentation with generators X and relators
r; is denoted by  (x; :%;=1)
The following theorems will be used without proof throughout
this, article:
1. Every group G' is a home»»rphic image of a free
group. i.e. every group has a presentation. (see [1], p.143.)
2. If n=pg, with p&q are primes and g>p and g=1 (mod p).
then there is exactly one non-abelian group of order
n(see[ 1], p. 156).
3. For Hn®K», if Hy=(a), K, =(0) , 0(a) =m, 0(b) =n
then. for the group presentation
Gal bt et SO ) Dai =@M
gives a group of order mn if and-only if 7" =1 (modm)
(see Ca] +90 L1E5). £ ‘
4. Any non-abelian group has at least six elements
(see [3] , p. 100).

5.VkEN—{1} , it must exist a non-abelian group with



order k3 (see [6])
6. For each even integer k greater than 4, there exists ‘a
non-abelian group with order k (see Ls] P o
7. Any group of order P or P? must be abelian, where P is
a prime. ( see 3] e 5% )
8. Let G be a group 0(G)=pq, p>q are primes, If qX.P—J
then G is a cyclic. ( see 4] p... 15}
9. Let p>q are primes, if q|p—1, then there exists a
non-abelian group of order pg. (see [4]p..75)
10. Let p>q are primes, then any two-abelian groups of order
pq are isomorphic (see [4] p. 75)
11, Let G be an abelian group in which evefy_element has
finite order For each prime p, let
Sy={mleE G xP‘_—.,l , Joe some integer k}
Then Sp» is a 'subgroup of G and every x & (G has a
unique representation X = Y1Yz +eeer “Yry, where ¥; €Sy
In particular, if G is finite and |G| =m=Pf -..... Py

is the factorization of m into distinct prime powers,

S prlady
By theorems 4,5,6,7,8,9, if G be a non-abelian group and

0(G)= k , k<16, then k {6,8,10,12,14}
1. Non-abelian groups of order 6.
Let G be a non-abelian group of order 6.
Since 6=3%2, then by Sylow Theorem, G contains a normal
subgroup H of order 3 and H is a cyclic. Let a be a
generator of H, then G/H of order 2. (i.e. G/H = Z,),

VbEG, beH, then b#l and b?’<H, Since 0(b)|6, hence
0(b)=2. :

84—



vead = I ’ b? =
** H is normal

> ouv ‘EH

> bab™* will equal to a or a?
(1) If bab? =a@=>ba =ab , it contradicts to the assumption
that G is non-abelian.
(2) If bab™ = a® = ba = a’bh By theorem, 2 and 3.

the group presentation, (a,b:a® =1,b%=1 ,ba=a?%b)

gives a group G of order 6.

Since bq =a%*b+#ab , G is non-abelian.

Thus, G is the only non-abelian group of order 6

and G= S,

2. Non-abelian groups of order 8.
Let G be a non-abelian group of order 8.
Since G contairis no element of order 8, hence every
elements (except identity) of G must be of order 4 or 2.
If Va,beG,ad® =1, =13ab'eG5 (80YF =%
= ba = a’bab® = a(ab)(ab)b = ab
This is a contradiction.

Hence there exists an element a& G of order 4. If b & (a)
then G=1{a°,a,a?, aa,ba°,ba,ba2, ba%. So a , b are generators
>f G and g* =V1 , Since (a) is of index 2, (a) is normal,
then G/(a) = Z: and b € (a) :Ifb* =a or a®, then 0(b) =8
these are impossible, Thus, &% =a® or 0> =1
On the:other hand, since (a) is normal, we have bab™ e(a)
But O(bab™)=0(a). hence bab~™ =@ or bab™® =@’If bab™ =a
Then ba=ab this is impossible,since G is non-abelian Thus
bab~ = a® or ba =ab e

Hence, there are two possible group presentations of order 8.

®G: 1 (a,bia*=1,b* =1, ba=abh)
®GC; : (a,bia* =1, b =a®, ba=ah)



Since the dihedral group D, satisfies the relatiéns in G;and
the quaternion groﬁp ({1,440 ,4+5,+k} ,where i2=j*=k*=—1)
éatisfies the relations in G,then we have G;=D,., G, is’
isomorphii¢ to the quaternion group.
Hence there are exactly two non-isomorphic non-abelian groups
of ordér 8.
3. Non-abelian groups of order 10.
Let G be ‘a non-abelain group of order 10, then G contains
no elements of order 10. Since 10=5X2, by sylow Theorem,
G contains a normal subgroup H of order 5 and H is cyclic.
If a is a generator of H, then G/H is of order 2 and G/HEZz.
‘Let peG,beH,>bcH
then b%* =1, otherwise 0(b) =10
Since H is normal = bab™' €H
= bab™* will e(jual to a qat ad yor at
(V) If bab™" =a=>ba =ab o
(@) If bab™ = a® = ba = a®b
>a=b%a = ba*b = a*bab = a*b* = a*
=a® =1——since 0(a) =5

Q) If bab™* =a® = ba = a*b
=a = b%a = ba®b = a®ba’b = abab

—=a°? = a’= a* ——as (2)

(4) If ' bab ™ =a* = ba = a*d By theorem 3 the group
presentation '
Ca,b:a® =1,0%=1., ba'=e*b)
gives a group G of 6rder 10. Since Ds satisfies all the

relations of G, we see that there is exactly one non-



abelian group of order 10.
Non-abelian groups of order 12.
Suppose G is a non-abelian group and 0(G)=12=22X3, then by
Sylow Theorem, G have 2—sylow—subgroug (2-SSG). and 3-SSG.
The Z—SSG are all isomorphic to either the cyclic group,
Cy, of order 4, or to the Klein 4-group, K,. .Also by Sylow
'Theorem, the number of 2-SSG is 1 or 3, the number of 3-SSG
is 1 or 4. Consequently, there are at most eight possibi-
lities according to the number and the type of the sylow
subgroups.
Case 1:
Since any two 3-SSG intersect in {l}and so these
four subgroups would account for 9 elements in G.
Any 2—SSG adds three more distinct elements, since
2-SSG and a 3-SSG intersect in {1} . Now we have
a tolal of 12.elements and hence there could not
exist another distinct 2-SSG in G. Hence there is
no group.of order 12. with four 3-SSG and three
2-sylow-subgroups.

Case 2:

If there is one 2-SSG, A, and 6né 3-SSG, C;3;. Since

each is normal and AN Cs = {1} while | ANGC; | =

|ACs | =12, it follows that G= A x C;

oince A and C; are abelian, we see that G is abelian.
Case 3:

If G has one 2-SSG which is Cy and four 3-SSG.
Let Cy=(a), and (b) bse a 3-SSG, then a®*=1 and b’=1
Since C, is normal, we have bab~' €C, and 0Cbadb™) =

0(a) Thus bab™ =a or bab™" = 4°



(1) If pab =a ,=>ba=ab —

(2) bab™' =a® = ba = ab
Sa =b%a = b%a®b = b(a®b)b = a’’b® = a

:>a2=1 —_—

Therefore there is no non-abelian groups of order 12 which
have one 2-SSG, C,, .and four 3-SSG.

Case 4:

If G has one 2-SSG, ‘V.., where V, = K4, and has four 3-SSG.
Since v,=K4 We can let
Ve={1,r,s,7s Y, rs=sr=t,s2=t2=r2=1
and let (a) be a 3-SSG.
Since V, is normal, then we have ara™> €V,

(1) 1£7axa™ =%, ‘for alT 2 €V, then' G=(a)ylV,
is abelian
(2) Without loss of generality., We may assume
arati=s
>ar =sa
>r=a'sa

Saitre =47 se* —=asat (a=1)

Ifasa™ = §') = as = S e
If asa™ =r=>ara=r=>ra=ar ——
Hence " @gsad'=‘#s'="t =atd **=aofa " *asa * =st =s*r =r
Thus we have the relation ar = sa
as = ta
ar'="ra
This*SHewE that 8F 0 P2 s OW BA =858 =B IR 10PN St us'—ila ,
at=ra ,rs—=sr=1¢ } gives a non-abelian group G
of order 12. Since the alternating group A, satisfos the

relation, then we know G = A,



Case 5:
If G has three 2-SSG, each isomorphic to Ky, and G has one
3+8SG, Cs3=(a).
Letala=""1314, ¥ ¢’ PSS =%y S I? 20 02 AR 4 ¥ % o-s86
Since C; is normal, it follows that rar ' =rar €C;, sas™'=
sas €C; 1f rvar =a’ , sas =a*® = (rs)a(sr) = r(sas)r = ra’r =
So without loss of generality we may assume
ray = e Ifsas = a2 ¢sars = rsas1-' =AY =@
We see that G=C3JA is abelian, Hence we assume that

sas = a? this implies

ySars = srars' =sas ='a?
Therefore we have the relations ra =gr

Sa == a?%
Let: x=wa=ar, =73 then we have
28 =(ra % = (ra)(ar)(ra)(ar) = ra*r?a*ria®r = v? =1
¥ =52 =1
yx = sra =rsa = ra’s = x5y
Then by theorem 3, We know that the group presentation.
{ 25970 2R N0y Bisi Py | w2 P8y 1Y
gives a group G of order 12. Since J¥ Ry LR
hence G isinon-abelian. Since the dihedral group Dg
satisfies the relation, we have G = Dg
Case 6: |
If G has three 2-SSG each is a cyclie group of order 4.
and has one 3-SSG.
Let B=(b) be a 2-SSG, A=(a) be a 3-SSG, then
a® =1, b* =1 Since A is normal, we have bab™* € A then

bab™ will equal to a or a@? -



(D If bab™ = a= ba = ab —+—

@) If bab™ =b% = ba .=azb By theorem 3, the group
presentation {a,b :a*=1,0=1, ba=ga?b}
gives a group G of order 12. Since ba=a’b#ab
G is non-abelian.

From thé proceeding discussion, there is three non-abelian
groups of order 12 with group presentations:

D{a,r,s,t :a%=rt =s?=¢2=1 \LBr—== sa hasi=2 fa

at =ra , rs=sr=t })=A,

@{a,b:a =1, b =1, ba=a'} =D,

@{a,b:a*=1 s D=1, ba = a*b }

5. Non-abelian groups of order 14.
. Let G be non-abelian group of order 14.

Since 14=7X2, by sylow Theorem, G contains a normal

subgroup H of order 7 and H is cyclic. Let (a)=H.

then G/H= Z, and @’ =1

Let b& G, b & H, then b’ H and b%=1 otherwise, ‘O(b)=14.

Since H is normal, then bHb™ =H. In particular, pab™* €H

Hence bab™! will equal to a@,a?,d®,a*,d’, qb

(1) If badb™ =a=>ba =ab——

(20T e Dahsl == ho b= aih

> a=b’a=ba’b =a’bab = a*b? = q*
>a® =1 ——since 0(a) =7
(3)1f bab=} = a® = ba = a3b
> a = b%a = ba’b = baa’b = a*ba’b = a®bab = a®a®bh?
— aZbZ — aZ

S aqg=1 —_——

(4)1f badb™ = a* = ba = a*b

>a="b%a=ba*b=a*ba*b=alba’b—=aa*babd



= a12a4b2:a16b2 :a2b2: az

G i—ak e

() If bab™* = a® = ba=ad®b

= a=b%a =ba’b =d*ba*b = a5a5ba3b
=aYd®ba’b = a*bab = a®a®b’
= a*b? = a*

=@ =1, —+ since0(@ =7

@) If bab~* = a®= ba =a’b, by theorem 3, the .

1
2
3.
4

5.

group presentation {a,b:a’ =1, 6% =1, ba=a%b}
gives a group G of order 14. Since D; satisfies all the
relations of G, hence there is exactly one non-abelian

group of order 14.
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BRTR2IE. BE B

By o B g y. e

E—HEL, tafttA 2 — 102, ME «: B TE2ME (§EHELE
B, TR S M PR ERE . B o. W TR2E. KE,

B TRE2E , TRE?FUGERE

% EEmmR LB L2E.
BYE HEENTHANRL , iHZPEDE LR ERE (TR, RABFLE
E.) ARBMELBYE R R, FrLELmn% - 880L2E.
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5 BB AEAS L
L AR AT, R BOAB Ry

é‘\‘}- m ﬂu' ;V’&

BHERB EE—EEZASG , 8 « BURE SR AHEs , ELHGE
REW®,

RNEEREI@EN—K , BYEEE - RESAE , BEERERES | R
BENEE , e—2HEEW Hﬂﬁ%ﬁﬁ’\‘lﬁﬁ'ﬂ%ﬂﬁﬁﬁﬂ , BfRET HEEMEESH
ERAER

BRSNS , BB R —EBA (% (relation) o fi— %8 FRE ~B A S BB C
equivalence relation) AZHEL{f =B ¢ :

(@a~a

ba~b = b~a

Ca~b&b~c>a~c

HHREX , EAFEMEKR:

)[e]l =[0] ,Bi[a]IN[b]=9p

WX /~={[al] | aeX} BUX/~=X

F:[a]l={beX| b~a} REaHFHEE (equivalence class)o

B, — EEEMRBE —ME % (partition) (&) , BEZ , LAFH
£ BB RIR R 7 EIEERS o '

RCR—F, HRGH—BTE ,ECHFEHE @MK= ) (modH) WITF:



a=ypb(modH) <a'bEH,
BMBFKTB=y ( modH ) B —EFEMR o
Hi()ela=e€EH ,ia=ya (modH ) (e BEfI)
(ila=yb (mod H) ,Hla'bEH
ERHEGH —BETE, fHe b EH , Bb'a=(a'b)'€H ,
HIhb =, a ( mod H)
Gi)Fa=pb(modH), b=yc (mod H)
Hla=b, bd'cEH
EE (ab) (b 'c)EH
a'c€H #Wa=yc (mod H)
With=y ( mod H) & —EEEME
ETEEME , EERR BRHESESR , HREEEREESE .
F:aH={ah |hEH} BRAEGCHHN—HEESEE
#B: [a]l]={x€E6G |a=yx(mod H) }
Fxe [a] ,Bla=ypx (mod H)
a'xc€H DBHEEREH  WiRr=a"x
h=a'sx>x=ahSaH , W [a] CTaH - 6))
EbcaH, QiiEE—@BreH , F8b=ah , hEH
eb=hEH>a=yb (mod H)
a=yb(mod H)bE [a] ,HaHC [a] Q)
H1,@% [e] =aH !
=y (mod H) B—FEMAGERMEE 5% , BX [¢] =aH,
W :()a,b€H , BHaH=bHF aHN bH=¢ :
@) U aHEG R 5
aeG :
EBH —a HR—H— BB , B LR 715 Lagrenge EH o
0(G)=[G:H] X o(H)
FE, REAYEHe=,b (mod H) R ab™' €H KB —EFEME,
REBE (¢ ] =HeEFEFR ’
#:G)a, b€H , ThEHa = Hb B Ha N Hb = ¢
(i) U Ha =G IREGAL o
fa&a G
HeBkHy , ¥ Ha=aH , VaeG , AIHBGHIEBR T8 ( normal subgroup)m.
HEE , B ESE, EERG/H o (

T =995



G/H=1{aH| a €EG}

i HARHe=aH¥LI=)( mod H)F=, (mod H) HEEEE, —&
L=, (mod H)KEHK.

AP RERT B Za » Ko o S5 R ILHER »
GIBOZ, ={ [0] , [17 4 [2] ,%- o To=1 1" }

( Z1 + ) REHLINRE EFTH R AR

H=nZ={nk| k€Z}=@)R (Z.+ )H—ETEH

H(Z,+)RBEERE (cyclic group) o H= () B (Z ,+ ) WIER
FHEo

BuE %y B O+), L+ @), 24(m)y e, (n—1) +ndkn @

EI‘fz?%’zn=Z/;1Z=Z/(n):{ 80, - Cad a5 =24 |5 [3‘] CR AR ’

[a~3]}
GIEOKs ={e,a,b,ab}FKlein 4-group.
centGs ={e,r:} BG, Y IEHRTH
G, BIEFHABIEAEANRK ( symmetries af the square )
Gi = e s 1B #, wi'p 70 dh ,d)
REBOD:Be=(1),r1=(1234),7r2=(13)(24),
Fa=C1432), A=2C12)(84),v=(14)(23)
gy HRE D Sdy 20 TE)

G%entG,;Ecent G, =e e .1} =] eatie} sriGs

rnicent G, =2i{ ey} ={ri14?73} =7:G,
hecent Gs =h { e, r2} ={ h1,v } =v centG;
dicentGs =di1{e ,r2} ={d1,dz} =dz centG;

] /dl
! v
R
%
1,
F--= o ~:( - —=—t--f
bl g
!
i=i{@))

Hrie=(1),7rn=(1234), r,=(13)(24) ,7rs=(1432),
h=C12)084) in=014)¢28),d: =LY, 8:5¢13)
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l e cent Gs h cent Gs dicent G
e cent Gs| e cent G, h centGs; dicent G

71 cent G, ricent Gy dicent Gy, h cent G
h cent Gs| h cent G; e cent G, ricent G
dy cent Gy | dicent G; 7icent G; e cent G,

SRR cent G, AR—EK.

e a b c

e | e a b s

a | a e c b

b | b e a

Q16 a e
e

FEESSs={e, r1,72 301 ,€2 443}
E(K4={(l)’(12)_(3429(13>(24)a(14)(23)}

A H NP,
i 116)
S%ﬁ 5 (12)K4={-(12),’(34),(1324),(1423)}
(il 3 DK = 1aG13) o ( 12340, £2.4 ) o A3 20}
(23)K.=1{(23),(1342),(1243),(14)}
(T237K:=f 6123),(134Y,(243),(112}
(132)K,=1{ (1326234, C124)5C143)}
(1)Ky={(1),(12)(34),(13)(24),(14)(23)}
e=(1) ,71=(123),7r.=(132),4:~=(23),42=(13),
ls=C12)

.. the qustient group S%ﬁ BSs

FOZK A {(1),(12), (34),(12)34)}
BIK, ={(1),(12),(34),(12)(34)}

— 101 —



RIS % F (13)K¢=1{(13),(123),(134),(1234)}

(14) K4 ={(14),(124),(143), (1243)}

(23K '= {(23),(132),(23,4),(1342)}

(240K 22002 40 ,(142),(243),(1342)}
(13)(24 K/ =913 XC2473(1423),C1324)),(149) (23)}

K, (13)K 4 (14)K 4 (23)K,4 ()H)K, (13)(20)K,

K, K, (13)K 4 (14K 4 (230K, (2OK, (13)(28)K,4
(DK, (13K 4 K. (MK, (28)Ks (13)(24)K 4 (2K,
(DK 4 (1)K, (13)K,4 Ky (13) (240K, (2K, (BK,
QDK 4 (23)K « (13K, (13)(24)K. K, (2K 4 (1)K,
@DK 4 (DK 4+ (12K, (UK, (23)K, K, (B)K.
UDCHK 4 |(13) (24K 4 (24K , (14K, (23)K 4 (13)K . K,

HERMS/Ki={Ks, (13)K4,(14)K4,(23)K,,(24)K4,
(13)(24)K.} XIEFABZGE , IS /K. THESH o
CEK={(1),(12)(34),(13)(24)(14)(23)} B, BARS/K: R
SsZHRK o
HK,={(1),(12),(34),(12)(34)} &, AIEER , b/ K.={
(1),(12),(34),(12)(34) } , XF S, ZERTE,
(13)K,={(13),(132),(143),(1432)}
Ke(13)={(13),(123),(134),(1423)}
(13 )K«#K4(13)
&% EFTE , —(EERE ( quotient group ), MAMHES FHKTE , MHERK
HEEE TEEME ( equivalence relation) , BLEERENGHHER , E
0(G)

TN’ H BT RE—# o

|k Lagrange theorem, A[f8 0 (G /N) =

E:0(G) ETBECHaBENTRER
i AR —EEENSE , MESE S TEME FEMEIE R

—1O2 =



%Rtk
I seas7

R R o B

15 8E6D £558
B8 XRH

HRAKAERLE B =4 : Euclid, Archimedes, Apollonius Z#H ;i@
EmWAR , REMFEEE , REFE, —EI+LHE% KB 1596 — 1560
) BIEHTEM , DEITERSE A, BARBE s SABRETE , FHEY
HEIEE , MRS, RAIKEMEEER |

S BIA R~ poncelet ( 1788 — 1867 ) LIFESEHEERE , &
AERMERSH , WA BT HGESARZER , SR G R Dk ,
BEER S (5 —EEREAL , ErhR kS E R B F AR TR S S R 8
SEBERN R FUMEA OB . RSBk 8 A R R TR
FESRATH AR » AT S A3 SR i ok FGS T B2 rp 38 AR ST BT , RS 1B
R THEHEOED ,

BLAE WS i Hie— T Bk S T BB B T 8T 2 AR R
BT : DEREESSEETE , NEEREY 2R .

SHESAT : ELIERSEBTE , DSt RRpEY <26 |

TESHE B , BREE ( circle ) 4EHEME ( dist ance ) , MEHM (
Betweenness or intermediacy ) , EZ-4T# ( parallelism) & &5 , WAE &
LMY —ERTE , CREQRERTR ? _

£#6FV=R® ,F= R B —#TEM ,MA={2a| A€ R } &

=503 —



2z
@ —HeFoep, Mlo={2a+4b ,1,uER }
BEEWET, R® BHETE, S={A|ABv 2—#TFEM) , F= {
21 4B R ZTHMEF A} , AIATE
CIDER_ERE -, WTRE—ER . A= {22 | 2€ R} , B={
AT 2€ER) ,EASB<S 0, bR EL={2a+uD |
2y #e R EF,,
(IHETFEmHERREE—E,
01505 o dim( g, + ¢5 ) =dimg; +dimg, — dim(Z: N £)
Rdim( £3+2)>2 5 c.dim( 4 + 42 )=3=>dim( 41 N L2 )=1,
B 21 N 42 RE—BE (e, SIRTHEFTES ) Hb 40+ 2= {mt
u; | uy €41 ,_zfz € /4, } dimg[ dimensiou ( #EE )
() HETERETHB=R,
Bl v es 1B R ZEES {201} {ue} {ves ) BF
e |
(V) E—ERELEHRE=S
t={2a+ub|2;,uc€ R} WA={2a| A€R } ,B= |
#ub|lus R} ,C={2(24+D)| 1€ R}, HA,B,CH
MHE=E :
BEZBRMNMBERE | EHERAPHROERMEY PO TR , BN
FLH B LB CEIEERR AR —EE )
L 5HE# ¥ ( projectivities )
ERMB_MEEHA
(@57 ( range ) : ZEFR—EREFAEBTERZES,
(DR ( pencil ) : £ —FE HSEB R 22 A ERFTR £,
EHE %51 B RE] 2R RXE—ESE , T« RASRAHERS (corres-
ponding line)o X A x FH/RXEH » BB ( incident ) #fE :

b7 0

B AHEEL—BNT
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# M4t —%% ( sequence ) , [EFAMAE HRER (ERERRETREHR
By ) REBA vT RN —(E5 B
XKz AX Az’ KX’ K2 Keoveee AKX O
EATER+ AX " HXAx™ FXIX™
o B
Il @ R N @ LB 5 & S
2 5 B ( perspectivites ) : ‘
BNl “E A% E” (Elementary correspondence) 7 &EHIE , “x”
( two bar) Xz , HEBRWHRATT ( transformation) —f 5 iy RIKEEHE
EIRFTE M REARRT] , SRR REERFT OO0 ZERAHEM ¢
Ralated by a perspectivity with centerQ) BRI {2 R [E & B2 iR — @EFE7 BB

LSRR 0.1 Z &R I ( Related by a Perspectivity with axis O1)
I (@) Ea(b) o

<A >

O cais )

i T ‘
EEHS GRS a, b, KBE—B, Ha” ,07,c” BEAEBRR—ZoHE
=, BREALUET—EEHREE , FHAKE abc A a” b” ¢’ ZFER , ME :

bl:(a_bl/)cb.al/) al/bl/c//
chi=Cals er )L a” ¢ ) )= dbeeRIG” b
[FE , R » BE—B4F ( variable line )

Asla-ax) (b e’ )}:}abc %/a’b' c'%

v a’ a
A abcex " a b ¢ %’ T a’” b’ ¢” xn

Sabcx X a”b” c" x” (.ie Eﬁﬁﬁ&ﬁt SR B )

FETNE F #532 HH7E SR b (58 R EE AL 2 KR EHE ( Desargue ’s
Theorem) , Pappus BEH R HFHWHHAMBEE (Duality ),
KRR  BW= AV ER—FE LR _FEL , F oS HERRZERI

oS =



B, AUSIE S AR 3E AR,

APQR, AP’ Q'R'EBHWMEHM
=fA¥, PP’ ,QQ »RR’
ZHREEO
D=QR-Q'R' , E=PR -
B'R VF=QP.Q'P
BAEHD, E, F348
ERWM=AMAPPEX
AQQD .

{R’ =P ESQ D

R= PE - QD34
O0=PP -QQ’
PP'ER% QQ' DAH—FMZER » AIH LTI il F % R
S F=PQ.-P'Q , E,D, 3, 81D, E, F3##
mE , ZR—F &\ FRE= A , #E

]S" TTEHTBHKPEER , (#R :APQR
HAP QR IEZFHEHERE » PP’
» QQ" X RR' THROE: , EXEE F4t
W_BtS , S’ {FE O , BIPP’ 3¢
SS'RO , P, P ,S,S #HFH,
W PSE P S BB P , RIEKAIEQ”
XR" , ETFHFEMH=AEFAP"Q"R"
AP QR K/AP"Q"R"” BAPQR
ES BRI EHEITES ),

2 Pappuss EH :
MR—{EAEN ( hexagon) |, HEBZEBNSMHERGERL , II=24HE
A

2RI BT : 4 o
. A B C
B
i
/
A
/6/ 5/ C/

—H#OS —



%H)} : '-.A’ B’ C;@ﬁ b E.Al 9 B’ 9 Cl #ﬁ 9 Wu@lfs‘~@§{f%ﬁﬁ

ascxamc , (28, 19 1Y mrapz-ens mEoew
BE" CA’ AB’

B 388 25 55 88 ks (Y MR 26 -2 %0 3B ( cross-joins )

{BB'~4C0 (Y R L =B C . BC , M=C' A-CA’
cc’ AA’ s T Tt ygull i A iche

N=A'B-AB" LWAEHEEE , BiAL , M, N3&ig ,

B, ERMELGBHBEETE R (A,B,C) ,(D,E,F) BE#Hz=
AD, LETHL

i BE,AFHM (=L , M, N3t
CF, BDZN

[BH] : APQRBHEE=A ( &
2EP,qEQ, 7ER |
a7 BRZEE
)Y AZEQR , Ac {23 +u 7

| 2; € 1R}
SA={kC20q+uor)
| € R}
Wa=q+ar = d=qg+ér T=q+2a7r
?:7-’- ,B,—i; ?=7+e? ;=7+,u?
T=p+1d  F=P+ed TA=p+vq
A,B,C=EHE=>a , b , cS¥HMK .,
2=0P+1q+a7 0 9 Caarper
D=pP+0q+17 #®|B 0 1|=apr+1=0
T=1P+7q+07 eyl 8
D,E,Fi > d, e, fEmiK
|72 7 7
al0 1 o 0 1 4
ele 01 #le 0 1| =cer+1=0
Fi £ 0 i1 & 0

B,N,D3#R > Bvd+1=0

—N1o7=



YL , M, N=BL345
1P alr
o . ¥ 1~ 2
- : =1 -1 —1
m | e D \1 u 0 1|=uv2+1=( DELC DS
— aé /95 7 e
n | 1 po—0 0
-1
=
%=l

= -
CagyDCede)
C g r=""1 s0e=—1J
WL, M, N=Bi3ig,
3 #{BtE ( Duality ) :
EHELMES , ERMERBTHE —EEH— HRABFTER B RE , Al
EEARmEE RN HEN R BEYARE , HMES , EUEEEEERE
s AIEEME (Dual )RBE , BEER—HEBHTPNEE |
ERBRAESR, WAATEETIIHE .

Duality : range ¢—ypencil vertex «— side
line «— point plane 3 points
- axis 4—y center collinear ¢y concurrent

—alOB—



LB+, @), b)EEC), ERHBEN , Pascal F1Brianchon Z[E Y =5k
RA—EH R B —BEAT, .

Pascal ®H 17— E#EET FEEA Y, ISERE 08RG, (B¢ )

Brianchon ¥ : (£ 8 — EIMBEEE A S G IER » ALY =€ HYTEE Z B
B, MR QB R Brianchon §f , Pascal Az #7 HY
R Pascal {f , AR ERMBECELREE , HEFTHH+PE—
BT, BEC—EEHE IREK , BERBEEERY ( Self -
dual configuration) , # RiBEM—EMEIT, EMELES
BB MR ETTA 2 HEEE AR, TE Ll ke
[ERZEREHE s SMEY L , UEHETEEHR KK MED
ZHERBHEME , MLHEFEBERNE,

MMEZ » HELAMTHRRKERAEREEZES VEEBAHEY , MEEH
B8 ( conics iR ERARAEE RN » B —f S48 8 B 38 ] phy i LA PR SE 2
(point at infinity) —EJEAEE: , MEHASEKEEE, AIUREREERSY
% ( tangent ) F IR ( secant ) F (I3 Ml — M55 2B E A ( parabola)
» B JEERRE RE iR ( hyperbola) , Arther Cayley, ( 1821 —1895)
FiFelix Klein ( 1849 — 1925 ) 5 L35 38 51 B 8 T F07E Bk 56 ] BB AHE HUMER
M, MR . “EEL%T (Metrical Geometry ) 2 EHE&ME— &4 (Descri-
ptive Geometry , TijDescriptive g4~ Projective), TS &M EIBRITH
ZramEtd, ”

BEEH
H.S.M Coxeter : Projective Geometry,
Graustein : Introduction to Higher Geometry,

L
74
3 Bell : Coordinate Geometry of three dimensions.
4,

BEMERS 2 - U iR,
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ﬁﬁ*iﬁﬁb%fﬁiiﬁmg
f,
VR
iviv

7,
Aaot 298

Vi

WA

FHER R o] E3 £ 744 (o] 5B BEE

1B Missk
FE RXE

B EE (Euclid) FYBMEAK (Elements) HEARR AW ERR—
ﬁ_ﬁﬁ B —fZRARNAFNRBEES , RIS REREH , DELAHEZ
EBEARBRT SR L HMAREHES , EREYE — @ﬁ@ﬁﬁ%&——?ﬁﬁ?
AMIZHFAERBRETE , RAEF LBINRRFTRN—BHG , 5 EMA
R R ERE BN AERE ? EEY 2 [ERE] WEe , #FESEARNEAE
BEARTNRMEE. REEEEHERLBEERTE , tEREFHAE , AT
BAERE, AEERE 9ES B , REESTEXFIABTALARK . HRBAR
BB , REAFRERCEZXRE—ECE , LIHEmuEARESTER , M
AHFIRAR , AL EEREELEHELAR .

JEEL%4 7] ( Non- Euclidean Geometry ) # AIS B HEHE A A IELME
TNEEF AL MU E A BREE ) WIBSEG , BRI ARE AN HERCBEHE ALK
K48 , E%] Gauss , Lobatchevsky, Bolyai F& B&EIBERL) , B ZihA
/] ( Hyperbolic Geometry) , #%K XA Rimann FralfiEEZ M (Elliptic
Geometry) o FEBKEE(IEY H U A3 1 f§ Gauss BB , B Wity BB
RS JORR v AR RE 2 , (B EAMi M ER WEEE{H%?FM%HRWTEEWJE&E
o 85— , FEBRRS TR JSIK FR A8 RO S8 A B RN B B , BB SR
BT HEIREY o R T 22K Bk R MV IE etk B A M8 , W48 B3 SRy TR

=0 =



BEEMR , BEA B s B ke e B ERNA EATFE , BEAFEISUME
BN B —Bk R AR B , TR — e & R T B S ke » 8,
BESAMERAK FEEEBNEYENBEEONE&E , MIER S gL
PR BMR BRI b BB B EY - B4R Gauss, Lobatcheusky 2 A {7 EX{S
EBEFEMERE EHY , —BRAHNKEHEEERIESE .

1868 & , FAF MV ME K Beltrami HS57ZE8 —ERGE BT £ o fifgH
#%PRE ( psudo-sphere ) FHy&MaAn SR KM —HD LB MT2—RK , KR
PRy Uk T/ SERRZ By B2 , R TV B B I E o WIE 1 Z 580 B iR

, IRBYR . BAETIIME : MR LT R UR , RO IRE Y @
HEBRERE B o IH:B;% Y BhHB RIS AR Y MR AR o 438 B KRR TS AR e gk

5

i
& 1

AT — (B , BT ENERE o Beltrami HTERT LI SBSESR, @
Bl 0 IR S A i S B . EEY GRS — —NE , ARSERY
Z IR RHERE |, AIBEFARS . B e THRE LW A , MAE « BRE
BRI ERN HE— . N ST LEERE Lo —BHRS
HER , B AE M TE R R SR, (EUR DA G R R K ko TSR S
B, 3T 1870 4 , MELBE R Klein KRIBH T —EHEIRE 2 i S 2K (%
Bk , S ALY B IE R T @ A M RRETFR SANER .

Klein gyt ZUEL 7 1 B2 7 69 PR S S A ST F & , B LR R
Bi SES . NE 2 AP BES XY /4—8, AR () ER QY RIRX
2 E—BPNERX' Y B XY THRE——HF7, SEREHEBHNTN
ARBHER . Klein EHFRSTHWEEIRId=Clog (ST, XY) , HHC >
OREH , (ST ,XY )RRS~T>X» YU By sl (cross ratio ) o BAME
LRESBEHSHT HEMERXAY , Ak (ST . XY) hisHsr iMes x , ¥
Kd @ EEL , EEFRFLEE Xy BEAQTEEAR, BESEERS

S



BT ARRERY , ROER , ERE LR GRRIEHE ot , Klein BER
RS~ B—ERSENS Mol > , HRANEREFE,

& 2

JESE b SRERO R4S, , - AT LG € e U 5 (T B SR B R B PR A
B, BT H R A (L B B N IR AR T, SR AR AR
FEEsss e i TS T LG , SEEE R —BcM o BB —30 i , AR IEE S R
BEEEARTHREHN EE , BARFFE o B T1 ~ T B AL HEF
W RELET BN R E , § 55 EMNE N BES ERE Y , A ——EB(RE
WY ENSE , EREASEREF BN —BF , LS elEpnBEEEn
EHERBRKRSMN , SRENMERET " T, FEREESTHEE,
EST: MT: THFE , Bl T fTS HEZFE o 72 BRuRMERE K&
RIEHW , BT * AT AT EEHEFE , W7, 7. Lt R e] EEAEFE
, BAER , i AR —EW .

At Ao TR ST R B i , ER KRBT — B, REMFn—X
e, FURSE wr i (B 55 (T K I 2oF iy — (B RRTE , I A (B85 AT Bl 25 7 U e 2o
b EERTE A,

i A% M BRI B Ak R TR S iy — Btk , (85 — B ERAN , EM
— B MR, TR B o R AL AR ESTE —Be , o ERIERK
BAR B ; MREABBIBEMTEFEREE , BEEFELRBAFERE
b, RIFIGIHEESS IPER S —5l , MR SR EARE T, BR
AERERTT , TR EDEEAR IR , & ISR B RS, &
BWEBIFHEZ , BALRFRAT .

ZFH R, BREERGBTELR T AL ROEIERAMPRRLS
, —HEBERHSEERENNEfF, ARERRNES , BERUBERER
TR BER AR , T REE L B RO BB o B R , 16 e % T2l fl
BT G AT T B SR TR AR B , BAER AR S FIF T A BT
ERAEDRE, MAE2REEHRE L ERGLT UENLBHLAFRE

= e



b Bk , A BB DR ERARKGS o 5 B bR Ak K B
B , iEHEBETE , BB AT S, ATHEE ABIERER LHFE, —
55k SRy T B ECAS T O sk , SB ¢ ST 3 -+ AL AETE A T R AR 2045 , o UK
BERFE FHOEGTE , EERSAELRNWE .

¥ Klein 7 8 BES MOMEIR: , BTHR —ERENEY , REERURE
BB R B, B EE BRIFTA R BT MR | R L TS R, L
REREEF EEL . BRERKERRTLURTERE , ERFERBRNEE
*% , MAEBNEEXIHEEE , CBKNYS ERES . TEENRMAERY
— s A, (SRR BERMEREEL HAEE , FERMAR EhE g
hen FEAHLA ) IEHEMERR A0 T o BUBS AR i U4 (T B0 T b FDE 2 R Max
FRERE R T P S BB B IR ? B EITRLR AR o R &Y A
B, R EMARKESMHEARRAEE—BFTAR , DB
HATHAR , RSN BRI BT A B8 o BRI T+ A B M e
EWA R, Peano, Hilbert & ARHPIHAK o

Hilbert EHHARK KA R T BEARMRG , BFAXERE, 5 UBKEA
B RFAR 2SR FAAR SEAR, S EAREHREAR , AR
BEHAE R 2% [1] P. 1011 ~ 1013 , Hilbert AR R KL SETHLY
MR , B RS ACEETE R REK SN , ERTE—RFFELY o
Hilbert B 8L A B BOIRK FAS (TR — b AREEE |, AL M 38 v il A
EERMH ;O R | R B S T W DU B2 M A R AR RERY
HiME HI A o TR BAY— Bk , BIR A THRBETEY BTSSR , Hilbert iff BT
BAENHR , IR SAERE. fiE%— B8 FEES(a,0) R—EE; ¥
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