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SOME REMARKS ON DEVELOPING AN INTERDISCIPLINARY COURSE

IN MATHEMTICAL PROGRAMMING AT GRADUATE LEVEL OF

INSTRUCTION ERE BB

Mathematical programming, as a subject of operations research,
has wide application in industry and government [3]. This note is
written here, according to the writer’s teaching experience on mathe-
matical programming, to construct an interdisciplinary course for gra-
duate students from different departments to get maximum benefits.

A class of a graduate course of}_mathematical programming was
composed of the mathematics major, the computer sci'gnoe major, and the
industrial engineering major. After the teacher finished,b pertinent
part of the course, she let the students give lectures on the topics
relating to their majors. The speakers did very good jobs on their
lectures and the audience was quite interested in their speeches and
learned much outside of their majors. Different assignment were also
given to the different majors in the class. Reading of the past
students’ theses and some selected papers from the current journals
such as the Operational Research Quarterly, INFOR, Management Sci-
ence, etc., was part of the assignments to the students. Not only the
up-to-date materials in the- field were brought to the class, but also
the students knew and got interested in some particular areas of
mathematical programming. The students in the nonmathematics ma -
jors wanted to know miore about the theoretical part. . Since keypointé
were given them, it was easier for them to know the thleoretical‘part.
The mathematics major wanted to know more about practical part. Since
they did not know much about the practica} ' part, the expla'nations‘on

practical part in the class will motivate their interests.
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Selection of the texbook is one of the important parts of
the course. F. Gerber [4] furnished a comprehensive list of recent
books on mathematical programming; this list is composed of about
200 titles of the books including reviewer’s names and issues of
the journals in which the reviews appeared. This list will supply
large selections of the texbooks. Contents of the course may be se-
lected from the topics in linear programming, parametric and integer
programming, model applications to industrial and mathematical econc-
mics, convex programming, quadratic and dynamic programming, and
optimization of sample problems. Adding more geometric concept to
the course will give better understanding of the interaction of
geometry and mathematical programming. The relationship between
geometry and linear programming can be found from [5].

An one credit hour interdisciplinary course in mathematical
programming also can be coﬁsidewd. Although there are some objec-
tions such as that the students may prefer to take a three credit
hours course, or increase of one hour teaching load to the teacher,
it is believed that these objections are easy to overcome because of
the advaptages of the one credit hour course. The one credit hour
course will give students general idea about mathematical program-
ming, it will motivate students’ interest without spending much time
on it.

In the writer's opinion from the teaching experience, developing
an interdisciplinary course in mathematical programming for graduate
students can have beg:ter result than opening the course in each depart-
ments of the related fields, because the students from - the different de-
partments can motivate each other,
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SR g it ZAARE R T RA SN =/AK
8 .
f@=3577 4
Eulerf? 17 50 & 5E9H IR BEH 2 21T
» Al f TRFER T FIm—MK

(1 f(x):% ao + Z::l (as cosnx

sin ( A1 %fL:)

+ bs sin nx]

He

@ an=1:}—j f@ecos nxdx

£
-z
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1 n
bn:ﬁ j_" f&)sinnxdx

EulerfysFBH I3 % (2] ,Pp454—6
s i RAIT EHTHE YL, N RER T BER
SEIEBRFHE, Euler {FHBRRHE
ik EUER T B BB AR R (1), EE R
Bernoul li lEX DN , YA /INDREE BEER
A L FE R EE A B Rk E
EAENRE , BRERERHBEulerfl
D’Alembert , EBERANFE , TEMEAR
# , A& Bernoulli —EE&EHEM,

AEROEMAERBRE KHRE (Fou-
rier Series ) ERFELHAERLI768H
Fourier ( 1768 — 1830 ) AARAT
+\E, BE , BFIERE LR PWEu-
ler AT, ERERNEE , "BEST
FEHEE FHETRYE , BEUEBCER T
, TR 8 R K, M/NE LEEY
%, —F¥s, BURERRM™MET, Fx+
s L BAKNE—FHHE,

Eourjer 7£ 1822 FEHR T —4A ERH &L
HignumiT B , 2P MEE T D. Ber~
B RIEIRER TER 66RY , MURIEEEH 7]
FEMER T MERE , REXLIFEHERE, 1822
FERE, HERE AR , hRVHEER
B LRRHPEMHE, ’ROG %, HE
RANWFE , THENEBE WA, &
REIAWREED , AT R :

(@)l iy B E , EIERER < 247> At
B, LEREERQBRWES ?

(b) sl R RO s 80 , T BBABLR(1) , BUK
R, KB IEFErIfE ?

M ERREETM S , FE L2
HE=Ew, [HEb) , RAGMRNONHFHL%

noulli

1.9

MER R , RREEE

FRAMZE@, A.Couchy, ( 1789—
1857 RBA'ETHKRT, 18214,
Cauchy EHT « HiEHE ” , 1823FR
, HEENEREMWEERE , fiEET
HESERZERM ( Riemann sums ) {9
BIRME , #% : ;¥ Riemann & 3 3%, (1826
— 1866 ) , Cauchy mIEsH , HRHEAHE
REM( closed bounded interval )
LR, MR , AR, R
Cauchy 1y, B NBERLELTRR , AR A Mt
B RE 25 7 B A IB UL I 8L e, J0RE B
& FErE#E ( Piecewise Continuous ),
T ZEFTE 7N S R &R 75 B8 R B R (one -
side limt) fF7E , # ) Cauchy [REH E
HMREH, EHEWERRREAR, R
BE/NDHHER , BEBAREEAER,
MRS (¢, c)U (¢, d] L&
i, AIKERER ¢ , TIIRMEFE:

1778 f@dx+fl, o f@dx
[EEE , WAIREE eHENER , XA
FR{E , Bttt Cauchy HYTES TE AL Ty Bk
SEE K BRI SE , S A ETEE R B X
TE 2 I R RV,

BR 73fd B(b)Riemann FYZEEf Dirich-
let (1805 — 1859 ) , MUBBBHZE
E R R () S AT E 7 HAE {0 A T DU B
HIR1E -

. V0Y(F -

(3) Sa (x)=% i f(x)%»
t

Dirchlet &8 Sa(X )HIKMER 15 ( f G

+f(x*) ) EMmrIEEHE , B S rIERI



# ( regularity ) fiff T MERERE) S R
Z AR % S AFIE/IME (local max,
local min, ) (ii ) f&ZREFERES
TNEEES , GG )E RV BB FELE
Ry, MG (ii) , ¢ REBMMERAEN
R%, EMmIRHRT, (11 ) B AMEKERE
o DirchletZ FiIRRRULT , KK RRTH
fE , 88 b5 | Cauchy MRS EH,

RF U cauchy HY , ThARHHIH HiEnE
M W GRET , BRERNEERERER
—EMIZEN;, Riemann R 1853 FERF, &
# Cauchy MR E BHEEMERE, #
R#EZ ETRENE—oE , ikEHERN
EFEA ( upper  sum ) R TNFEFD (lower
sum) , H5EM RKEEE , BENETR
T BEM R R Al — R IR (E , ENRBIL HER
Riemann W& 4, &M 7] /2 HHRiemann
RS, B AN AR R = AR Y (
dense ) , Riemann Rt K AHHERETH
M5 BRI , SR8 Cauchy FT5|HHY
o Riemann ItMfhHYESR , T BT
RHERE, EBHHR—RE, RY BER
%% A% Cauchy ERIME = —EOME ,
RRiemann 1, M/ANE Cauchy Fi,

+ Atitiep3E , XA — KRR ,
WEERSTWEN, %, —ERREX
UMLK , B—l#k ( uniform
gence ) HARHT, HEBYHERGeor-
ge Stokes 5155 — I SRATEE K EEZ|
» "B I RGIR B B4 102 — E iR B, Stokes
BRERK WK BDMEE ( local pro-
perty ) ft, fFE AV SR < IRERAVAR
MBI (
gence ) ¥ 7N TS BIAEIRIE D58 2 TEMH

conver -

noninfintely slow conver-

20

o —WEH BEATE , VERMER—&
R — R E—H O KBS ATELE,
Cauchy BERAI T th—FEHER,
Weierstrass #1085 | F LR 6 YRR 7R EE
R BAREIER & ER EE EE M
—HE—EHES , HhBaWNE#, £\
HOEMR , I T 5 — Ui s Bk 8l
LU H— B — R 5 ERIAH X
TAE, BHEEYJIZEWeierst rass it
R B Bk BOSE R H— R B — HHE S
¥RIF fili 68 SR D3%G T A B R R — It
o EfliAT IR HEYGIF o , it B & S8R
M 5 | R s e, Wl Rk AR & I
el — gk, A MRS EE,

‘B RiemannfyfH4gpk Rag R % #E5 M
BRI E—GRE&ERN - EWEHHT R
Riemann7] &4 ?

1870 F M, HEARFHIHM BE ,
LEBTEERE , 505 R i e 2
o TR FEFT L TR 2 ey , (HE Ry BB 5K
LUK SERG IETE MR S B B, 71 S TR G
EEXERE L HBRSmEEE ZTAKE
+ AMRMEREHEE ? =B RANREH
MR » BRI, BEBTZ24 AWE,

H % Cantor BZELIEMAIHIRES (
limit pts) RIERETTAMEHELE, B P
EH R EN—T D RE , T PHURIRE £
WK « derived set » , DIPEZ YXH
#gEgP"=(P), p» = (P ,
------ EF, MR P RERES, Hbn 2
E—E®%, Cantor BPRE—FES
first speries ” | & — [y NE{EE, £
& B — WAL % U Riemann W&4, &
W HEEET, (HER— BT EIEEMES ,



EBRGERERZBHE,

B —ERE R IR S B ht—
W ABHES, BREN—TES BREE
%, © Nowhere dense » Z¥H5—5
BETAREFENERI , FEA—RETNREN
HoERT , #FE] TESRERE, E—
N 4% 2 KB, i « Nowhere den-
se” WEAHBEHEER,

SRR BMARK « Content ” HIHE
SR ARBERNER , T84, &
A REINEREENEREE-BNT
EFEERE, IBRHESBAEEE ( zero
content ) KIthER , E—HRHEWNE

B |, % A BB AINLE SR Riemann—
T, FIBR RT3 R0 RN B L,

EEfe—E2—FBES, BFERE
, MEAE, % 1870 FRANHERBHRR
B ( eguivalent ) HE L, =% Z &
fHE, Rt 1870 #, +FEHHERMAT
MR, B4 T REHERWITH , £4H
Hi — 2k 45 A BERRHORSR o

1880 £t , AEMHM SR AR B
&, Cantor EFEHTEMELEMb, BRE
& PHABE, 4 T (b7 )FR « Closure
of p *EHE/NR r W AR ES ,
BET (prr ) WARTHERS RS,
Cantor EE P WARBRYE v ML TR ,
F(p~r )mGRERL (P )R,

Harnarnacki§ 7 BiEVEHIES , i ER , -

BEBREA , fEsE—8 LT Eam
ARRTEAREZN TR (lower bound
) ER—BEMTESS , BRUEME
SwE% , FAAREERENTR (low-
er bound) BIR SHWAE, 4K, &KFAHE

21

Ith 78S R4 A& ( outer content)  Har-
nack #5H B— W HE 4 (countable set)
AR I WEErES , 2hEg =l
R BEAMER , E—HE, X
» NG R TSR EE A3 B,
A5 5 | AT SRS E R , 87
&E’Sﬁ%ﬁ, WhFAROE S , M BES
TR ER , Rtz R RE S |k
T AR S,

HarnackfTEBWARE ( AEK ) B4
BESERE AR ERN—KEH, ER
2R L TR RE—ERBEE S BARS
$NHBR , ERRE—ERES, MHar-
nack WEFE , BEHAERE , Hit Tl
— FE A S R ik UE S T =5
HHEFRARIVER :

@f;fx)dx =area {(x~y):a<
x<b, 0<Y<S) }

E—RERT , MEKIMLT s BRMR
fRERMEYIERIiemann AES , HIREQ)
EANBEABATEFER! ?

1880 FERHH , BHRKHEZ K
24 , ©1G. Peano ¥R T, peano NET
A~ AA5HE ( interior
content) WY& HE—FHEHEK STE
, ANA AR E SwiERE, AT %
By EREOUE (BE ) , KIEESR, ’
4y bHy Riemann FI7NEE—4E By 238V
ERME, L THRSMERE#®ExEEY
TERS » AEE, MUCi BC e FHIR
AR AR, IR—EFA, ETHEX
B 3L

and exterior

Ci(A)= Ce(A)
Al AABEESR, HAFAEERA



AR, UC ( A) Bn, EEERER
Riemann ARSWEEZ2YE (HEH
K L TR EMEERBHEE Riemann
BT ) o RERN@OWIEEEXEEFLIE
T, Peano EHERH AR, LBMBESHF
49 Jordan B (WInG | XGARAEAEE
HIBLEEKT ) o

Peano® Rezlt B C ELff T AR T ik (
finitely additive) WRAEH ( BIEHK
CEBBFNE—TRERES) ( set
func tion ) fti [FIRF il T AR (interior
pt) SR RGERREIREEE &, LT —
e BB NE R,

Camille Jordan #ET peano&X
HNEXRFAACRERERS (% E3&F
REMATHESENNERS—BE! )
Jordan FrE Mk EE % E REHERD
PITHE IS , A E&2f( 2> 9)dE,
7 Jordan Z R, — B0 JTEEME NS B E Lk
FREENERKSEE , HEHLSE
HIRE 5, THERGHENES , IIRE
AR B , LB SRR 138 , RMAERE
NasEMwEY, ETE BES R Jor -
danFEEAEERBENES , KARAAER
s & E RS , REEES, ERE
PR W] pntt ol B3R » Jordan myls S ET &%
Eo

AR RREIR AT Ity 70 , £ AR R A 5
B53 Hr 9 — ST R 92 b S R o e R ST 9
B+ /IR EFT FRNEE “RELME
» [+ BREREY REEE? 7,

Riemann #4 HEFEMV@ENTRENT
B : ERREEFE—EK ( region) b
AU SUEEE E 8, W8 Canchy - Rie-

22

mann FX, W RETERE, BRE—R
R — L AR W kR B ¥ ,Riemann #
BT EF B RN E ( Analytic
Continuation ) , M#iE B2 N &
#l « Complete Analytic function” F
I Al B R — @ AT O EE , BUR KA R
PR EGRRE , BARE — T 2B 8w —
1D, Weiertrass ATRE, BEREE
.

Weierstrass #8892 T EHIRRE :

Sy e Y

fEF B ERE R H, RE |Z | %1,
ERHERES BARES , BEMEHH, B
ST LA IR AR B E,
THItEWeiertass puFE & ¢

g 2 gnar 1%|zI<1

n— o0

Hermite Fiflshois: MR M
Weierstrass pIERMKS|, E—HREM
BRTE, BHEER , RIE b RS
Reo— AL,

BC R—TEHMOOEE , HUTE
REHA ST , 4 {an} REC Lay—
WEFI, {As) BEBERES | A, <oo
WS 20 S\ T Ryl B &

B Sfs N fr RiMSfs B fr ERTEHRM
TEREEHRC, ALKEEMS fs R fr
BZAER , HR T EBERE A R
K@), ’

Emile Borel(1871~1956 ) %
HEEBRT , fs B Sfr Mg @i g

EHY, BHES As |7 <oofF, MEIHE

an



SHRT RAARAE—8 PR Q , v EEE
s EL—EI L, REQRE— BEHIKK
o AEEE , ILEEE 2 £ 7 N HERY,

Bore W& b, lEFTHE AT T
R, LI LS AE R R prosE A, A
EBorel HEst, M8CIE T HarnackigisR
¥4, HarmackRE—-RELHIER , ATL
BREEDR L H—EFE M E=E, Bo-
rel R , KEMBEENE S , #EIE
AT E T ( Countably additive ) B
Wi, Borel St Ol & 1560 HI EEE
RERL T IEHR—FR@B B, AR AET
AT MENSAEY o T AEKHESR,
EIRERMR, () R IHNRE, BR
AR A B E R R E S ENES
a7 9 B R B e VR, FTE ¢S
BANESHBESBorel £4, MEAHEK
u» BATRFBER Lebesgue HIE, Bo-
rel B TIN5 2R AR , 17 ey
B A 5R VT 88BN Jordan HYA B , B
REFEHL Jordn FERBNES , ATL
Borel £4, E—% , AERRMEBLR
Borel JIEM#HZ—, 75— THEILEH
ZBorel MERBHT p , HMWELE5 I HER
EHESER,

Lebesgue( 1875~1941 ) 7E @&
19024t HRXH , W EfBorel W ER
EIREABCEK T , A EAWHETES
my B , JEE Borel 9 u# % Peano {1y Ce
Ci , BTM@ELebesgue EFHBE , &
MEEEMERMI ( unit interval) HIFT
"R EE,

RERImW—TFHE, HAWE ( outer
measure ) m.(E) , EERY L (1) W

23

5 A TR ( greatest lower bound)

Hep L(I,)BEM I, mRE, ¥H ES
00

-‘gl I. &

BOURABEANEIEAN T — B HiE
o il Lebesgue i T /N8 , i EZHAH
B, mi(E)=1-ms ([0, 1] —E) ,
HA AAHIEWE SR , NEETH me (ED
ne (E); Emi (E) =m.,(E) R, QI
ERuHE , RHERENWHE,

Lebesgue B —H I T MG ER
—SE R, B—, m BETTEREE (
countably additive) , FIFRFHEE TBo-
rel WEIER Jordan HIARE, ANBFERE
%, Rl L miR p BRIF HEOMW,

E£4 EWHE , AIFFEHBorel £4
E\RE, , B E,CECE,,p(E)=
m(E)=p(E:),

Lebsgue iy JIE B AMEH T ERE
MIR, EERERTHESAWEBR
5o BMEMA—HEE , Lebesgue thid B AHIHE
R , ERTH ERES , HE—EE
H EFBFI~ TERAN ( upper sum , lower

sum ) %% 5T B 17 A B e — B9 AR IRMEL,
it A Lebesgue [FlBRR 43 S 43 H SIS, (B
B ER, fhise RREES HEHSE
AR, FIUE—ESBRKE—/NEHFAEL
( inverse image ), Eph EFRFN~ TR
TN B TR —E,

Lebesgue il {0 S EHT SIEM »
EHRAR— TPz — , BALARKA
EH B EGT , EEREE Y —RE—RW
5, EWeierstrass 2% , #ERIHRK
JE WS 5 A s , (HEEF B R



B—lg , BRIMERSE , THEE LSS
o RME— KBRS , BEEXFTET
, ERES A, —MERtRE, A
# S NFEIRIEYT , 4 e 8 5 A PRy Jes 4T
B, 2T 18854 , Arzela BRT W&
L EHFBRBENDL RS —REK , B
MEEA®RS , i T —ERERnEE ,
TBEAR M, Arzela WWEBELBHEERR
s BREEAMBGEE & Arzela EBWE
B, Arzela FEBH : & fuR—EHE (a
b3 E, Riemann FESWEZF, BA®
—f (%), £ fBZ Riemann TES, [
RS FTAER 2 R x , | fule) <MIEEL 37 , Bl
Je fa@wdz— b fxda

Arzela RVEESH h L IE— AR BiEHF)
H5IE , MIET RS BEELIHE , %K
Lebesgue NEAND, —fTRREEH T, Ar-
zela RIFRNBRRTHE , Osgood HIir
HEE T —4F 6 : MRIRER fo F0 S EPREE M
o Osgood HYERAR X WAIET 35 HFEE5%
o HZ 7 Hawkin E S, FiRKEAN
ABI, Osgood HMERE—IKKHIIRHE , REF
LB DB R AR R 2R T [ fe OIRK B,

Lebesque §F8H ¢ Lebesgue Dominat-
od convergence Thm » EEEE 45F,
fRIRE I R BTG, BB, B Arzelafk
Osgood RYFIHH LK , Lebesgue H7EEGE
HRESRE , JERF 1 Lebesgue , Ik 584 H:
e —HoE, BE IR,

[RE] FEHWEER BREREED
= R R,

24

¢y

Hawkins T,: Lebesgue’s theory of
integration .,

Its origins and Development .

Univ of Wisconsin press 1970,

Kline.M, : Mathema tical Thought
from Ancient to Mo-

dern Times. Oxford Univ press

19%2 .



SHTHIRIE
e

o A\ s

St
— N Eu

EANRH BAES, KREHBHET S&T5] ( Wai ting line ) , HENBRBE » B3
BragEzi, S LEEEESSS . REHREEEUEIERE ( B EY ) SRAL
BT RMMBEZZEFRESMER » SS/EE INDES - ERES (SBE0 ) 2
HWHAE—E » EBEEIEWABKS UBREEE 0 BR » RIMBERETS . JRERR
Bz RBRERE—E , AZEFTIbZBEARERHSR, HRALRRZERFT
PEch R 2k , BBATRMERTS , EERBAREXB LEXEX, »

RZ s IKBMBES GO UBRIERTICRE  FEESHZREMABY « EES
MM EEE » AIBLEBEAR S B0 » BAIMDGER, %08 QBB INEREE
P, (BRIR BHE TN, RE O SCRERIN , IR A BB, BAKHAR UBIKE
A, FIRFHRRBEA B2 KB, RERBA B 2220 R FE I,

Wit , ERBEGTE , —HTHFEEBEEREARZ AR , BHELEEZRBRIER
R, —FERE AR ZEE AL , REKS , i34 TIERES DMEIR B ~ SUER i
T IREEE A,

FRATHIEE (Waiting line .theory B Queuing theory) EIZEILFIFI MEE
M4, JHE T FJ IR B ZIE,

- EHTI EERZBESE

ESHTFINE L, PSR MRPBE S (S 2R BT MRS ) a9 ABURKERE
B, ERT HmFELR , BEZ IS (MESH AT kX ) 2 HERERMETI=
EMEE :

(@fE Htk : ERKAERHEERE (e, o+ ¢ ) N3E (BEZMBKT MMt ) ZERE
&, BIEERF %I o SEGR, TRER o BE 2 A HUEGE,

25



)t - BEMZ 2E ( NEZMBRT MEEE ) B RE KL,
OfdME : WEZABZA M EZBEE ARIA ( EZRER T MER ) F&1771,
B ER=GEHEEANTETIIEH:
BE—: FREZRERKRRAR, RXN0C)RNHEER ¢ ANBEEIIZENAR, AIDFE
—E#2 , BX ¢)fRIR#A RS ( Parameter ) 5 2 Z Poisson 47ED , 7RED
P, ()=P {X,()=K } =ﬂ€_“‘_
. » K1
EABLESER ) 2 RETHE|ZELR PoissonZE,
FEEH R L L RERTIFAEE, AlmE@REOE
P, {X, (t, +¢t;, )=0}=P{X, (¢t )=0 H X (¢ )=0}
=P {X, (¢ )=0} P{X, (t: )=0}

VK:O,]_,Z,...

514
Pl 4t ) P C# AP L6, Yl = 0,tv> O,
R 244
Pt)=e"* ;. 2> 005162 R
Bl
P,(t)=0 , t>0
HP, ©)=0, t=>0, RAEEMREHERR ABEETIZNVEERE , 76E (LHE
P, O=128)%
P, ()0, t>0,
P.ot)= e . 1> giic e R
0<P, <1
Me<O, Me=—2, 2>0 §#

P, (t)=e —ai
RRP, (), t>0, Ke N
KRR (0 , ¢ ) SHE A ERSZFMA, (2 BAX) SRR =,

n
ERMERI N BRI EKACERUSRTIA_ERE&RH, BH, ZH;
WH, : meEr @RERA, REKENERBEESS—A, MM (2 —K ) @EERD
REZEPIEZE K,
OH, S v EHUNEBR , EOE—-EMRNBEZIIEZ ABSR—AZER,
HH, N Hy=¢ , ix

, >0, C>0 e )

‘26



P, ®)=P {X, (¢)=K}=P(H,)+P(H,;)
{8 P(Hy )= (P (8))" (P.)T""
=@ (1-P@)—006)} (P, 6))""

@ (1—e " —06))' (e22 )2=s

_an 2 (n=2 )i
=G) (1—e " —06))' e y
ﬁ‘ﬁi§%iﬂ E now
R
oo - lim O(5)'=0
0(8)=3 P;6), @ @& 5_,o O :

2

i=
XFBAP(ANB) < Pp(A)KP(AUB)YSPA+P(BE

M8

0<P (H)<n (2 PO))=n(06)) =22 t—0

o6 — 0, Bl n—o0
Rz, En—oo,d —0 ,

_Gtdt et

Pp@)= P X () =Kh= 1 g K = 03 '8 3 B8 esaeid @)
BHOXRE@) , & AL
Es A :
Pl:(t)=—“t13—'ez‘, Ro=0 ;. 10 5 2 ;5 5=

e SRS ) @ SR, RIS SR 0 6 RS A Bt S
EET: REEEKT BT EEBE KRR , BUT RAELL 2 R R A
ZaR
SEB : i , TR IR ¢ PO M — AT 2 MR S
By e
REVER (T>t ) BEZWE, 6

PET St ) =3t ot >0
” .

27



P{TSt}:]_—P{T>t}:]_—-e‘” 5 >0
BRM2 REHZIEESH , HEZME
ET:%'

ERFHIERB, 2 REBHIEER,

HREE—-REE_EATE

RE=: EREER R, BEEZREET MEEZ ABX: () RREM: BRFS
H# iy Poisson 3 B , JRE]

e e=at :
P{Xz(t)zK}:.-:ﬂ‘_T{_)'____ , RSO, by By, B

BRI X o 45 , FIRFEREER] o R U ZEUNME N,
BN : BEEZ Y2 BB RE T RR A ¢ BE BE I8 SE , R

PPt} =1 &%, 1" >0

ERHERY T, EABHAZEZRERE ( BENRE) R RETREBHREZ E
HiEH, mEE

ET,=2
©

B S SR, T 7= & AURARI AR (traffic) eRIES A. K. Erlang#i 7= RErlang,

EEA : REEZFERBPoisson 33 , REFM SIS EFIERS SHTFIME,
EERAIRZSAF/2BAZEEE (UESSrnBEERREEEZRBIEE
WA ) X (t)IES {X ()5 >0} BB—HIEWEE ( Brith - death process),
SO EERU/NRERIRME (¢, ¢+ b ) RE—ASIE Z BERKEE AR
Pi(h)=P{X(t+h)X(t)=1}=2he **=ah[1+0)]= 2h+ 0(h) -+ 5
AN EE ¢, 1+ k) AE AR AN EAEZ BEKEE A8

P{X(t+h)-x(t)>22}= S Py(h)=1—R (h)—-A (k)

=1—e"2b—2he™* = g(h) ... @
[E, KEBEZMERREERE (1, t+8 ) AE-ABEZRBEB TTEEZBER
P {X(t+h)—X(t)=—1}=ph+o (h) (5
REZRAEBAE ABRZANEEZRER T MEEZ SRR
P{X(t+h)—X(t)<—2}=0 (h) ... ®)
BRE), @), OROGBEAM{X (1) 5 t>0 PR T i HASEBGRE 2 EHE , i {X(¢)
i 120} R—HAEBE,
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= HATEEE BR HEREFTIZMRK :

T RNE—EEARE ¢t , X (1) B—IFARKE EREE , EHRNER ( n+1)

@tE
<t < < W<t
EANE
PA XTOS PN § Y= 27" a2, 0y
=P{X(t)<z|X (te)=xi

B, B{X(t): t> 0} B—ESREZ BTk (Markov ) BE,

EH: —HHREZETXAR (X (1) t>0} , EX(0)=i , B
(iI)P{X(t+h)—X(t)=1|X(t)=n}=2, h+o (h), 2a =0,h>0
(i) P{X(t+h)=X(t)=-1X(t)=n}=pahto(h), pa 20,h>0
(i) P{IX(t+h)=X(t)|22|X(t)=n}=0 (h)
SRR, B ILRE SH ATE R A,

LREB AR ZRE), @), 6), OHRBLEEZEO , BIE 20 =1, pa =p B2
Wit,

HHETERBEZ EHAR(1)=P {X (t)=n} , BARB

P(t)=—(2s+ )P () F dwms By (F) gy B (8], #4321 e @)
i

Pi(t)=—F(t)+e, B (t) e <8)
HAHGGER '

X(lon=ua -, P_,,(’o):{é')- "“;—;: ......... )

RO , OB BRHATE REBRIMEHER , HEBER—RHETE , S8 KEATRZ,

MREETERBESR , WA =2 , pa = ORI B PoissonsBAE , Hid REEIES
%%

AR £ FEBBB I A = 0 , pa =p K, AIRBIEREE , HEBEERBETH
HEx 215,

BREHTH2BRIEE BERL ¢ =0RRX (0)=i A, MEERRA ¢ & BX ()
A s RETRERE TAIT X (£)BIRE (X (1), ¢t 20 } fER—bEEARE , %o ERA ¢
REEAB B \ZRIHEERPa (1) , 8

B, (t)=P{X(t)=n|X(0)=i},fR.(t) FAWELEZHESFER , EH

RERZ i BnfE P, (1) >0 2t FERBILE T L8 BREBD , K BT LB EZmEH
EHE, EAMENNERHBNETREEZ (X (t): t >0}
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MR opL (1) =" P{x(t)= n|X(0) =i} =P
B PR TR 2 BIREE , FE
Mot AT AR E SO ETS T

W LRAREER , EAMMATS ZEEE S SR TRARKBLE AHRE | & , AR
BN PARAREP, (1) , NEDRSBE Z SRR ¢ 4600 , 5P/ ()= o , HRBEES
REFRBRE,
EEFBEZHET . EﬁﬁztﬂﬁmﬁﬁZﬁ%ﬁﬁﬁEﬂﬁ%ﬁTﬂZ%ﬁfﬂﬁ
= (2u+ pa) Pt Xu—_lpu—l_.‘l' i ity =510 15 1 = 1.
— 2 Po+ piPy=o0 }
HESFERNEBEEE 5ER ( balance equations )

EEERE TS T 5IM B R

ek EHGRE B, (1) 58 ¢ 4658 , S —MefEF Laplace fransform 2 J5 i MBR0
M ESBRE , RHP,(t) 21, BS

po= LM P (2)

Bk, EASRE, BOIMP. (1) = o , M2, REBEHHEM (EIHEHER)
“(2at po )Po+ 2u=-1 Pyo-1+ oyt Pay1=0,n>1
— A, B+ pPr=o }
Z NSRBI A A e, RIS & T 5E B 2 7NE AR , R ¢, 5
1. ZEREERZ FRTERZR, '
SHTIBHR TS, EOEFFINE:
LEERERBER, 08—@, SATHZREER 2SR ;
QEERFER MR , HOM—E, SHTHZEERER S,
BSHEEREREER, 0K S> 1, SAFHZEETRHZER;
AEERELEBER , gO8S > 1 , SEFAZEEYEREZH ;
5.5 — R 5 ik T B, 2K U TR 2 U
6.5 IR Bk , AR E LB ARS B,
7T.E— R, BEBEAE SR
8 % EHR Bk , (57 (55 L 5
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RAB EHBERF , BIARFAEZ P, ,
&k, BE _ROIE REIRER,

(f1— ) XF—EEMEFIRNZTEE , IR ZERTHE/I\R 2 A Poisson B3, AR
BRUBENFHRERE A 1/ p/ v EESR , BREHTIINRERRHR
s AR b aitBH
A= 2 5 =0, 1,2,
o= 4 B=1, B, 3, -

RABLEHEXE
{0=—2Po+ /.lP1 ...... (11)
0=—-(]+/l )P,‘+ ZP"-.1+ﬂBl+lsn21 """ (12)
REFEHT BRE
AN —
Pn—(‘/:)Po l”—lxz’s»
{E
P,
1= p=p, ¥ (4= = | g oocioy
n=1 n=o H 1"; H

A 55 AR K R R 0 <§ <1 &%

514 2 2
Py sl = I o f e £
%%Eﬁé%ﬂ%ﬁ,ﬂﬁ%%%ﬁ%Z%g,ml—ﬂ=f=%%%ﬁ%%2§$o

WZ‘ Pn':(lﬁ)”('l_%):r"(l—r): n=0,1, R, -

EIEEn A2 BE, NPSETI2BRLEEn AZBE, RHLSETI2ER2FHRE
( AE)

L=f>2° n P, = %O nr"(l;-r)=

n=o0 n=o 12

MEFTINTZFPAB (TEFEEZEREIAN)

0<r<i1

2

L, = OZO (n—1)P,= %o (n—l)”(l—r):l:r o Pl

n=1 = g
WHEHEEANEZEREEE FRES T O HE
R o
T p—ai
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MEFHEFRER
ot ooy b 2 i
W, =L, /2 = ata=—1) sSRRE S AEE L € PG s T e 4
(13) 5209 N 4R Pollaczek - Khintchine A% , KL,

CAZIRFE-BERCAEEMSE (522), éﬂ%%ﬁﬁ&@)\wﬁi’%ﬁ%ﬂiﬁi

NEWIBESE , MEZEFYE/DE 2 A Poisson ZE , EEATII2BRAK
NEE S \RF , W S EIEERIRY , BB AR S AR, AMER—FETS , AKSE
AEMBERASHEZRY , AELSETFREERER, BN
lis= 2 w0, 158 ;4 :
[ np o< S
— | s S<n
Al Hi5 S BAR
0=—3 B 4+ uP,
0=— (2 +np )Py 42 Pucy +(M+1)p Pusr , 1<n<S
0=—(2+Se )P, +2 Py +SpP,,, S<mn

Hn

HUE=REE
% (%)"R, 1<n<S—-1
P, = -
4 1 2 s dodl, 1 oaveelly Burd ™R (18)
CH ok T A
=
lznzo Bai— ’ilP,,+§ P
T iy 53000, 1 71
= 2 { gl '+ Ssrs= () }
S dn ] o0 AR m_
=Po{.§°;—!(i)+3!(;) oz_o (_sz—/t) }
£ wmecdtn 42 Bt
= Po{ 'g.,,_r( )+S!(;)l_r}
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v N T N =4
P, = M T —_— (=
={ n!(#>+s,(ﬂ>__l_,}

WEBTITNEPAE( TEEERZEES A)

L,= OZO (n-S) B, = PFSI—!('/]?) (1—7)7

MEHTI2BRZFHAH
L = > nP,,:ﬁ--i—L,
2 1,2 7
== 4P =~ )*
#+°S'(ﬂ) (1_’,)2
Le

FEaRE W, =

MHEE EAZREE BLEEF#E 2 TEFHR
‘ L
W= T

1 E. \Parzen s Stochastic Procss. ‘
2. N.V, Prabhu ; Queues and Inventories.

3. V.E. Benes ; General stochastic process in

of queues.
4 D.R. Cox and W L. Smith ; Queues .
Khintchine A.j Mathematical method in the
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RER

SBRERSMERE 2 L2 BRGV R AR , MR 22 B BRI FEL
HEE, $#RSERSZEIEREREE , A5 MERBE MR ABAREERER, Al
AL , Rt E L ARREY,

%( Xl 3 X2 g 20y Xk )%kﬁgﬁ%ﬁﬁas Xi Zﬁqgﬁgﬁo ’ﬁgﬁﬁlﬂ (
1<i<k), B4

Oul hysers s Lo} )= M Mga i) ) dn dn,

-0
B {©%; }BEIE ( positive definite ) #HBR(RE4EME ( correlation matrix ) ,
¢ BEEEHERBN Y WREERE, 50 =aq; (%), -1 <a<1, AlELX,
W+l BEEEE SRR, , Z, , -, Z, s YEX, =(1-a? )z
ta; Y ,1<i<k,Fi8, OLEHTHBY, JWEHR, &

oo h — »
Dy (B seos by s {P1y ) ) = _fooil O e i A CHD 5 | cosageorss a)

It RO FEERE B B RESEEE ( cdf ), 1)X 245 i Dunnett  and So-
bel (1 J#EAE,

F oeii=p(0< p<1),1<i, i<k, ixj, IRERZIEKEY , TN
a; =+ p , BO)W/HE R

®y (hyoy hi {p})= [ 0 (Cht ot 3)/c1op ) 4O () e
— 00

#Hh ZEBAERR
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Dy (B yoey b {p.})=lj—a, ......... @)
HRa=0.010:,-0.025 ,i0:050 , 0:100.,#0.250 ; k=1110@ 50K P =
0.100,0.125,0.200,% ,0.8375,0.400,% ,0.600,0.625,% ,0, 700, 0,750

+0.800,0, 875,0.900 ;#eE@B=RNZ%”, Gupta , Nagel ,.and, Panchapakesan
(4) B&B T RERIVE,

[ER] LOXZED REK kESHEMRBEERER S B BERD,

Z%ﬁﬁ{ﬂ,,},p,,:b,l}(!#]),——l<b. <1ai=1:2’“ k

M

k
Al { o ; } B B4 ,AESGZ —KBK ( quadratic form ) B ¥ (- b)47

=1

(S b )t > oMMy RERR(L),
1 =1

TEEEGEREAR 0 BEBIHE , SERSTLRBERS , EEATHESER
43 BAFERA (RBLZ AHHBRAGR , Gupta ( 2 J WEEE®, (ha, b5 {o } ) ZTEER,
I #& Slepian EEEREZERS EWARA ZHK,

[& ] (Slepian (6)) : X, ,--, X, BEBEHEELSE, YEEER0, BEH
' B4R ( covariance matrix ){g;} BEE, &Y., 9 REBEERE
AL, HEEYRO B BALEME (K, } REE, ¥ou =Kii=1,i=1,

2y R ER oKy s 5] =1 5 2 eny R, Bl
Pi{X, >hy ooy X Dhy } = P{Y, >hy , Y, >0y o, Y, >hy }

I
DO, (hy 5oory by {ﬁil}) SO ( by ey (K} ) e (4)
& AR EERY ¢ BEEEEH ( charateristic  function ) Z KK H,
s,
eg ‘—__—_—.azg 4 s . TR eveeeeas
s e Lam g v R ssvessuib)
#H o® _ oo oS L 2% g
e Ih, dx, jhzdx? Ih,,dx"‘_gx__, o
= [ Pday [ dme A58 (b R By, By (P) D2 O
hs he hy,
[FIEEF] 75 &
D >0, ixj
2 pi j
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R{wm;} ®X{K;} BELE,
V;i= A0; ; +( 1—-2 )K,,-j sOEE A< 1.
{%;} ARIELE &

S|
d(I),_ 1) ar;; i 2D,
ey ( 9,“_) (——dz)__z (—ani)(ps‘i_[ﬂi).
i‘i i<y
2D, 9@*
P‘szij& 97”20 [ = = 0
18 &

[ %) Patil and Bosewell (5) &# (5) RZ—HURUT :

4 i’ g 3 ; W
=— (1- Vb= e et ke
Py  OE; Xy 2
1 l:]’
=1 o -
o8 2=1{, ;i ;.

(1) Dunnett , C, W. and Sobel, M.(1955). Approximations to the probability
integral and certain percentage points of a multivariate analogue of
Student’s t-distribution . Biometrika 42, 258— 260,

(2) Gupta , S.S.(1963), Probability integrals of multivariate normal and mu-
ltivariate t. Ann. Math. Statist . 34, 792-828.

(8) Gupta,S.S. and Huang,D.Y.(1973). Subset selection procedures for the
means and variances of normal populations : Unequal sample sizes
case. To appear in Shankya.

(4) Gupta, S.S. , Nagel, K. and panchapakesan , S.(1973), On the order st-
atistics from equally correlated normal random variables. Biometrika 60
403—413.

(6) Patil, G. P. and Bosewell , M.T. (1970). A characteristic property of the
multivariate normal density function and some of its applications
Ann, Math. Statistic. 41,1970—1977.

(6) Slepican , D.(1962). The one—sided barrier problem for Gaussian noise.
Bell System Tech. J. 41, 463—501 .
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ERE A REEBE A FEAN— LR, WS EE TR e, DRAM—EHENAR
F, EEUHEERRFES , BEWULAE , HIREER , AR50 , Z5E ZIRERE Lt g

. JEERERT HRE N L ERARS ARG H G, RBEOILRHZ,

LI5S 2B : EMEFks , Tk HRL10 (HeRklo Bk ) , EESEEH R BRI S MEF

KEREEEE , 4 HE A,
pug 32 15,= 16 X T0 = 160

648 X 5 = 324 X 10 = 3240

1604 X 5 = 802 X 10 = 8020

147 X 5 = %85 % 10 735
2925 2 ILERFE 5 ZHAHLL , T EIR 25 , WIS 4 HFE 100 ,
Flan . 32 X25= 8 X 100 = 800
SRoZPE: EMEERS , k2 HEKR 10 (HkR10 HE2 ),
Gl . 32 = 5= 64 = 10 = 6.4
821 .5 = 442 =10 = 443
308 + 5 = 616 + 10 = 61.6
45k2" ZH: —EiaF‘2" , Wi ¢ BRIMS , Fnn XK,
Bl - 34 X 8= 68 X 4 = 136 X 2 = 272
241 X 8 = 482 X 4 =

= 964 X 2 = 192k8

‘324 X16 = 648 X 8 = 1296 X 4 = 2592 X 2 = 5184

%)o

5.8 UM AR N ( BUARSR ) B, TR ACHRARERAS A, METEEN (SR ) ROMIEMTHEERF , B (

Fm . 54+6+7+4+3=5-+ ( L)+ (7+3)= 25
R4 X 7 X RS =4 X 5 7 X 26 = 42 X 100= 4200
& X7 % 25 X 34.=_23800

AR FHIE B
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] S A BT 5 e

756 -
243
838
314
146
237
128
864
435
314
+ )622

6+3+8+4+6+7+3+4+5+4+2
=(6+4)+(3+7)+(6+4)+(8+2)+8+5+14

= 40 + 17 =

5%
B+ ( BB FES )

54+ 54+4+3+1+4+3+2+6+3+1+ 2

= 39

BEmEtc s (8 ZMES )
3+7+2+8+3+1+2+1+8+4+3+6

= ( 50, =% ) X 25

= 504+ 1) x 28

=48 _
RIS HFIR 4897
6.REEEE, AR MRS EENEE,
Bl LB AT
51 X 28
B2, X 26

a* =(a+b) (a—b)+b? ‘
EOCEEDL , B e+b0Blae— b @ANEFERO , Bb BEETEEHN,

+ 42 = 1280 + 16 = 1296
+ 32= 1360 +

Gl . BEH— 40
B =D
388 =40
503 = 40
40? "
41%= 40
AR2 = d0
432 = 40
44*= 40

X 32
X 34
X 36
X 38

X 42
X 44
X 46
X 48

g2 X ('285+ 1)
TREB—HEEWES (FHURMH ) , TARAR:

(5+5)+(4+6)+(3+3+3+1)+4+2+1+2

=(34+7)+(2+8)+(2+8)+(4+6)+3+1+1+3

I

1150 — 46 = 1104
1400 + 28 = 1428
32 X 25+532=_ 8832

Il

9 = 1369

+ 2'= 1440 + 4 ='1444
+ = 1520 + 1 = 1521

= 1600
+ 1%= 1680 + 1 = 1681
+ 22= 1760 + 4 = 1764
+ 5% = 1840 + 9 = 1849
+ 42 = 1920 + 16 = 1936
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45%= 40 X 50 + 5% = 2000.+4+ 25 = 20R5
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71 X 79 = (7 X 8) X 100 + 1 X 9 = 5609
9 MEK/IR100 ZHa , biEE, TRHAAR:
ab= 100 X( a+b —100)+ (100—a ) ( 100—10 )
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73 X 96 = 6900 + 27 X 4 = 6900 + 108 = 7008
88 X 94 = 8200 + 12 X 6 = 8200 + 72 = 8272
0.RERAR 100 28 a , biEFKk, THAAK :
ab= 100 x (a+b—100)+( ¢—100 )( b—100)
Gl . 115 X 109 = 12400 + 15 X 9 = 12400 + 135 = 12535
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104 X 107 = 11100 + 4 X 7 = 11100 + 28 = 11128
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Ramblings in Algebraic Geometry

fC3CEE ‘ Rudiments of Birational Geometry

This article is concerned with a number of elementary “Bira-
tionality” concepts of algebraic geometry which are related to
Topology, Modern algebra, etc. The reader is not assumed to have
any prior knowledge of algebraic geometry, neither .of its general
theorems nor of concrete examples. The main purpose of this
article is to arouse some students’ interest in algebraic geometry.
Since ‘it is a rambling essay, there are only concept motivations
and some properties ( without proofs ) in the contents.

Throughout what follows we are concerned with one and the
same algebraically closed field %, which we call the ground field.

We recall that an irreducible algebraic curve X defined by the
equation f(x,y) =0 is said to be rational if there exist two ra-
tional functions ¢(#), ¢(z) in k(t) of which at least one is not
constant, such that f(e(t), ¢(£))=0 identically on ¢.

Curves of order 1, that is, straight lines, are, of course,
rational .

It is easy to verify irreducible curve X of order 2 is ra-
tional. For example, we can get a rational parametrization as
-the projection of X from a fixed point ( x9, y ) in X onto a line
that does not pass through this point. ( Fig. 1)

However, there exist non-rational curves of order 3. In fact,
x"+y" =1 is non-rational for #n >2, if »n is not divisible by the
characteristic p» of k. This example lead us .- to the following ques-

tion. How can we recognize whether a given plane algebraic curve
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is rational ?

/(Xo ,60)

)

Fig. 1

For this purpose we associate with every irreducible plane
algebraic curve X a certain field : Let X be given by the equation
f(x,y) =0, We consider rational functions #(x,y) = p(x,y) |a(x,)
such that g¢(x,y) is not divisible by f(x,y). Two functions p(x,y)
|g(x,y) and 1(x,y)[m(x,y) defined on X are said to be equal on X
if the polynomial p(x,y)m(x,y)—q(x,y)1(x,y) is divisible by
f(x,y). It is easy to verify that rational functions, considered to
within equality on X,‘ form a field. This is called the field of
rational functions on X and is denoted by £(X).

Applying Liiroth’s theorem to our question we deduce a nice
conclusion : Let X be an irreducible algebraic‘ curve, then X is rational
if and only if A(X)=k(t), where k(t) is the field of rational
functions over k.

There' are at least two proper significations in this conclu-
sion at our first sight

The one in importance; let X be a rational curve, -then Wwe
can obtain a parametrization has the following properties:

1 ) every point (xo0, yo) €X , with finitely many possible ex-

ceptions, can be represented in the form =xo = o(£), yo=
¢(t), for some ¢.
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2) for all” points, with finitely many possible exceptions ,

this representation is wunique.

In fact, suppose that under the isomorphism £(X)— £(¢)the
function X(x,y) goes . over into Vt, then the inverse isomorphism £(¢)— k(x)
is given by the formula #(#)— #(X(x,y))- Bearing in mind that the two
correspondences are inverses of one another, we arrive at the relations:

= o(x(x,9)), y = ¢(x(x,9)), and t=x(p(t),¢(t))
So, the parameter ¢ can be chosen as a rational function of the
coordinates x and y. From this, we get a simple application of
rational curves on the integral calculus. Given a rational curve X,
the rationality of this curve implies the following fact : for every
rational function &(x,y) defined on X, the indefinite integral [ g
(x,y) dx can be expressed in terms of elementary functions.

Another signification is the mortivation of “birational iso-
morphism ” . Let X ! x=0¢(t), y= ¢(t) be a rational algebraic curve
in (x,y)-plane, and Y be the line s=0 in (s,¢)-plane. By above
assertion, we  know that there exist functions f . X — ¥V and g
Y— X defined by f(x,y)= (0, 2(x,¥%)), &(s,t)= (o(t), ¢(t)).
One should notice that f ,and g are inverses of  one another. In fact

g(f(x,5)) = 8(0,x(x,3)) = (p(x(x,3)), ¢(x(x,3))) = (x,y)

F(8C0,8)) = fCp(t), $()) = (0,2(p(t), $(t))) = (0,1)

Jt seems very possible to come across a new type of connec-
tion that- such functions may exist between algebraic curves even if
those are non-rational.

For this end, we define a more general concept :

Let X a'nd Y be irreducible curves given by the equations
f(x,y) =0 and g(x,y) =0, respectively. A rational mapping of X
into Y is' defined as a pair of rational functions f1(x,y) and f»
(x,y) defined on X such that the function g(fi(x,y), f2(x,y)) va-
nishes on Y. It is easy to verify that for all points (xo, 3) €X,
except finitely many, the values fi1(xo,¥0) and f,(xo,y0) are” defined
and that (f1(x0, 30), f2(x0, 30)) €Y.

- Two curves X and Y are called bir'ationally isomorphic if there
exist rational mappings of X into Y and of Y into X that are in-
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verse to one another. Clearly, the notion of a rational curve is
included in this more general ' concept.

It is obviously that “birationally isomorphic” is an equivalent
relation on the set of all algebraic plane curves; and hence we have :
X is rational if and only if it is birationally isomorphic to a line.
Having exhibited an example of a non-rational curve. we have shown
incidentally that the concept of birational isomorphic 1is not trivial :
not all curves are birationally equivalent to each other.

Here is a non-rational birational equivalent example :

char %&£ #2,3. the formulae s=x/1—y, t=ﬁ(i+y)/l——y
determine a birational isomorphism of the curve x3+ y®=1 into the
curve t? = 4s%—1.

So we arrive at one of the central problems of algebraic
geometry . how to classify plane algebraic curves to within birational
isomorphism. Even today we can hardly claim that there is an exhaus-
tive solution of this problem.

As in the investigation of rational curves, it seems to be
very natural that we can make the following conjecture : Two irredu-
cible curves X and Y are Birationally equivalent if and only if k(X)
= k(Y). ( Answer: Yes.) As an exercise, we suggest that the reader
verify it by the “ most natural” way. Thus the problem of clas-
sifying algebraic curves to within birational isomorphism is the geo-
metrical aspect of the natural algebraic problem of classifying ( to
within isomorphism ) extensions of %, of transcendence degree 1 and
generated by finitely many elements. Certainly, we don't confine our
attention to fields of transcendence degree 1, but to consider fields
of arbitrary finite .transcendence degree. In other words, we have to
go beyond the limits of the theory of plane algebraic curves and have
to consider algebraic varieties of arbitrary dimension.

We denote by £" the n-dimensional affine space over %2 and X
a closed subset of £#&".

An algebraic closed subset ( if no ambiguity, we cail it closed
set for short. ) in k" is a subset XCTK" consisting of all common zeros

of finitely many polynomials with coefficients in .. We get imme-
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diately the following properties :

(@ the intersection of any number of closed sets is closed.

(b) the union of finitely many closed sets is also closed.

As a consequence of &) and b), the closed subsets of k"
satisfy the axioms for the closed sets of a topology. This topology
will be called Zariski topology. However, one should notice that the-
Zariski topology is a very unusual type of topological space. As a
matter of fact, it is quasicompact ( having the Heihe-Borel cove-
ring property ) Ti-space ( not necessarily 732 ). The D.C.C. condition
of closed sets leads to the quasi-compactness at once.

Each polynomial f in k(7] ( where T is a set of variab-
les Ty, -+, T, ) determines a function x — f(x) on k" with values
in 'k, and the restriction of this function to X is called a regular
function on X. The reqular functions on X form a k-algebra £[X],
which is called the coordinate ring of X. In fact, R(X] = k(T]|Ux,
where Uy consists of all polynomials F & k[7T] that vanish at all the
points x&X. Moreover, it is a finite dimensional semiprime commu=
tative k-algebra. Conversely, every finite dimensional semiprime com-
mutative k-algebra arises as the coordinate- ring of some closed set in
k* ( for some n ).

Let XC k", YC k™ be closed sets, a mapping f: X— Y is
regular if there exist m -regular functions f, , s fmon X such that
f(x) = (f1(x), =+, fa(x)) for all x EX. It is easy to check that all
regular functions are continuous- in the Zariski topology. A basis for
the Zariski topology on a closed set X is given by the vopen sets:
{ Xs}rerx), where X,={x X | f(x)+#0}. Let X, Y be closed
sets. For the convenience of the following discussion, Hom ( X, %2 )
replaces k[ X] for a moment. Let &) be the category of algebraic
closed sets ( and their regular mappings ), and ;SL be the category of
commutative k-algebras ( and their k-homomorphisms ). Do the routine
checks step by step as in the module categories, we ' immediately have
the contravariant Hom-functor Hom ( —, k):o@’—'d{NOWv let us find out
when Hom ( —, £)(f) is k-monomorphism, where f is a morphism of a

pair of objects (X, Y ). By the notion of homological algebra, ~we
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know that is 'necessarily 'so it f(X) =Y. However, it can happen that
f(X)# Y, yet f(X)=Y. For example : The projection f(z,y)=zx from
xy=1 into k'. In fact; repeating some elementwise arguments, it
follows that Hom ( —, 2)(f) is k-monomorphism if and only if f(X)
=Y, that is, if f(X) is dense in Y.

A regular mapping f . X—Y of closed sets is called an iso-

morphism if it has an inverse regular mapping g : Y — X. From
what we have said above it is. not difficult to show that closed
sets are.isomorphic if and .only: if their coordinate rings are iso-
morphic. Moreover, the set of morphisms from X tol Y and the set
of k-homorphi'sms from %(Y) to k£(X) are canonically isomorphic .
Thus the functor Hom (-,k) is full and faithful, and for a given
object k.[X] in A , there exists an object X in O  such that
Hom (—, £2)(X) = k[X]. The facts just mentioned show that
Hom (—, k) qetermines an equivalence of & and a certain sub-
category A5 , of 4 ; in fact, A% be the category of finite di-
mensional corhmutative semiprime k-algebras.

In the precedings we have come across the concept of an
irreducible plane algebraic curve. Now we state an Aanalagous
concept in the general case ! A closed set is irreducible if it is
not the union of two strictly smaller closed sets. Obviously, it comes
to the -same factorization property as plane algebraic curves. Thus
every closed set has an incontractible decomposition into i‘rreducible
closed sets ( by the noetherian decomposition theorem D

Next we state the concept of irreducibility of a closed set
X in terms of the ring E[X]. It is easy to check that a closed
set X is irreducible if and only if %2[X] is an integral domain.
This in turn is equivalent tc the fact that Ux is a prime ideal.

If X is irreducible closed set, then the field of fractions
of the ring k[ X] is called the field of ratiomal functions on X,
it is denoted by E(X). Certainly, this notion coincides with that
we have mentioned above.

Now, let X be an irreducible closed subset of k*, Y be any
closed subset of #&”. A rational mapping f . X—Y is a collection
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of functions fi, -+, fm € 2(X) such that CF10xD)s = [ FulxIDEY bifor
every points x €X at which all the f; are well-defined ( regular );'
It must be borne in mind that a rational ‘mapping is not a mapbing
of the whole set X into Y, but it necessarily determines a mapping
of some nonempty open subset UC X into Y. This is an essential
difference b;tweén algebraic geometry and other branches of geometry,
for example, topology. One should mnotice that a rational mapping
[ is a continuous mapping from the open subset- U of X into VY.
(w.r.t. the Zariski topology ).

For convenieme, we assume X, Y and Z are “irreducible clo-
sed sets. A rational mapping f : X—Y is called dominating if
fCX) - in ‘“fact, it is fF(U), '\ is' densé” in Y We leave it to the
‘reader to verify that . there exists a natural one-one correspondence
between dominating rational mappings f : X—Y and field  inclusions
F* oY) = k(XD Bl e : ,

Suppose we have two rational maps X — Y — Z Then
the composition of f and g can be defined in the obvious way. In
particular, the composition is welldefined to be a Tational map if f
is domipating. Moreover, the composition of two dominating rational
maps is also dominating (b'y the continuity ) and we have (gf) * =
f*g*. The rational map f : X—Y is called birational isomorphism
if the following equivalent conditions are fulfilled:

1) f is dominating and f has an inverse dominating rational

map.

2 ) f is dominating and the field inclusion f* : k(Y)—k(X).

is an isomorphism. ) X

Obviously, isomorphic closed sets are. birationally .jsomorphic.
The projection of the curve xy = 1 into k', although not isomorp-
hism, is birational isomorphism. More generally, every irreducible
closed set is birationally isomorphic to a hypersurface in some affine
space k". Closed sets that are biratiomally isomorphic to an affine
space are called rational. In the previous, we have.come across rational
algebraic "curves are birationally isomorphic to the I-dimensional affine

space k'. We are concerned with two equivalence relations : isomorphism
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and birational isomorphism, and we know that both these equivalence
relations can be defined purely algebraically. In this context it is
important to clarify what rings are of the form £k£[X] and what
fields of the form k(X), where X is an irreducible closed set. The
‘answer is very simple :

An algebra A over a field % is isomorphic to a ring 2(X],
where X is an irreducible closed set, if and only if A has no divi-
sors of zero and is finitely generated‘ over k. An extension K of &
is isomorphié to a field k£(X) if and only if it is finitely ge-
nerated.

About 150 years back, it was realized that for many purposes
it was inadequate to consider onl); the above “affine” closed sets. An
immense simplification could be introduced in many problems by consi-
dering  “projective” closed sets. There is no doubt that projective
varieties play a central role in algebraic geometry.

Let P" be the n-dimensional projective space over %, and £k}
be the set of all points x =(xo, X1, *+ , xn)E P for which x0%0.
k% is naturally isomorphic to %" under the map (xo, X1, *+ . %X,) —
Coxii]@oss ezl Xomniss oo Xin [ X%0.)s The original mortivation for introducing
P" was to add to the affine space k" = k§ the extra % vint at in-
finity “P* — k¢ so as to bring out into the mysterious _properties
that went on at irifinity. In defining concept on projective “ Varieties”,
it needs more subtle skill different from the affine case. For this we
refer the reader to some excellent references, for instance, [1],[2].

During- the past 20 ‘years, algebraic geometry was growing
rapidly in many directions : Birational Geometry, Riemann-Roch Theorem
and Intersection Thelory,' Algebraic Cycles, Geometry of Families of
Varieties, Moduli of Algebraic Varieties, Periods of Integrals on Alge-
braic Varieties, Geometry of Algebraic Curves, Geometry of Algebraic
Surfaces, and Vector Bundles. At this period; many comspicuous results
vere contributed by several mathematicans. For instance , the famous
problem of _"desingularization” of algebraic varieties has been solved
by Hironakal(1964) and Abhyanker (1968); Some comprehensive results

on the problem of Riemann’s “moduli” were done by Mumford in a
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series of remarkable papers (1964-1972); Some well - known problems
on the “Weil Conjecture” have been proved by Grothendieck and M.
Artin ; Besides those, 'many papers concerning other problems were
contributed by Shafarevich, Atiyah, Griffiths, Godeaux, .Kodaira, Manin,
Dolgachev, etc. In particular, Generalizations of the Hodge theory to
non-compact algebraic Varities with singularities have recently beéen
started by French mathematician Deligne and muéh progress has made
by him. I am happy to report that those mathematicans mentioned
above all remain mathematically active: Hironaka, Griffiths Mumford at Harvard
University ; Grothendieck, Deligne at Institut des Hautes Etudes Sci-
entifiques ; Atiyah at Oxford University; and Shafarevich, Manin, Dal-
gachev at Steklov Mathematical Institute in Moscow, etc.

I wish to thank Professor ILeu, Who taught me. the same

course one year ago.
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B—-T-X5ERWEE,

ERBEE ERBEEEREE %, BE
FITWATFREIEM TR , EEENAMBEEW
BR, FXABOEMEN, RERS® ERES
nEG A, RUER BERRERE, BhFim
HE , B RRGBERE ; B RN A
BRBENREEBERRSENAEER , 25
SHEEBMORE, X, BhHE+RI—%
, BRINCE, TRE—%, ERR-SSRE,
L EEAEENER, BT TE s KR
REBM—% , BE-F , AGRERRE—, B
S, WRIIASFHER , fif i fr 451
HAT M 2 LroRBEES E , B BT AER
R BT A E E—#,

Higt+E HESCHERBESAESLAEEEW
B, ARE 52 wKEs BnEERS , s
BB, BE+ET 2R LE , £
FRRE2 M, % R R FREE R A
, AR AE s Al CR KT AR
B ERE HRP =S K RELERS+E
o RBIH RHHEEF , EBMERWELR , R
THEE, HEELEEEREN—F, EARE
IR R M9 i,

ER+EEENTENRAE, Bl KT



XACEEE , NREZIFTHIRE , FLE , REw
W&, HEERANKR, WHHERAMOEERA
s RIS B S LR TREEZWKE, R M
Wz BT AR S HiE,

RE, FIERESH, BAWE EHER2
BRA TSR ERBAM , 8 BREERIEEN, H
KR T , REEETWHEREREET,
RESH, HRE R AR FAE MK,

MR , AKB—URA : THFH , ATHBR
USSR, RFMEETAERT RS BMNREM
B, BMEAETHRKTE DB EMREM
NRIE, BFET LA RER , HIR ARG
FIRTE S 0 IR B, RIVEED, Bt
RIS , REBRAME , B E T ST R
i,

: '\f,‘%.'.
(B FEBRRE L : : )

L2 SR 22 SR 22 2 20 22 20 2 At St Ra R B R A0 SR A 22
b+ +h+d
4+ ++
++ ke
+ +
+ +

mERkE

FEFER , 2 TN BEREET —ERD , HSE 5 EK BER RN
9 £ R 2 R R R SRR R A BN R 5 88 ( K. Appel ) R & 48 (W.
Haken )BT, i

E GH I b BB (R | R R B R b A
B, ®EAERRH EE G , R R LA — S5 ERR , ERRER, &
g R MG A T, RS ESEIE 7 EMTERR ot ShiE MM
e —EREH, SR EESERE , SHRETEERERE L, RE
VAR B R T o (EL7EIE SRR PR (1) (T — {1 i BP0 238 i 9 (con-
nected), (UIEMIERAE GRS , AIZRE M, ’

BB PLRE I B S0 I 29 A ST, B ARHTINR -NEE
+AH=H, ERBEBRERCA. demorgan) ¥4 5% i Wi B2 Rk E (W.
Hamilton )J—#HE Lo —MEOENBREBLF H#A ( H. Heesch ) #RiH
—EREER (KEBRR LS, RELEN, ) KNHIEME, F—Kik
FEERLE (Kl ) A2MH AT Lo, MR REE AN EE
ek, (S R AR , FEILYRE T B UG RIE,

BBT HSENS D, BREEFALBERRNER , —LEZER
A, BIREFAFEARN—EH# @ L #3uE AR SR AT , bk
S E T AR O A B 0 R R, 8 RE TR A LB @ , R
PO AEEE R REES, HRERY -EERRITEEETR
fsAR AT B 7T LR e A | T LS RS iR fE , RSB IUERNS ) , M
BERBUT —EMRSERENTE, —LEAEAA , —DBRET, A
1,500/ SRR, RIBHEHT HEEE
(f: A ERBAFIGER A RGE A, ABSBEES -5,

i RV M@k mEEE 1],

++
Sttt

+ 4
e

+ fRE /A + +b+ b
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BE

EEREREREGRER

as

=

=]
~=

EEREREREREREER

A B B AR

R/ A

YESNOYESNO YESNOYESNOYESNOYESNOYE

HEMBENRRERALMN , BEL, &
M —ErERIE HANERZ — B2 : AAESRE 28
2, NEMEEECEEHEE, LMK ~858
B A0 A BREE BB Ao ~ AR IR B8 U R
M, BERFHBUGEK , HEARMITIZHNEET
~ AR AEREOEN, AAMERTRENERE
, EXRFH [ BEKEAERBWE | ( National He-
alth Service) HIEEEHE T, £HH FHETE
AR AR e FR R B A PR AR (R IBUREAT L0 — ) S R
M, ATERFOREFERBELNELRESE
BAEREHE, ¥4, SEEBOLERNEBE
o BMBIFHEE 2—HBR —EB2ER, E—B
ms , ML BRI SAEAE H, B
ERFMEEREBASREAETEF!

ATGRT AR , —EEBFNELRARNES
ZKEpimenides B{&HR8 : [Fr A= B4 (Crete
)ABRBRFE |, RMEBREEFEDHERE LM &
%, BEBERSTEERN . RERARNEM
SEER RS, |

Epimenides # T:&H , i fiE 22 mEEA
, IRFT/E i ARERE SRR, F 9 R MATRA [ 5=
HAEA R AEE RSN | LR, Baihf
, B EE AFREES LEEEN | RFE B 7
. EAHZAEREEES , RFIEEERHER
RR:

69

(1) 72 B4 AGR B0 (] R540 R 6510 5

@O)HHEERE 2 B R ARM.

Q)i (1)Z S 5

()58 B AGRBRE XA R S,

Al

(DFR@ONME R RE, EHRMEQEHO)BHZE—
RHEERAZ , BRESROA BT E,

WHE W ERE . [ AEBNHEEMERE,
N R AT ETNE CEIRE A B . T iR e
—HEEE AT, | EMEANE R BT PR . 18
FRMMAE : [HESBEEMER? J

MRAMAE CFEIfE , WERTHPTESER
AZ— , RIS 52 a0 A , BliE Co H
WRMET B CHME , BRMARIK THPTER
A E R A

E—EAeE A FEaR , RIEE —E6T , B8
HKEPHNFTALETF , EFHBE-ENWEH, AL
MAFHERWEARVAEFTAS s AENATRA
o ifN [ Short | ( %@ ) &—1fl%EF , [English
1 ( 3R ) R¥EHF , (B French (I B ) LN
B—{HEBHE, M [ hyphenated | ( LliE#EHHE
M) A — B L SRR

HAY BFHNEETS#EAREARS , BET
A, BEATT LEFTA Y BFSRER D —
D WL [ Autological ( HE—HH ) J , HE



SEARES, 27Uk T heterological (B
RA—F) |, EEETERRES. UTH
autological 52 heterologicalt{sh BB R A& &
FEE T hHY AR, RFRERTMEYET
B3k —Bs E BB, EAYEFLABR
ER YT PN —E,
BEEEMAET [ BRTF—5 | 0ER M,
B ERA—8M 12 T BRT—-8H 1, BR
EHEDETERER—BM, & [BEDS—ED
|ERTAER-—FM] | Z—FER [ BET-K
| BEE—BH, IEXTRER—ET , B
[ERA— B | BARBRA B
HMETLIMHESL E—FN6TF , BRMASE
T R4 T B RMUBEE L@ HER, M
B o TR WA BIEEROA , HEREEEAN
e BERFERES T IR SRR
o FITEFT RUE EE AEE LI ARFTE TR
B K , MEaREORERS NREBERE

AT o
BT EEEnRRRAnES , B Mt ant
B 7 i — — SR AT o

EE_EXHE, KMBAATEN I AERE
s AR SR | , AREH RN BRAHN
=%, Fiblet 2R EHEARNETREGHN—HT

ER NS M AT B P, RAFTREVE NS
FEAWES , THttMEEE ORISET, BEM
EREEEAPN—BT. BE, RMAEB=E
%%, TAVATNES , TWBR—-HHFET
—& , RS THEF THET-H lo

% (B R E A2 TR B
i, SaAEREINRELRERGTH—HT
B, 2RNEEEERFLTELE T, FE1906
#® % (Bertrand Russel ) FERNER ITEEEN
BB T [@ERR | (Logical types )y
ﬁoﬁiﬁmﬁﬁwﬁﬁﬁﬁﬂﬁ~ﬁﬂﬁ.mﬁ
AR&EEFEIARNER , EAEAEERRFRAEL
o§ﬂ¥ﬁ$§ﬁﬁ,ﬁﬁ—@%ﬁﬁﬁmﬁﬁﬁ
FRIG WA S LN BN A — : .

EHxR , & [ HREARNES REN |8
EHHRE , 155 WPH BN DR R R EEE
o MREHCHNELLHEFH , M2 [ #d

BHIFWE D 0, ALER S —& @ URNAEE
» B LA ERE IR RBR EE o Bt
BR—EFENGT, TRESEAH T, BEHE
BRESENRE, B —ESE , BREZERE
M AE B AR R,

ERE—EREANMR , BRIAR —HES,
£A4XEFRB(HNRB) £4+FH—HETR. BRAR
BREH—EEAVEREREAN —&E #lW,
A ANNEELETE—BEA , RAMITEESHNES
MR~ B, KEEF AN EA+FH—0F

HHLHFTIEFTA LA IRAAE | EAXE
KRBEAFHN—DFHTEESUMS , £4RS
ETRREAT—PTHNTEECGUMT, TEHRHE
AFVFEEAT—-DTFHAAEETERNES,
BWTAEREEESE, BRFEBCAHEEE?E
RECH—ETR, IETR, H#TREHCH—
BT, BHRRRTH—HF , ICERTREAR
F—BFHEEGZL— BF—THE, MRTTREH
SH—3F , BEEEATZA, BHFRASE
BT TRAFHN—HTF. RAEAENESDES
FEET , TREKEBEMSRAERES , TAHE
BEFE,

ERFRIINHENBEEEHR. FE L
, BERERERTRT BANEY, FEHLZE,
[ELAMES | EHAERAREFH, B8
BT THS BER , HPZ—RGottlob
Frege , Gottlob Frege 2—{dmsA , B F 7T
HLENTRE RS E B ERENER b, i
EHBLEL , BIE MMAE B ERNHRE , Hbfh
HERAT [ ERAZER IHE&, 1903F, ¥
B_MIEEHRNE &, BRBRMALT RBHHE
WAL T Frege , ZEFregefi8 “MEEHAER
G

[ —{dBLKFOREAELERERS ATRY
B15 | A ALMES TR SRR, AELE
HEAHRERE , AR LB R AN —HF MR
Toil

Frege A E# 2% LR RHAK , AREK

BRETNAEL T HE CHeER , ENBEEEEE
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AR, R4 ARSI RS, MBAIBLELIER 52
21F8 , 4 Bty BEERI5E HERNE,



Cantor &7 —EXZIERELCHHUELEN
MEER, fli—F Rt BB MR EaisHE , S
RIERHEAO I 7 %6 , ME T K% 88 & ESR
s fls Rk EAE G,

RESRIA fh 72 S22 H 5 OB BE T 4% , M3
BB WG BARE O i L BLEE B — , 3 B R(E BEMEE
BEW L e, REAREKLHERS, &
e B h R A , (BBELIRRIBS 7 i,

(1)EF#E 2 ( The Principle of Induction)
EALUARAT : [R—MER1BE, MR
BEHRBE, I¥» +1 RE, BBEECHITELE
BHERE |
REEMNEE FRLEE , SRR T H2BHNE
B, -EEEEBHREE, RE, IFH1 R
—H—HHEE n , ALEE ST EE B B
[RE (Principle) ? :ERARE HHEEREH —
ER B, RFAREFCERHTE n $RIE
AT AB A E—ERE , Bt EE R,

(2)Zermelo #E N ( Zermelos axiom of
Choice)
i #E%) , ZermelofBHHFLBEBHABRER -S4
E&h R H—on R TBEMET R Zo B ANFERT
H 2 AM E SR A0 R 4855 BB Ha~TE
HF 55— BB, [M#E | Ho—4$Ri, s
By (48 | %A R REE, RSN RS
HARB, (HRBRMENEED, FIF LIEACRMLH
Hi, AERFRIEAZEEARA T, B EHME
SEEARN EXFORR R |
[EEARK | &S BE-BETHERAFENES
S AR , BIfFfE— 44 R , HouRe# Sih&I
— M %o

[ 784872 | (Disjoint Y& , BiIFWARAT
RHEE, RES S HIEEWAERREAT AL, S:
& HE L AR RAD A SE SR AR, AP BRI M BEEREI—
£AR, AL KOS PR SR -ARBENS, R
] LB & AR o i B A RS, HE
B HEE o K , BE N R RSN
T TR, REXESKNTREEREMHE
R, FRERTEHEMET, EFKE, BeE—
BiF, HhGEESBELYHT , RRE—HEE
SR, SR S8 FHK?
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BITTLIEES  HRESEHE T EHS: gt
/BRI — &, HRREEHGNH R e s
WRLLET, EHWHZT , 518 — Eieg®
B REFER T EBTHERR T L L, T
BAE R S LT8R Mk sk —EEA R,

B AT ARG B L I , (AR 3R ESHE o B
R —E SR A B f7 72 5 LAt 13 FA B0 e A
» MMEH X T | GIFEch, B7RE S
A&

FERTEM 1937 &£ IR [ & K& | (Prin-
ciples of Mathematics ) HJ/F 3R :

BB ANMEREARRERAN, RABES
Mg —EEEARBEMNIR , RETTESHE
AR SERE AR RSN , ARMEART
B ( BB AL AE ) B ERM R @R T EE
o BMURNHHEARMEE M, EH i LE M
JHIRT —EL%, BN THE , S
EREAENINE 4 Leh R,

Poincare RIEBRERMBEEK , th—5HA5E
S e 158 BB A E R B K BRI B, Poinca-
r'e MERBANEER , hREFHRARLA H#
HWES , SCHADE ( MMRHFS LR ) R HERD
Fho flify A% [ BHEE 5 | (Science & Me-
thod #8748 BB MEAOHERTR , BUERHS Leal Rk @&
4L g HHAY Ao LAY Nelson fiffff 5— FRE R
FREREN ~ RFHF,

RAEHEN L — THEL2IRK L AR
VTR, EMMZEIR , Bl Frege ~ Russel £, %
MR [ #iEFX#IK | (School of Logisticism),
HAIBEMIK . [ERFHEIK | (School of In-

tuitionism )88 [ E#%IK | ( School of For-
malism ) o

5 ¥ #5535 0% Kronecker (1823 ~ 1891 )
, MHEXRE BB R [ EAREAL | A R TTAIE
B , Kronecker % /71§ — G 2K B L REERT
TR , 38 LI 18 8 6 4 flu7e MMk —(E&r 3% EATaR
) — 403 & 1VEE S 2138 © [Die ganzen Zahlen
hat der Liebe Gott gemacht, alles andere ist
Menschenwerk | o( ERFAIE T 88 , BHIIIE
RARHIIIE)

4 H #55E ESEe5 R R3R AY 217



% Brouwer o BE% FFXE MR ZATFE T
g 2t 1 ( Self-Sufficiency ), — i RETKIEH
EHEE R iR, BAEARSH [ ER J(int-
tion )i%K , i& & #i4 FEE ( Kant) MR E 58 (
R ER ), HENRERTIZRBBEAEES
ET—RINOETED , BB —EH, REF—HE
, BR—E%%, UEEHFRE ATLER [ ZEXK
F#4l | ( fundamental series ) , HhfR3E L4
FE 2 E REE S,

& — B AN 75 S B0 GE I AERR , BB Z AT
FERMAY, WEAIEES, TERRTHEM L
fZc ik , (AERLR FFRE e L e, MM
EEEEGRGHEEEE LEET AT , /i
JEA M B L BN TR o 53 St T BE A MR
AR AR BEE SRS PR,

ERTE, HEEIRER , SBEANESEZ
—REREZRER SR, RAS SNz
HEeSEGRAIE, PHGEPRR , HRMENK
WEMRS P , BaaER , EEBE, AFESH®
2

(B1)! =P
BHEERETENHEPRIERZNET , BHE
HYHEe —&  EARRXEHERE , EEUEHE
BRBREHCF)G , ML EHEEA T, FEBFE
H i IR SR B IRAR RE £ 45 , I El RTkED
H# ( PRRGENRMERP ) ILEHSIE, A
ARG B EN B W RE M,

B I HRETEZE-HEY, MMz —@
JRHE . (AR T A AR E R SR , BiE X
NEHPE(P )Y =P ), RILERELHZRE
#55 Brouwer 2IRFT A% , (86 SHHE S M
MM S EERER, MRS AEEtE
Fk@ s ifa , —RmE , & A LIEEEIE
e ch g,

— B BB , & RYFhEFT NN AR ,
CEBET EEANAR , LR ME-EE S
1k 7N EE 21 2 B IR a B R F ¢

—ENEZEWT : [ VRHROSN<1H—
B8, BN , BB NEE S 0 rHF
, Gn B3O, (BRMRE n Z/NFFBIBEEE n (785
BEEEET71,~7777777~chijsg—
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7 , LR a. Bl |

BN LUHEEE © BREATHERAREN= &,
ARBAEE LS 7 K8 /R ISR & A8
MEET7 | FE, ALBETEZHN=F , t
NEREN =T, & B 58 FHE B P — @ 1
BEEBEEN,

ERFHEEREESAFATRBENRE,
B R BREGEANHENERAT ®, HRAFHEX
BREMS , FHRENESSRAZHED, E@E
WA EwEVEE , BB Hilbert S 758
SRR E AR o

BT b8 — AR R ER , BEEK
BEEEM, ARE—EBRMERZ , ETERUE
i, RAE T L8 A A B0 = I AR 51
B, DRl AR HEAREY , g —
HEFEOREE , IR , HE AR E HNEEE
NEEFIE | FAMBERE — A 2 a% 378 R 22
FBRAET B, BUISZ , BEBMFTROZTE LR

TE B BARAVR , BFE—EAR KRG —R

NEEMMEL Eevd , Bh S IS EARERS ,
A —AE=HNRFE , ERARKRMFTEHER
E[:0E

MINEZ , RMELEER: AR VAL
» MEK HIMEAEE HHE, & RRSEKES
FRENEEE B, EXU—MARBAFE,
EENREBZHNEE, $HIEZ -BRER—F
WREMERARINMERR, &Sl RAS
ZHETIE , #BJEE L HAR AR AR BRI F IS, 8
BR—EMEE RS RER AR [#4 (Model
) o {H 2 ZEF YAE e BB AU (4 B e A
) s RRFEEENS . MESNEN SEuI TS
2, BRI LR TR R | AR R ®
ST N BE s R AT A B R

RTHEFHEL N , Hilbert Y1 AR
BREE T i A Esk, B TATHE [k #e
1 ( Metamath-ematics ), S5 — AR
BHEY , BUARSIHR THENE B, EMAHE
g h RS L BOIM 5 5 R AT THY , BEHRM
HeaE B ] R F D AEH 3 640 R A0 T [y
TR EEA , HUIL B2 Rt B F B
#8 R0



IS s A 2R R, [ HBE #E | (Consis-
tency ) R B ER BE 5B, Al , AREKE
A ARRGEMGET BEBEEN, T8
& o i R B s M 2 R A R AR Hil -
bert HY4EEEHBIR A T1T H 7 Goedel HyBFZEIM
FEARTEE, Goedel HIRSEFMMN 19314 , A
BAMBRUEEMEENRK~EEEETHE
W R AMRETEAR~Z' 1 , M — 5T
W ( RAR) THEEVUEE , BTEZHRTE,

BAAEEET EASHREARFBELRE
_PIRA R , EESRZ ERLE , BARKER

TP Al 0 B 2 30 % A SRS B BT S L. %I
2 A @ A REHET ENHE . SR
UBE —F 8 B s AGerie e 56 o e fta 1M
& b, B0 LUEER , oeum st g i
SRS A R A BB OR SR R B, I
L T S50 i D SR 1 A R T R

[ A HiE APE &2 : The Gorerol Art of Ma-

thematics ]

+ 4R, MEEBH@ENE |
A $% 2 B K4, AR
# ~ ¥4 5 (latlice theory
) ~ B AR AE AR (in-
formation theory), ;#4&{
RE SR HEK ADSEEE
> [ AERAE ]G EFhRR
RNEERY , 8 HEEE R
3 AR5 e o
M s~ AL
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B
OXn1 BYit5}

AESF

HEH R, BERABRED R, BT E, EAXMAHREOE S REL . B2, ERME
B R ETHREE , ARBREBW, ERGEABWEKS , BEETEM, ERYWERE B
WA, TEE B e, EXN LMK 4 WilST, EEAEEKES , $SRYETEE
HEH B “4E , FREEIEHENSE, EMaRERAENRE, 8/ RE—AYGNHEEZ
—, WibA R & WS4 Bt , mERBIERIRE , FEE BY , EE2EY, MAS
HEENEEER,

— B “# §REATERE , BRE—EE ( EhEAREREAE) , RERLA N—EFHAREE
, AR H” BEREME, MERANEEENRESARFRARE , AR, KSHFAH , UARRMWE
fEFTeE ANy , FILBb A EEM R LRSS, R B SRECMEAT, MERMARE [+ E
%, B Et+E— KR, BRAEI0, 1,2, -, 9| E+EFHEFRLS, MERTHEWE, 4
m="t+=’ EEH, BK 372, BRHE 300 + 70 + 2 = 3.X 10*+ 7 X 1o'+ 2 Y
WM. EEE, REEWR , MEFHEs , 7, HNERRRENCEBM > 6, REMLILE . [
B, BFETLIEE—EE A 2 KRR THHR :

Z2=a, X 10"+ @4 X 10"=} +...4a; X 10 + 4,
Ha, 10,1, -, a0 HREOE IETEEE, RNE 2 TLUHMRKHG, domr - 4 xER, BM
AP EESRBG, , a1, -, 0, BR2E@EF 10 BFERORE, FL LT 3728 @EHRH :

10 ) 372 8H
10) 87 - 2
16) B« e 7
Q ¢ 3

RS BEBBWEE £, AERA HEE , —BBE DTRE , BRY +" EREH, XLk
RVER , REEMAR 1 A8, HTLBAREFES, NRRMBE « EFEELK, ANRM “+ &
E B, E—EERE 2 , AREBATLRK :

Z2=0bm X X™ 4 bm—1, X ™1 4+.e4 b1 X x + b,
MR, EEW b, , b, , bn B 2 B x RITERIVRE, AT b , b1, , buBE HEERO 2
*—1Ex EEET, AREEEA—EUTRE, ik, RMEHK 372, EFHRTRIX 8%+ 7X 8
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+ 2EMEY, ETANPXFRRER, 3 7 REZESRHRE, BHE3 X 10* + vx 10+ 2 2

K572 4 MHARSBTANER, (ER, SLABSLARARTS NE , T/ RERN L5 )R
3727, =3 X 8 +. 7 X-8 + 2 = 250+

R L= 8 % 8"+ 6 X B + 4 = Bod,

g ) ‘Bra BRI
8 ) 46 -4
8 )_5 e B
0O e 5

e ERERBHRE , D T REBES R, EJEQSC%/J\RJ%& Ao ML EEP EREO

B1EZEEE , B DUEHTA W, B AEZEFRESRETR , EMRMAE RE_EERES, 0
BERIEERGERET ¢

s +| o 1 F’E - |0 1
(0] [0} i) (o} On 0
a4 1 10 ik (6]

1
I BRI s, IR , N W MR E B —RAER S M :
354 = 100011— [

10+ = 1010~
B 2

g ) 35 )10 8K
2 )17 1 2)5 =0
2 )8 -1 20 )2 el
2 )4 0 2 )11 0
2 )2 0 ol |
2 )*1 we O
) (o} T §
354 + 104 = 100011- + 1010-—
= 101101- = 454
100011
ok 1010
101101

854 X 104 = 100011.'% ‘10102
’ = Y01011110 = B350,
100011
X 1010
1000110
1000110
101011110 - 5 .
B EErET , RMATLIEH, Eh 0581 SE A ATHE TR O HE B , ORI DATE INEs AN SR A HY
T, ERsEEnERm BN, hIEE , GHEitiak K BER , KABH ( Gottfried Wilhem
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Leibniz 1646 ~ 1716 ) BB B ., IRBMFET—% , 1 HOEBE_ERY , FERABRRON®
@A a7 4 TR B R 4R REREREMNES, NS TEEE, X AEARE
FEEEREEE , BT EESRNAR%, Laplace B3R : [7Efh ( KAL) W_ T EME , ¥AEK
EBITFEHARWES , RBLIARELW, OREME, FHRERAETEY , ENEMWEEER+B
s LF10BERTH HHIB—ER, J _

ENEFR PSS —EAER EREBWEBHES , RTRBHHEN S AEHNREE , KENBRG
E ( Gorge Boole 1813 ~ 1864) BT iLaiAEE , EESRM , RAEE LHEE , KEE—MEH
HHIRE, UELE— BETFHMAEAH ( Boolean Algebra ), IFLFRT 74 MEBE &4 .
1 tdempotent Laws ( %) '

@ PVP=P by PAP=P
2. Commutative Laws ( 32#24)
@ PVQ=QVP ® PAQ=QAP

3.Associative Laws (&4 )

(@ (PVQ)VR=PV{QVR)

® (PAQ)AR=PA(QAR)

4 Distributive Laws (5f#)

@ PV(QAR)=(PVQ)a (PVR)
® PA(QVR)=(PAQ)V (PAR)
5. Identity Laws (Afze)

@ PVF=P ® PAT=P

) PVT=T d PAF=F
6. Complement Laws ( &)

@ PV(~P)=T b PA(~P)=F
© ~(~P)=P @ ~T=F,~F=T

7.Demorgan’s Laws (#EE#)

@ ~(PVQ)=(~P)A(~Q) () ~(PAQ)=(~P)V(~Q)
WMREFLL Y17 RFEARE, 0" REARB, ML “.» & 4" , “+ T V' |, m@iEisn
MERE, RATMUEZE T ERR

+1 o il . lo 1
of|o T ol|o 0
1| [l 1 il o 1

AREAE—-HIHES, HRERe, b, ce {0, 1} WR:
1 Idempotent Laws

@ aea+a=a b a@-a=a
2. Commutative Laws
@ a+b=>b+a b a@a-b=0b.a

3. Associative Laws

@ (a+bdb)+c=a+(b+c)
(b)(a.b).c:a.(b.c)

4. Distributive Laws

@ e+ (b.c)=(a+d).(b+c)
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b a@a-(b+c)=a-.b+a.c

5. Identity Laws '

@ ae+0=a b)) @ so=0

€ a+1=1 @ a-1=a

6. Complement Laws : #{fEfMeec {0, 1} ,FEI € {0,1}, FHE

@ a+a=1 b a.a=0
fBilei="1", 1 =0

7.Demorgan’s Laws

@ (a+by=a.¥v b (a.-b)Yy=d+b

ATELEENEARE, RTIE—EALTER 07 B ‘17 EEFR, &L EEE R
A, TIRGT HiSHEmNS R, AEABSYHRARRT FE SR EE , SENAS AEREEW
EREEEEE , RETHERNE L,

ENE—HTENSK, BT BRE T bk i B %5 5 BB , TR B AT ks A8
COHR, EREETEEMORGREEGE , AN TEESHE, ECENREESEK ., Tr RETHE
6 2 p BB BH BB AR, RILE R RERUAE BAE—8 , REET 73 B ‘% (8 “1” '
0 ) EREREANEAS , AR CASHRRSSEENE, ERXENRREHR —EERF B
OB T R L A BT 48 SR Bk RO, LR ERRV S BR , TAH TR e B R 1 B
R, FERYSNEEEE , MARSE%, FEARRNEENE, E+TRnEEEEas, F
o RCRABEIIE B STR0T , 5 th ph 22 EiE T RERTT BB KD , TEERMAOM B TRER
o R 41" , ik SREBEGERKE—ME 0’ M Y17 WHR,

BEEH : fibk KR ER ZHEE  BEaE B
HHAREER ZEE ==
M ERME REE £x# 2 B =
H 2 8B % 4@ =

@ # | K E

iy (6] T Y-

_ X
X$y 2 :
< o ;
: .
X (¥+2Z) o e }
> Z ;

' 4 Y
X+(Y-2) @ ——C ;
R M TR PR AT




“g” (group)

MRBEIR e

PR ‘B (groﬂb)E’Dlﬁl%Eﬁ ( Isomorphism Theorem)

B RRAA-BEEENRER, BEHERBEFRERANES , EERA LUERER , KRA%
‘B’ (ring) B2 ( field ) HUEEE,

SR, RFAMERLY , Rk BRI SO R I LU , S TR SR A A ooty = (6 BB eI Mz
#H, B& L, HERER NEEHSTLEHG, %ﬁEﬂﬁﬁ%ﬁﬁA$%ﬁ&%§&ﬁE% WME
e EthIEE Z .

B, DESATHLEENRN “&F’

(1)[FE ( homomorphism ) :

BMG , 'R @, EFEEX-HKS : Gﬁwﬁﬁ%G¢EEWﬁm§a, >
f Cab) = f(a)f(bd)
Rl f BRAEGRE Gy IHIRE,

@G~G’

F(ppTilie f R—BREEE , AIGE G’ Mz FBNEHG ~G/ %R,

(3)[Fl#& (isomorphism) :

H@PFlZ fXB—-1—1 &, Rl f8ER GEL G’ ty—FI#E , T G 52 G Rk 4RI G =G/
£ o
(@)1 ( kernel ) :
L) h G’ By BT TR e 75 G BAYZ2 @I (inverse image ) 5L /238 4 R RBHR AL i
o
5, BAA T EREEENTEHSSR
O [AfgH#E A EE ( Fundamental Homomorphism Th.)
BEGC~G', ERKEIRER ,#*KkG/E = G’
Kz 2 ek Rt — e B A
QFIEREHIM ( direct image ) S4YF ( inverse image) B4R : :
RC~G' HfFRHEBBKERE , I Gt 78 ( IE# F#E normal subgroup )72G h ffth
RG'REFH( ERTH) o Rz, Chmre (ERATHE) NE28F0RGHTR (TFTET
B)o

TEPTREEE , K&IERH T FRREE BH (quotient group ) HIFIIERNMG , EFFEM “S—AKEE
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#

[ BIRG~G',HH' BG' WIEHRTH,EHRH ECHHER2BIR, BKG/H ~ G//H
T . mEEH , HWVARGHHESRFH , RRG~G', MAG’ ~G'/H'( thiB—B AFE
natural onto mapping ), '
AT L G ~ G'/|H
8, G'/H'MEBEN TRH EC v T2BIRREH AL , ABRFE , H £Gh HNR2ER
RH, WtRGHG'/H' HRAREHER H, HRABEAREHE
G/H ~ G'/H'

EERHH REANEAFH , MERGRLEGCHHNTR QR ARME. BT EEEZE , RE
S ERMEHEZ TEHNNE © 8 *cEKRHARCAGC FHERFHE , MERGRELE G a7
BRAR , 36 B L — R EERE MAR . SREEEN, T8 , RMATLUE BN R EMZM F
PR iR %, i.e. G/H ~ GJH'

RMG~G', ERKFARH CHTFHHEGC' HERH, KZEH G hiE2 KR, MRMRAEES
B HREKRESRH, REEME LR EBRENRE TN T EBERERKRBRET T, ¥4, 1
RIGTTK =H , EEHA KL, NEK =HE ZFAERRTELENDBRAS, RBHEWBEH'

7 HE € K BELTRIT IR PP PP festseseasentestantesnintantiatancas (1)

Rz, VEEKSEE h € HEG hbFHEANE, Hitr~" & RUER G BB TR (identity)

REREEE, iec RERE, ITKC HE = srecectiinsioiiniii i aseesiesieniennaee @
1), @ K = HE

it , BMLNEMREECH , HRK=H , RILEE it (3R A HAE H{E,

Bl YRZ—Zehk—(kIFER, Hhh€Z, WBRMZ~Zs, B Z.HER
{001,C21,04]1} = 2/
HRABERZ, 2T£, WRRE—REERZ/Z, =~ Z¢/Z./
BRI H A { Z. , Zo } ®RZE9—53 & ( partition ),

[ BIRKERBECHNERTH, HRGHMTH , AIHK/K =~ H/HNK
BYH: NBGC~G/K, MHEG/KhNBERH /K, L%z , QIH~H , MARBEZERH NK(H
Tl @R , TMHNK RHMESRTFHE ),
R EE A B H =~ HJ/HNK
F#% , C~G/K MRBKRK , ] HEE G hhZ 2 RER R HK T( B Ha#K Q) , THEE
»HK_EGEKﬁ%) , RERHK ~ H , iRl RBEAEE

HK|/K ~ H ~ H/HNK

A , 8 TR SR A T B I RAR , LR TN =R Ml ,
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@ YAEE, TEE (20)/(140) = Z;,
BB (20) N (7) = (140) (20) + () =(1) =2
©€20)/C€20)N(7) = (20) + (7)/(7) = Z/(7) = Z,

ANSR M HE BE 2 VOE T BRI RO MeR R , BER ‘B =ReE

[ #HIRA, BREGCHTH, A "RANESRTFH , B*"RBMESRATH ,
A*(ANB) /A*(ANB*) = B*(BNA)/B*(BNA*)
B EAM (AN B*)(BNA®) CANB , AR B*RBWIERTH , AN BR BIWT# , B
AN B* = AN BN B*
BB ANBMIESTH,
A8, BNA* = BNANA* Wk BA N BAIEH F&#,
Hik (AN B*) (BN A*) EIZ AN BMIEHRTH:,
BERFNENRELH
A*(ANB)/A*(ANB*)~ ANB/(ANB*)( BNA*)
HA* B AMIER T ,  A* (AN B) ¥,
s, TSHRE a*x —x ((ANB*) (BNA®)), &
A*(ANB) £ ANB/(ANB*)(BNA*®)
FOBREK (Rl 8, £ Fa iy T :
1% #alxi = a2 x4
Al Ca%)"'al = x:2." € A"N(ANB) S A*NB
C (ANB*) (BNA*) ’
i.e. x2x1”' € (ANB*)(BNA"Y)
%2 € x2:(ANB*)(BNA*)
i.e. 21(ANB*)(BNA") =x.(ANB*)(BNA")
2° EREHE AR (EHH ).
3° (afx1)(a% x2) = al @} x1x2: = (af a3 )x1x2
BiLl, & A*(ANB) ~ ANB/(ANB*)(BNA*)
BE ,ERa*"xEANB/ (ANB*))( BN A®) b AR
e’ (e’BANB/ (AN B*)( BNA* ) hHEAITLR
ie. a*s —e¢ (EELe BE(ANB*)(BNA*) '

AR, xr€ (ANB*)(BNA*)
P4 a*s € A*[( BNA*)(ANB*)] = A*(ANB*)
HRH ANB* € (ANB*) (BNA*)

HiEEA*C AN B* ) MER TREANB/ (ANB*)(BNA™) iy &L 2
e’/[=(ANB*)(BNA*)] T
B —-FEFBHT A*(ANB*))R A*(AN B)WIER T# , — HE R HEEAE B
XEAT A*(ANB) |A*(ANB*)~ ANB/(ANB*)(BN A*)
2, & A, A* 5588 B, B*,
BT EH B*( BNA) /B*(BNA*) =~ ANB/(ANB*)( BN A*)
FLlE EEE,
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IR T IERE HA 2 R, ERETANE HTRABEE BE E=REEs E’D—-—@i‘ﬁ?ﬁl‘. AR
RERgENB* BEREl [ S TRBRGOEHE |, B EBCS ARG , B ReTH7 BN gk

HiA,
ESEEHE, CPHAENE, BEEER— E MAE M “FAGEs e REHEE

RBRELDARNE | #R LEFN RN FH8 Bt ‘B W5, HEEQREY (veetor

spece ),
HEEEEMAAER (algebraic system )E , “[F#EMKR’ WilmER B EEWHRE, SM8EM, #Zm

RBREESRT ¥ , KRB PHHEMETE (ideal subring ), TR product ) B KT B (sum )FE
o, Bty (RIMERY MREER 1B 4,

9600 0005 %00

BT R A CEE B R O 1 LUR B
BE, RRKEABFAFRES , BHLRMLK 0
MIE ZHKe

0000000606 KETHABK? ¢000000000
609 XX
oo , ) *o
9 BEZTLUTHABK, BT AROERA, ¢
$ BomEEEOREEERE; EEERG, - 3
¢ RARTHREA, TAARHS: ARELHA ¢
S WA, WKL, ERTERRTERRESWET,  §
¢ EBHRERZ-RENAGRBSET, Qi, 9
$ mExmen, s TEkEE @ OTEEE  §
¢ B REPAEM. ¢
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Introduct to

M-injective modules

ERRFR, R is

an associative ring with identity and all R- modules

are unitary (i.e. unital ).

R-moduies ZAiE :

unital :

R- hom Z#/#g :

If R is any ring, not necessarily containing an identity
element, and if ( M, + ) is an additive abelian group

then. Mg. is a right R-module in case there exists a

mapping (x,7) —mx7, xEM, r ER of MXR into M

satisfing the following conditions :

@ ety xr+ yr

@xCr+s) = zrtxs (Vx,y EM, r,s ER)

@ xlrs) = .(xr)s

a left R-module M is defined symmetrically.

If M is aright and left R-module, then M is a R-mo-

dule.

Mg is a unital module in cas¢ R contains an identity

element 1, and x1=2 VzeEM.

A mapping f : Mg— N is called R-homomorphism  from

Mr into Ng, if
@ f(my+msz) = fCm)+ flmz) Vmim.eM
@f(rm) =rf(m) VyeR, VYmem
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M B &

Definition 1 : A right R-module Qg is injective & V R-monomorphism
S from a right R-module A into a right R -module B
and V R-homomorphism g from A into Q. Han R-ho-
momorphism % from B into @, S ho f =g.

P
e W WD

A

mono
g} %
N

KM Ar 55 Br Z— submodule ( 5 Az is iso to a submodule f(A)R of
Br ) FiLl—fEright R-module Qz Z&ER injective M & F& W L) extend R-ho-
momorphism & : B—Q HMEAENR, (EELENAHARE—E right R-module
Br % Br HYf=—1# submodule Az, fE—fE R - homomorphism g from A into @ &
7 BEB LSR5l — @ R - homomorphism % from B into Q ) A% &z, hEd R ZHM
MK Q r A5 ik EA RE TR &,
R R, B eI 20T B R E
()% Br B AR ER (A2 ) HIF Br ZE—1{Esubmodule BRE @, 1) homo-
morphism 0] #IEIRE] Br o
i: Br R completely reducibleis , HI{E —{# submodule Az of Bris a direct
summand of B (i.e. d a submodule Cr of Br D Br=Az@PCr )
H# V f: Az — Qr, f : Br — Qr defined by f(a+c) = f(a)
VacA & ceCHIfERHER,
i&# . complete reducible :
Br is complete reducible if Br is an R-direct sum of R submo-
dules Bk, i.e. Br= Bz @ BP P B2 = Bb is irreducible V
B =ulis 2% 55 i
QE Qr BA FLFERE (HL? ) AR 58 (% 2 ) B9Br ZE—1H submodule
Ar BRZE Qr #yhomomorphism &1 #55E /%] By .
il . E Qr R injective B Ar — Q- HJ homomorphism T LI 4E #5%] Bz — Q r |,
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HASTHERERGS Mr B —@ fixed right R-module.

Definition 2 : A right R-module Qz is M-injective € for each R-sub-
module N of M every homomorphism from N into @ can

be extended to a homomorphism from M into Q.

Ne— - M

hoi =&

La)

To characterize the M-injectivety:

Definition 3 :Let Br be a R-submodule of a right R-module A,
Then is an M-extension of B & 4 an R - homomorp-

hism ¢ from M into ASA= B+ ¢o( M) .
BMMEELEEE NS, TELS— BSENRRERARNEHE

Proposition :The following statements are equivalent ;

(1)Qr is M-injective.

(If Ar is an M-extension of By then any homomorp-
hism from B into Qr can be .extended to a homomor phism
form Ap into Q.

" (3)For any M-extension Ag of Qg is a direct summand of Ag.,

proof ;.. (1 =. .2

Let Ar be an M-extension of Bg, then -  an R-homo -

morphism ¢ : M— A > A=B+o(M).

Let &£ Br — Qr be an R-homomorphism, then go ¢ is

an R-homomorphism from ¢~ '(B)r into Qr, where ¢!

(B)r is a submodule of Mz
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Qr is M- injective, H an R-homomorphism % ; M
—-.QB—hIq,_‘(B; = g°%°0
A=B+ ¢ (M)
VecA, dbeB, mEM > a=b+¢(m)
deflned f i A=»Q by f(a) = &(b)+h(m)
(i) f is welled-defined
for if a=b+¢(m) =0, then —b=¢p(m)EB
5 me o '( B)
hence h(m)=8Cp(m)) =g(—=b) =—g(b)
‘therefore h(m)+g(b)=r(a)=0
(ii) f is an R -homomorphism
if ana: EA=B+ o(M)
4 b,, b2 €B mi, m; EM >
a, =bi+ o(my)
a: = bzt o(mz)
ay +az = by +bat+o(mi)+ p(mz)
bit+bz: +o(mitmz)
flart &)= F(bi+ba+ o(mi)+o(m2))
=f(bitb:t+o(mi+mz))
=g(b1+b2)+h(mitms)
=g(b1)+8Cb2)+h(mi)+h(m2)
=(gb1)+r(m1)I+[&Cb2)+ h(m2)]
= f(a1)+ f(az)
fCeca) =f(Ccbt+co(m)) = F(cbtop(cem))
=gCcb)+h(em) = cg(b)+ch(m)
=c(g(b)+h(m)] = cf(a)

Il

Gii) [l =
if a€BCA, f(a) = &(b)
f is an extension of g.
@ = 6
Let A be an M-extension of Qz.
Then the identity mapping o : @z — Qg canbe exten-
ded to a homomorphism from A into @ ( by 2))
A = Q Dker ¢ '
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® > W
Let N be a submodule of Mz, & be an R-homomorp-

X M
hism from N into Qr let D= Q

, Where H =

{Cg(n),—n)|neEN} .
Define : ¢ =Qr — Dr by ¢(g) = (¢, 0) +H and
¢=Mr — Dr by ¢(m = (0, m) +H

Then ¢ ¢ are R-homomorphism =-¢cg = ¢|y and ¢(Q)
+¢(M)=D.. So D is an M-extension of ¢-(Q‘) s
which is isomorphic to @, by (8) ¢(®Q)is a direct sum-
mand of D. Set p be the projective mopping from D
into Q. Then po ¢y =1I¢ (where Io is the identity map-
ping on @ ), and f=po ¢ is an R -homomorphism from

M into Q. = fly=g, .. Qr is M- injective.

HLl EFT &4IM-injectivety H& M -extension H1R% FIMERR , & R MEERHL
RIE B T BE S — S R 15 LA BB SR 0 Tk o

.

Descartes # : A%H O 884 Bk A58 2220 ~ e MAE B) Sl 2
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e i

EEUJEEJT;TiIT%ﬁﬁa‘ RKE

| ERRAE, EHE Lim f“*”i‘f“) A 8 S TS, R

EEf(x) EE—B a5, Al S b fEa #58E ; B f £ o B , N—ERE [T a
A5 AXHENERE—HAFRE SEMEEAMTE NBER M E S &8 B e
REERBPHNE-HEEE , AF-HETTHS , LA EHNEVERMESRN SR, R
TREERL Lo

B EHMERE T H=(E = :

D f(x) = lx| @ f(x) = vTx]
A% 453—

®fu)={x , Ex>0 EE@@&%EEWE%&*%@—%@@,
Lat, E2<0 LEBRT 0 BLIABT 85, HEKmBES
n% ALIEHE (2, f(xDE(—¢ , 0)K(O
,» &) e >O0MIBHE BTN , BaFER, &
FHE (2, f(x)) B9 BB , BR(—
, 0 )BEHB (0, ¢ ) , EiH 0 BREHNE
HRKE TRANEL, UER fEE(—¢ ,
> X e ) HVIEE BAE B RS

T\




SHLBENHR, RLEMEI—ERS, ERH /L REE, AT TRHIE , ffEa R
BETERORERE, FTEERIZR, RMFREAXFTERNEH :

® 1
fx) = 2 So

<10" x> xE€ER, <y> FnyIEEHEE

HUE R,

e REH = EE Bh , £ RE 0 BRI S , 2 B S A B I R
EMZIR A , ERIFFHHSN, ERIRISE2 A EMES , RMATLEAS S BERS—
WERRERY , TREZMERNEANR S, MEKEZ ML ERFES—/ DB FIE B
» BTLAZI R RRTURAER , 3 MBS+ REREZMN, KRMBE L, KMAATLE
HERN—ERYRFEN, (RO1)p.422 ~ 423)

B f MEY RN ER, T UE X e MR AFTREN , RULR MR BET &

1
AR CHELE B S — < 10°5>TE, EH— M 53 <10%> PR

2 (o)
B —EEE, B Sa(x) = 7oz <10%2> , B GO TRK Ax) = 3 fula)e R4

gu(x) = 3 FuCxd, Itk n BAHARE , gn (o) MMAHIBE /(£)oLIFRA =1, 2
» 3, 4,5, 6 5F , xEEO s 1/2]9/‘“@%, ﬁTf’F@jﬂE&{Hb{Z"ﬁ%lO" Ki@lﬂ,

(B3 DR EIRA B R — A BIEE SHRE,

MHn=1 £1(x) = fi(=x) =%<2x>

s
4_

M-

-
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@n=2 g1(x) = f1(2) + fa(2) = 3 <25>+ 1<4x>

-

®n=3




@Wn=4 g&(x) = Agx Fe(x)

G
il
Af,
%AUQ
TJax = 75 <16K> \/\/ /\
4
Bnr=>5 g:;(x):lé:lfn(x)




TI.MQ

B)n==6 Za(x) = 1f:.(x)

<

N—

3e@)

N-
rof —

BERH

(1)Michael Spivak : Calculus. W. A. Benjamin, In C.

91



B3R Cut
RE

DM BRE BER A HBHEIRYER , VAFAEEC2ENARKREREH , MA
RBEMHATETY , FHELEES AWBLER , EDedekind Mcut KEHRMEH , MEH
EBNT 2T RR—-RIFN 5k

b, B GIBE—T cut BYER !

(& YRa B EENNES , BWE
Wa#g, a#Q
QEsEa, B—qEQhqg<p,flgEa
- (O ach B BA 2 45 E
Al a & —cut

Bl a={p|rcqQ, p*<2, 8p<0}R—cut.

4

orh

o
e

wlt--

(EB1])l%EpEa,Hgcsa, geQ, HIp<g
[B]1%rcQ,fla= {x | 1€Q, x L7 } B—cut, amBEAEH cut,BfFa=r*

. 3
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JEREVhEa, p<qllfq Baz— kR, MULTMET cut 4 LR, bk
RBRI cut 2, RE 7 < r RRAEE, ek, r Eaifi p<rHWpca, RME
2 a B/ EFo

B2 a={x]|x€Q,x<2} f—cut,ia=2"
B3 a={yl|lysQ, y<0}&-cut,ga=0"

0
o

(BE2ya=8 >pcafllpespf,Bqcsfilgea, Gdla+p,

(EBE3Ya<BELBE-HEQ, FEpeEpMpEa, AETEHREa>P
oL

AN~

P
|

e

WV

[EiE2)Fka, BRMcut, 7T RFIEr=0+q (r€EQ, pEa, qEP ) ZrFHK
HESHI TR—cut, D7 =a+ B,
B 4

=z e eq fe<2 }

B={ylyeq@, y<—3} ,0T={z
|z€Q, 2<—11}

EE3] HaRk—cut Al AIBRcut, Fa+ p=0% EHB=—a

s={-xIxea ¥}

(@)
o
W



[(EE4] @, BRZcut, a>0*, B>0* LT BFALEEMREAERT , TR
H"J%%’ ﬂ:‘:]’:pQD rea, QE,B, p=0 » 420, ﬁurJEE"“CUt,‘gEf&

T=iif
a, #H ax>0*
(zaay a8 lal={ _3° .70

[EES5] a, BRZcut, I
—~lal |8l ,Ha<0*, B>0* Ra>o0* BKO*
aﬁ={ jal | 8] ,Hago*, B<O*
af i Ea=0M g0

915 a:{xler’x<2}: ﬂ={y|yEQ,y<—3}
Rr=|Bl=—B,llr={r|rcQ,17<3}
BlaB=—|a]| |Bl=—-(aT)={z]|z2€Q, 2<—6}

(R 6] HEMNEEH p K g B
1) p* +4q* = (p+q)*
@2* ¢* = (pq)*
@pr* < q¢* > p<q .

B 6

8% + 5%'= (3+5)"

Ml 3*<5* > 35

RMEERATHAEEE cut , E—Fcut WAE, FRHEMcur 7 * HHENEEH 7 &
HHE B~ MEXFE, BEEFR , RET A BERGXFRRMAEK cut HA,
BEBAFRE SR BB cut 7 * BEEERE 7 , ER r* R FrAAKRGORE B MHERL M

B(HEBEIRAFE) , BN EREEREZHRN,
[EBR]] Fa, R -cut, Ha<B , HlIEE—EHH cut »*, Da<lr*<B

 BY fa<p,B TpeqQ,dDrEP, pea,Er>p,0a<r*<B
rep,Brer®, r*<p, v per* ,Hpea, ’
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a< r*
[ERBS]HEMcut a, pea & p*<a
P*
p

{ )
w: < — 7

HEBcut REBMMEEK cut IRMAREFEN(MBREEE) , AR MN cut BH
EE, ASAREBANERBRG—ETR ER7 , S5 TR, R ARKEHE—
AEHEE; EE8 , IERE—EEBaRES : p<aMFIAFEE pFTRNES

e a={z|xr€Q,2<v2}={z2zl2z€Q, 2*<2,8, x2<0}

(2 0] RAFBBERNMES , &5
() — EBRE Ak , 8 B,
(R E TREEFEARNAEBH,
QAR BERREES ,
@Wkacs A, BEBEeB , Hlal B,
AN — —EER T, EENETacA, a<T , HEMBEB, T<h,

A r B

i S ' e

EreA, AT ZATERKY , F 7€ BAITZ Bhak/Ne , MR (DFF U ED
H—BRIL, MR QBT LA GRRR L, 7HFERRHRAESEER FBANEREH
R, HhSt, B —MEcut F — @R/ ER , BANLEVSEER— cut BELRDER, L2
mih, REEH9 , ¥ RRBT2EEH,

(E#S ) REREBTRGLES , HH—By , WANF G2 €E, 2 <y, BIE LA
ER, Ty B~ ER

(E&ES )EEFLER, REWR :
)y REH—ER @&+ <yRlx TRENER , Ay RENR/N LR , AE
AEETREEAT R
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By E={xlx=1n,n=1,2,3,-}AlEAER, A1 BEKNER, 0
BRHSKATHR,M1IEE, 0 EE,

[ EEI0] REBEHx >0, EE-BHr >0 , FE—-——HEEHy >0 ,ERy" =
x,yffﬂm«"/_x—iﬁ x‘/",,

B, ZMAAAcut EETEHNT 2, REEAY, h—BERACEREERE
&, A AEEE2ENAR, MUHENEREY , XEHN T2,

Walter Rudin : Principles of Mathematical Analysis.
Errett Bishop : Foundations of constructive Analysis.

Michael Gemignani : Introduction to real analysis.

EE R I

Robert. G. Bartle : The elements of real analysis.

R GRER S R B 52T M R SERE BT & T (Archilles) R R g, H.
HERERNRE , HEBEER , HHEAR, REMNTHHELELE—
R, BEMEEENERE T, RHEE? HER  KNTHHASEL
PRAOZESNRAc T A1 , BB A £ A 81 -R , F3ME SR A,
K, SREEABT—B2Z2-RNWA BT , FAMTHHEEARE,SE
REEA—RBAIZ—REA BT, MEEET X , & ME S8
S SR R T S , (BT 9T A AERE T LR , & MR R E)E
E3E =2

00 000 600 500900 900 300 200 200 400 400 600 600000 ﬁﬁd\m 040 960800 400 000 960 906 205 960 600 400 904 306 060

96



rd -
=

<o BEZEH
§1 mEAHEEE s

—EEE S =R? — R? EWR :
fCaz + b3 )=af(D)+bf()  Va,bER, 7,5 € R ()
BRFEEN—ME @RS |, RETURSSWEHAN ,
Ff:R*— R RIBEMRNNAEGGR [FEAETH 611, 12, 621, az2 {5
S(x,9) =(a11x+ @129, G212 1 @229)  cecveiiriiiiiniiiinin, ceeee )
HER (2,y) ER* BRI ] Jo -

(] #2E&hBERARIM BIH , K Bartle : The Elements of Real Analysis
p.155. ’ '

@QRUTER

e arl alz x ------------------------
f(x,9) = .(““ a“.) <y) @

o (OO RS zaMENERT , BB/, ABSG) = (A 3

az1 azz
[ &R S £ R
f@ =% b SR i -5 ®
BRELZGERS D C 7.7 RAAK (inner product) ], 1 K8 IE3Z kR HEBREG
Fif3e @ ( direct image ) HEEH KBRS,
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F A iGtkm 6t R MM, sh2 [IeW | B[ gs | , BFRERRTR, 258
cos 0 —sin @ . cos @ sin @ (1
(sin0 cosﬂ) (Sino —cosﬁ) J
BTHE, RFAES T E_E/F
)EERHEWRE r © R?— R® ZHEERTRR
cos @ — sin @
Er]_(sinﬁ cos 0
B#’ 53%7’:(0,*')
@QFEFAGERS , S : R? — R? ZHERTRR
_ cos ¢ sin @
ke 1= (sinﬂ_ ~cos. 0
B#’ Eﬂﬁsz(ﬂ,——)
BAMME (6, HRBINFEE—E LEERFD, AERe W@ (Rd—) , 0
(0,—E%m$ﬁﬁ—@”uﬁﬁy=(wn0M)xﬁmmﬂ@”(Eﬁ:)

(@) @) )
R

il

5
\%

M I W

(@ —) (@ =)

92 #HEAR

SME R E TR NS , /1, f2 BRGEAER f10f: WRESRILRS, &
Fu, fo EEEE , HI Frofy (3R , & f1, fo hIEW , A — , Bl Frofs Bgis o &
Fuofo RS, BIFio f2 7k SS0EH , M EHERE [ | MER, BRTEE 0
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REVA UM B RE , RER=0 , Bl FHAR ;

(RE] MM 0] = () Ue)e @S BINBEANRTE | (frof2)(x)= fr(fs
(£)) , HEETTLHR,

1° (6, 1) o (¢, +) =0 + ¢, +)
2° (6, 1) o (¢ ) =(0 +¢, —)
3° (6, =) o (¢, +) =00 — ¢, — )
4° (0, =) o (¢, =) =(0 — ¢, + )

PR, BREEE ARAREE , SRR S0 B EAR R A8 A & a5,
AN B s ARRER Y , BREEY , RAKREEEHETRE , CH0E , ALl
TR, TE RS BT LR

[(BI1] RBERA5° 2, ¢ RU yEREZ SN, RMABEARIAE .
go f=(180°, —)o(45° , +)= (135°, —)

Haege f REANKAR67.5° ERNHEH ( AEREBRAE— 25 3 Do

—sin a cos B sin B

cos a ’ s
[#12] *(sin pi N oy o ) ( AEROOFERAE & )
- __,cosa —sina cos(—pB) —sin(—pB)
Eﬁ_( sin @ cos a ) ( sin(— B) cos(—p)
=[(a,+)] [((=B,+)] = [(a,+)=(—B,1)]
=[(a — B),+]
_[ cos(a—B) — sin (a—3)
“\sin(a—8) ‘ cos (a—pB)

{3 H

EESMAE b, The group of symmetries of the square ( RTFTEE=)F ,
BTe, r1, r2, rs ZEWEERHEHN , AMTRZESETABTZEEHK , HHH
e g HE S , RULRELZFAKR, BA

e =(0°, +), r1=(90°,+), rz=(180°,+), rs = (270°,+)
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B=(0°,=), di=(90°,-), dv=(180°,—), dy= (270°,—)
(] &g (a, —)h, o SHBEMEANRSE,

EBMLAEL 90° R—Bf7 , T 90° EBR1, 180°TR2%, Al
e=1(0, ), r:=(, +), r:=(2 +), rs = (3, +),
h=(0, ), d=(1, ), ov=(2 -), ds =(3, )
EEEARE , NRAE SR , R A T B R DS (R AR,
[BI1] Rood,
ved: =(2,-)0(3,=)=(-1,+)=(3,+)=7s

BI2] rioh =(1,+)2(0,-)=(1, —)=d;
(B3] diors=(1,-)o(3,+)=(5, —)o(3,+)=(2,—)=v
(#14] dicdy =(1,-)o(1,=-)=(0, +)=e

HE, HREREEHZ ‘@’ , W FRZE, RMATLAERAEAEER2 , i
RAEZNBRREZ . hH+ , EE , SIEEKRKES To il : £ The group of
symmetries of the equilateral triangle = ( R/ )

e =(0,+), r, = (14D, r2a= (2,+)
: Li=(0,-), Li=(1,-), Ls=1(2,-)
HPHERZ s PHITHRKo

d :; }G/d‘
L3
] = i W
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§4 (LBUAS

4G, ={(a,+):a€Z,}U{(B,—):BEZi}, AI(G,, o) B—BF(El the
group of symmetries of the square) , 4
Dy, ={(a,+): acZ, YU{Cp%~):PEZ,%
Bl (Da, o) i— , EE L, FEFMAEZFIERHAFTBRZES
= (a,+) el bl emd -BER }
KE—H(LEARER),

ER(a,+)fiEERa, B (B, —)MERL, LEBaREH , p/RAKH, M
oS+, MIS=RUR, (HKFR={z:x€R}), (S, +)UBE [ Sygms
JIRB RV HEMEEN, RUBS—EEERH, BEZEHRELDHEZ, LM+, \TERER
o, ERMNT : (AEREH~, »)

x+y =Cx+y)

*hyt= bl L Crmmmenmis)

2 +y =(x—y)

'+ 9 = (x~y)
st 2R, WETEAAIMI S —F 8, &SR BN R ZE , 8 E g s
BREH, S EEM IAE a8 1, B TBRE DKL,

r la, BER =
Va,pes,Fat+p=B+azhBGHR: 2a,BE—-R0H
3a=BER’ J

(S, +)PEMTERRB0 , FacR, IR KR —a , Ha'ceR’ , IHRoHKB«
> A o’ BT HFE :

1 x 4+ 0" = af 5 VrrER
2 o tx =(=x), VxeER
3 o/ +o =0

L o+ =—x : VzeER
S 2 to = 3 VreRr

ERLIRFRZEH , RE2 ~ SHARAERESZNT
ER—-EHEFRNEH, b RFERE - LEARREB— ﬁﬁﬁﬁﬂ’)ﬁ%:ﬁﬂ mAE

B—&, THERFLHAELRTE (HE#EZ)

() BRALSIARETRy =7 A, AXLUTHERRy =47
Frbl=#% <2 AZ —{@i§E ( transpose ),
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i======§;\\‘

thisTg A/ T

—_—

BRATWMEER S , MG EZA
AT ERBBINEEEM 7 £ 85 1 4
AT HREE AN EEE S T B
P BH RR R A B EARR ? XEATW
FEA, BETHEEB O KD ERZKBE
R B S 2 EARRERES iR &
FET B ERERR —E—EERE (bt
Ry L& ) B3R, VAR
REETER, (HR , 7ERYEA EIFT A 2 HE i
Hi&BARE , TR EHTHES , s
R 168 31 2 R AN 83K R B , AR R
BT , BROERET , % ATEE
SNERE? Rk, BEFRZIEEERW
R, IR RR4E ( population ) i g
BREER , UEREEHEBTNE—TR
( element ) , ——EfTHAER , G Y
HAMEER , R ED — R HTR
s BETRBZREA ( Sample ) , K%
FI AEE M ERARAERS R , MRG0
it ERRBETT BRL—/INEB D 5k H#a 2
#e, FTIFT NS REEES Z EWHER
TR, Pk ERAME S B R RN — R
BA, MEXEEERSAT , bRtER,
HHIERERE AR, & s
BErsA b, HERR RERERGET, md

FZiE \

1972 4FJETa AR A E 3 BEE BB R A
o B B N BREBER=KREH
A 7R B — 2 AR Rt a1 .
JEmm #RF RIS 62 % , 61 % , &X60%
RYEE, MRS TTEEOR 8% ,
39% , 40 % RE, ERBREBWER: B
HHREEN 6L % WERE , MER ESN
39 % WEE, REEBANEFEETL S
2E, BFABERY W ARBR=TA ,
W BT HYBE TG B WILLHY it 75 |

FEER, AERESE , BE--F
RIR HIFR ), AT DAFAT AR #e ol B — L&
BAHK , BEBEANTE , B2 R (
sampling ) , REENEBRAKEHRE
TEHER] , RItChAR BRASHE ) ~ 8% , I
o MR REGES H , RAAWRREE
W EtER , PR MHuAEEE—ER
BRAEEREAR , REFHE—F , LREK
LR ? WA RIRE ? BRES DT E
SR REEE R T AR R A &G ( Sample
Survey Design ), WZEHiEREHRIVEHY
TERUOEER 38 B H s RIEE ik , sk
BRHEEGER , REREEAT , BERMEE
HIAS BR, —ARE FIROMIER HIE R T 7156

1. fiff ELKE Bk ( Smiple

random
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Sampling ) : ER—EREARNHES &
REEHE R NwREES , EN—EEER
nHIERAR ( BB ERA KR/ ( Sample size)
Rn ) , MEBAT—EKXDRn WERE
BRBGHE, EEMERTERREERE
BeAhER , EEEE LES R R/ERIER
THREL<ER” ? RTEZARE TN
R, BB ELEEABENEE , MEL
NE AR , PRItk IR 5 B BK g
B, BERITH—BH8F, fHbo~0F
—EHFHAWBEE R 1/10 /Y <&/l 8=
( tables of random number ), fER
FEBSHERHVAR R, Gl : A TG EHME
BRETEN = 280005R IREE HOMR KA EL , A
i BLFE MR B H » = 100MY B4R , FFERIt
] S8 Lok BE AN DAAR 8% ( SNE B DR
LRIBEISREE ) FIFEL BER B2 100/E571E
s RESTEH5E 100MESEHE , SEHSER 100
RIRE , 5 HEHFHE IR 28000, FH
IS H—EEEHE , 4 FEE— [ TaERE,
B REAIARA , TRARBMATAHRZE
R R/NRRE, BEERRER/D , RIBARW
1 Bt AR I B A0,

2. 573fE BE#sdh g ( Stratified Random
Sampling ) : ERME R 5 BCEENE M
ERANEE , ARTHRE—EEEHEER
AR RIS ZIER RRVHIR Tk, 2@ GIFER «
BB B A B YRR , B LUK
FEEREERDE : ABRIEROAE, F
W MEERSE, ERMNELS FhkRr
AERIREZEWEXRG Y , BHREE
KIS 7 HE — o RBR A —EREfE , R
NENEBNHE, - 5B B
RARSVE | FEAS H — B i BUEE kv B

BB kMo BoEE, A, SF2Mn
TERRME & /R I, SRR A AN En TR %
KRR, EHRORAZT, SEkE
AR W L 8 B iR 19 20 SRS e =1
» HERA = : OSBRI 26 (
data) BRAE B (H FHH8 B H 09 ZORHE B AR,
QENEE LHHE , AE&BRE, Q)%
FHEERHNER , N EENDEWEE H
Ho FEMRDLRRAR HY B A1S BURRS FeRS S [
Al , ERRBZESWERT , BWHRAS
[EFE BRI B, RAEEHER &,

3 M ED ( ratio estimation )
: ARFRETE-FSIWRAR, FHEMEE %
HE, BB BLRMEBEAT, WERMBE
HE—E A %A BB R AT R RER
i B S ( Subsidiary variable) , 4%
EEEEBEETRARE, FIHE MBS

HRIBR R ARG 2 FAR AR BIfhEHE, FI

 HMFBEMEE— AR TFEEENRE, W
REEH BH R @R T , MFTH R EIE
R, FE L EER%E, RERMEMD
WFHaEEmRE 82 Mo LREg , st
DAASERWHEREG aEE, BRE
FI AR EER , WEEMmBSK CEAE
FEEED LR , @ EEmEEE
Y FEBR (A5 ( cofficient of
) KRR YVabe , JBEfE F HEERHERE TR , 7ERA (B
FEBRARECE N E R ), 6 A
LR deens , EIRE RERRAE, S A
HELUEER
4. BE#E fhEe ( Cluster Sampling ) :

b i i 24 Bt bk T 4> R BE R , AR
A—13 71 BIE By R A HeF R SRR E
7o MRBPFKMEEETARWFLEAH

correlation
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aE, RESH—HBRTADWBEERTHE
R 2 B, R G AT DATKOR A B AL Rk B
iz ( Sampling Unit) , 2TiFT AMEMW
BEE, MEADBERES 53, Bk
KRADEERTTHRER , ERARCHETEE
s DU FE oK BEOT Fosil B B 450 RS vk BET TE 8E
SEE , EA/DEMHMENBEERCEILRE
CLREEREERR , BERFAE/NNEMRE
FRTER AR ROWBHEEERZR, A8
AT B ATCE R R , B EESE
RERERS, FELRM T LR B
& TE/NEES ( Cluster ) 1F RS AL,
DU BB S R R E R, B e—E
HEeTLs, £fRREhER, B
JR Bl 55 R 15 RS B RERE oA R 4B,
1T BT T 57 B BE B R TR SRV R /8 7ok 2
ftEEEE, BREZHBEXRSGH , TR
o BERUEMEITERANRZE, BE
B 6 F 2R BRIE (B R IR A 2 20 ABR
/INERY IR AR AE RER T it iR 2
FEErpihi 2 B 3 (AR R AL,
BERBRAME R , (HBERIVRE READ B
D mEERE, RRERKENES,
BAEFARBOER , MKERKREwERE
EHE R, B, —ERBREEHEELTHK
HmERDNR MR, E—ERERE
T, EES RS E/EE , Fh ko
~ 30 fH BRI T IE A BB AE R
BERE , BB 2 ~ 3EBRB e =
RIS H L,

5 Rififh e ( Systematic Sampling
)« MRFEFEFE - TPE—-KREABILE
Ui B THF b, BREE RNEAETL
B Ry A BUE = E R A0E , FTIRM T S

BLAT R EAK , BEESER— A , BREhE
BEi A, BELEEDL & EAB—RS,
B R AR EAR RIS | BASEAR,
EFE R AESHRSLE , B& T M
HIER , REFRREA EHRENTEE
W, BNGE7ER BREEIN B4 , TR R EE
BN B R E S SRR BRT , AT
ARG, HRHRE—REEE LM

woE—ar b <Y, mpm k= (J3(0)

RPREER 2 2R KEH ) , RRRHH

BREZHR , LBROEBEE T H0HEE,
I B7ER B RA EAESRLSER (
imformnation) , BT DIEH AR AEMHE
b iR .

6. B BE B % ( tow-stage cluster
Sampling ) : phEHE 515 E REFIEBHE
WEER , MARERESBRET/EE, §
BE B B SRRy BN, FEhE s/ NEE
HE(F fifl BRBE MR RIS R A, TR M B
HEhERERSR , REEREEENIRS
%, BRFAFEOE—BBPwTRE HE L
REEE, QBRI A/N( Cluster Size)
BHER, HEEEWSRGTE, TOARR
S BB BETS TR AR , &R
S BB B A A B Ju Ry N B R (E—
B, 61 B —p KA BN —RIE
NEENERFAER , TIRE—KRBELH
BRXREMEE, MERBRRESE , 24
R RABRKHN ZEZE2R, BMEARKDAS
B ZE & EOTR BV EEEE , X BESHE
HEPEEATRAEKNRE , EERN S
BEZ T (5 B RE SRR FT S0 AT RERR

E2RRBENER, RZ, WRER—EX
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B, AE2nEREA—& , ARgERE
L EESE A5, RFARTREERS
B, B3mvEe R EAE , WK
3 AR BN RRE, EULE
B —PEENERAEERT,

AR Bt , WistEE, RAEERVED
RA , BT EEAS , B3+ THRD
R, HELR R RFREE 4 e R
» BB —E BN AT AR, =
AEgeR2ASYENER—BF, FHit,
% &5 S B BE e o B Fl 7R T SRR
BT » A R S etk , B : B
I SRBR ST 4 R B « 8 BRI TR F
B AEASSEEREEHRT M EEE
HUASSR ; SHERRTTE ¢ MR RS Y
B, BRI ASE S EAE T, TUSE,
(R EL TR AR EE e, AREE YA
EERMEEEEY , B, BREENH
B, WEES NBLEGNER, TE—HE
WENERHET , HEMHRAER, M
HMHFHETE , RABE 1936 FLRMHE K
¥ERFLiterary Digest REEHTIE,
Literary Digest iR 8 F5MM& &t
WIIEAE, SH—TEREEEE, Kk
B _E=TEE , EREEEAEEE
HEEE HOBA , BR BRENER, 5
— (I EEABTEMEEE, MAEERY

EMESZAT ,E XE SRR R,
REL 1936 ME , BEAMR A ,
TRARRHER , RREEARLRBKRA
BRI LR, fEASE SN E, M
KR BERN , ASERY BRAKE, B
e RN , &K T s A A TR
SRR, [FRE 6 A58 ME B AR MUK IERE TR

BIZI R R R s e — 2
MR, ORI DA 0 v Ao S8 s 7
2N, THE SR A06h 5t 2 B AR p e
R,

BELHR :

(1)Elementary Survey Sampl-
ing By Mendenhall ; Sche-
affer

QmEERkEER HEE %

@)t ETEE RIR it B2 RHEsE N

() 5Ty B Hifik =2

Bt BLBR

10022
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S¥216

105



B -id

Integral Transform

FER

Frequently in mathmatical analysis and physical application we

encounter pair of functions related by an expression of the following
form :

gCa)= [ f(t)kCa,t)at

The function g(a) is called the integral transform of f(¢) by the
kernel 2(a, t).

Integral transforms are employed every extensively in both pure and
applied mathmatics. They are especially useful in sobring certain
boundary value problems and certain types of integral equations .

Some of the more commonly used transforms are below,:

1
Exponential Fourier transform : g(a) = —— fjooo F(t)et™ idig

vam

Two modification of this form, developed in the Fourier cosine and Fou-
rier sine transforms :

g.(ay= /2 17 5> cosat ar
2
g:(a)= 1/; Ifo- f(t) sin ¢t dt
» > 4
Laplace transform ; g(a)= g2 fCt) eth i

(e e]
Hankel transform (Fourier -Bessel) g(a) = 3% fGt) & GiCat)dt
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%) &l
Mellin transform g(a) = [, f(¢)¢ Y dt

Note : (1)Since e ‘% = cos @t —i sin @t the sine and cosine transfrom
are merely special cases of the exponential Fourier transform in
which the function f vanishes on the negative real axis.

(@) The Laplace transform is also related to the exponertial Fou-
rier transform. If we consider a complex valuer a say a =
utiv where u# and v are real, we can write.

X~

_foo f(t)'e_a‘dt = f, e e_‘“f(t) dt

0

(o) =11

=f, ¢ e, ()dt

where ¢ (2) = e T'* f(t) Therefore the Laplace transform can

also be regarded as a special case of the exponential Fourier
transform.
(8)The Hankel transform, a Fourier tran-form for a Bessel function

expansion, respsesents a limiting case of a Fourier-Bessel se-

. _eo@ i yseaaymt T RN 4l
ries. (7:.(:\?)—— ”.Eo m’ I‘(m+n+1) = s=om(2) )

(4) All of these integral transforms are linear; ij.e.
JiCefi(t) +cafa(2)) Ka,t)dt
= [, eaf1(t)Ma,t)dt + [, caf2(t)k(a,t)dt
=ci1f} Fi(OE(a,t)dt+ca [l fo(t)R(a,t)d ¢

if ¢, and c¢; are constant.

Representing our linear transform by the operator .2 we obtain g (@)
=Zf(t). We expect an inverse operator Z~! exist such that f(t)=="1
g(a), In general the detemination of the inverse transfrom is the main
problem in using integral transform. E xpection is not proof, and here

proof of existence is complicated become we -are actually in an inffinite--
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demensional. Hilbert space. We shall prove existence in the Fourier and
Laplace transforms. For detials of the inverse Hankel and inverse Mellin

transforms the reader is referred to the reference at the end.

s 1 fo%e)
Fourier transform solution: f(x) =—7 o(t) ' *' dt. Let us
) T ~—oo

=
consider a Fredholm equation of the first kind with a kernel of the ge-
neral type k(x—t):
. (oo}
fx)=§ - k(x—t)¢o(t)dt in which ¢(¢) is our unknown function ,
—00
Assuming that the needed transforms exists we apply the Fourier convo-

lution theorem to obtain

ixt

[ele] =
fCx )= f_'oo K(t) ®(t)e dt

The function %2(#) and ®(C#) are the Fourier transforms of %£(x) and

"ga(x) respectively. Inverting the equation, we have

1 o izt
E(t) ©(t) = J f(x) e dit =
-2 —00 )

1 E( t)
Ex ‘K(t)
1 oo F(t).

¢(x)=27 — o KD

Then <D('t)= and again inverting, we have

et at

S x
Laplace transform solution : f(x)= [ w(f)e ‘dt. .Given the above ass-
AL .

umption regarding ¢(x), we have the invese -formula :

¢ + OO

1 sx
p(x) =— e f(s)ds

27i " o—ico
in which the integral is taken over any straight line parallel to the im-
aginary axis and lying inside the strip (a<s<B) and the _integral has
to be understood in the sense of the principle value.

The product e °* ¢(x) satisfies the above mentioned conditions for
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(o) =gte
o(x), and in particular integral I—OO e ¢(x) dx is absolutely con-

vergent on ( a< ¢ <B ) so that Fourieis formula can be

applied to
—ax . -a % . 1 oo —axi o =o=~af )1
AN L A L da. [ _ e o(t) dt =
1 - £ . 7 . .
5 il Wi fCo—ai)da On introducing the new variable of jnteg-
7[ —
ration s =¢—ai instead of @0 we in fact get w SO0 T ds.

27 ¢ —i 0O

Taken literally, this inverse transform is not unique i.e., two func-
tion F;(¢) and F,(t) may have the same transform f(s). However,
in this case F;(t)= F,(t) = N(t) where N(t¢) is a null function mean

that J'O’O N(t) dt=0 for all positive to, This result is known as
Lerchs theorem.

REFERENCES

V. L. Smirnov : A Course of Higher Mathmatics Volume [V Integral

equation and partial differential equation.

I. N. Sanddoon : The use of integral transform .
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— {5 ER
REHEE mmE

53R

¢
A

ERNBEE, BHFI—%, BFAK LSS (uniform convergent )iE(EEAF
TR S , # 5 SMN EEERE SEEGMETR , T RIS itk ( Completeness
) FREEFTHE, i, RAKUELHRSKHH - U BSARBT T Sl K
HIRG &

f€c(0,1]1,{ pa} R—% (0, 1] EXHKHRN
FHRBERAFS, & fTARABESER, UMY
R AER (FEBR D

Ll F4kuit H{E Marsden: Elementary Classical Analysis; BAR 7RG H Lagrange
PO AR ERIGHRE , 721t , B4 R 22 4 B A0 58 06 B AR B 90818 R -

B B R
= ipCx) 5 pla) = Cot+HiC ek Gaxi 1 -+ Cyx®,
nEN, CO,Cl, hi CrER }

REERMEST Ha FE3EE R TR M, AIRMASRMRRT EENNE

(B J)Hp(x) B—RELEEHEKX, p(x) = X1, Cuxt, HI
M(p) =  max, | p(x) | FBR p(x)HEIE (norm )

L(p) =38, | Cv | BR p(x)H0EZEE ( quasinorm )



BMARRAOBH @ R M (p)ZENFTE BNEHERR , B LP)RIE 5 £/ EZE L
£, BEMZABMT ZMtk:

[(E21] % (g, b] RIBEZEM, n>0 , AIFEWERA, B, #5
M(p) < AL(P)
L(p) < BM(p) HFEPESH BRI,
A REE—n RZRESEAE (e, 0] LB RE RN, FTLARF RER
A = max { [[a®%|"VE'=10,152; % 5 n) txe a6
Al [2(x)] < 3., ICsllx*| SAL(P)
AP R 15 2 M(p)< AL(Cp) .
Rz BAE(a, 0] EWMn+1E¥x, v, t 5 2<y<-<t, HIEAR
T L5 ER
Co+C1x + Cox? + -+ Cpx® = p(x)
Co+Ci1y +Czy® + -+ Cay® = p(y)
Co+Cit + Cat? =+ Cut® = p(t)
Ex, 9,0, t Bp(x), p(y), -, () REA, MIEMARE Ci, k=
0,1,2, = , Mo )
4 D= 1x X2 o x"

lyyz---y

1¢ ¢2 .ot® : £ Vandermonde 1751,
ERx, v, -t RER@E, FTLID+# 0, B Cramer H A4

1x 22 xtTh, p(a), xM s

1 Liweyt . =oytTl o Pyt pit i sely
e W S IS N
Lt &7 Bl by, BT e
k=0!1,2, St
= Cx = T8 plx) += DR ip () v+ L8 p(L)
Hep 1§00, 150, e, 180, ZRMx,y, -, ¢ REREMRSAR p W50
= [Co | S LI |+ I |+ o+ [ 1]y M)
= Sakol ol < SaZell 1501 + | IS0 4ot | 1% |} MCD)
it B = Sa2o{lISVl + 110+t | 142 }
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Al L (p) <BM(p)

[(REI] £SBH. 2EERHE,
sup {M(p): pE S} <oo & sup{ L(p): pES} <o

REIT] F{ tw(x) } BH.AZEZHFI, 0(x) €EH,, {tu(x)} 2 (a, b]EM
" EH GRS p(x) Dlima 00 L (pw —2) =0
B { pu(x)} £ La, b] EBHERHH p(x)
& lim M(pa—p) =0

m — OO

< lim L(pw—2) =0
" — OO
B ERE , RMAE .
@H, z—FEE—AREH EEBIER , AR HMERZ AR EE _ IR,
bH, AZ—FFIR—AREMALSKSR p(x)EH, , BIRHfEEERERD
AR

(B &) @b » zEERIFFES, ML, AZEXFI { pa(x) = 2" } EE
ML0, %] Egaka®io , BEERC 0, 1] EAKE , ARESEAFS
L0, 1] ERBGES, BEL0, 2] LAIE,

EEE kR R " ERIZ 2 s B —SE G

[ BOLGANO-WEIERSTRASS FIE]

E{xw = (8, 58,5  »8u)} moy BR"EZ—ERFF, AhEE—IK
(e'e]

MZTFFIN{ xmg } ooy o

(6 ] R { tn(0)} mos BH, RZ—SERFF ,K>0 , BRR (a,b] EEA
‘ M(Pm)——-maxaszsb{lpm(x)|}</(
RUAEEE —FFF 5 { bm, ()} B (), P(x)EHn
LR Ia(x) =C§™ + CE™x + oo+ Cim2x®, m=152, =
B xm=(C™, C, e ,C8m)
BIM(pn) <K 8
{] zul :m=1,2, -} <AK

E:E
o



(£n i m=1,2 )} BR"™ iz R
FEA{xn, 1 k=1,2, -} ZTFIKRHR
y = (Co, Ci1y -5 Cyu)

REEEE LA { pn,(2) }ror BEKHR
p(x) =Co + C1x + -+ Cax”
Bff e A ©
A Pn(x)} o, BH, hZBHARFAE (a, b) HEEKRHYR 1 , A
fEH, , RERMEBBTE

feCla,bl, f&H,, 9. =035 1 57.2:55%
B{ tn(2)lnon BBEER f2EEFF, Al
[ b, Gl 5 n=0,1,2, -

IR , Ha 7 (2) €Hay | 2 1= M(2) = sup { | p(x)| }OEET » ¥
B2 o AS Bk %22 (complete normed linear space ), R—{HE &z
[& ( Banach Space ), V

is L E RS ES S ASERNFIIEE , RAG I EAFTHSR 8% f €Ca. ,
ETPR=AZHAAN, IE{T.} ﬁiﬁ?’ﬁﬁ;ﬂﬁgl&ﬁﬁi‘f » T ZXREUHIEBER, &
tT,(x)=A+ Sk, ( @ cos kx + by sin kx),

EREEENZBHRZE2ETFREEMENEH , BHT AR , L(T.), M(T.) HIE
HE HEFREHE LA

SEEMH

(1)J. E. Marsden, Elementary Classical Analysis.
(2 1. P. Natanson, Constructive Function Theory, Vol. I.
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ILEB5E

2B MERME | RE61BN R K, RIEBHNE M ALY HBT (Unive -
rsity of pennsyloania ) , i LAHH %29E 354 ¥ & 4 #7 ( Noncommutative
functional Analysis)MH &4 , HEE /% KE X U of Calif.. Berkeley & A
EHHR (L ASZPH.D.) ; Hoh L HLIC* -algebra, W *-algebra & H 7
B LAE M, 8% Group Representation HYWHZE 5 thEMH AFEHMAYE E.
Calobi ( {2 # @M% P.D.E.), R.V. Kadison, Fell, E. Effros, Pukansky, S.

‘Sakai ; HrhKadison J Sakai # iS04 % C*-alg, F W* -alg, 1% B , Sa-

kai i fEZEH % Derivation ( Bl Frechet : differential Z£ C* -alg. |k B &, & £1B
B o

EEFRBENARLEFAMTGR, G- RARBHERHENRBOHAE , E
ATHHEN T (FEEUTHRERRBERMA %54 ) , Hh A% , WAl
Num. Theory % Class field Theory , infinite differential Group Representation
B 22 E 5 A& B S HTCR0 s W , (0 5 47 60 F 92 7 6 AR 80 S T B8 i AL
AHHERMTIE % FEH © Any maximal ideal on C [a, 0] -is

{fE€a,b]: f(x0) =0} where x € (a,bd]

BB o D R EAM Ul F , H iy L B8 Alg. Topo. fhi) Homology Theory ,
Differential Manifold EEYMIMERETRT M, AT URBRA AN KB AL ARERE
o TS LB R T 72 i 22 6 e RN B R AU S TR 0F , & R PR A e , 7K
HEHCRRAZHE , SHRFLURRETRE :

(i) Modern algebra 7ZSBEZ.ME finite Group Representation Theory &

Ring and ldeal
(ii ) Banach Space fyZ: A# 3% , Real Analysis J Complex Analysns)f:ﬁ
HE , AREMREENT A,

@ii) #EAHy-Alg. Topo. Massey H)F & Dugundji Em&é!ﬁo

(iv) 54T, M Spivak : Differential Geometry Vol, I,
IS E TR R ERE ISR,

L, B—EHEAEZHBRERSBR WA T, ERERERREREBNHS ,
HEEE (ENTREHORR) RBREASHERHE S, E—REORERE—E
4815953 4 Seminar BB , % ERK , T ( Yalé) , B A4 (Columbia) , MM
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oo e oo dp o oo b b oo dpdp o dp dpp o b dpdbodpdpdp b dpdpdp oot

s CUCLA), R IE (Ohio State U.) KA E & Seminar 5@ . (B FHYE Butighs
875 Seminar WEL( THAERT ) , ABATHEES , UASR , HILHE,
MERBRESE LT, AFFARE—E , SEA#SELCHOE , BE AL IT®REE
—@# % S. Lang B9 Alg, X% Dugundji 89 Topo.sR Y E & , & B, WlBA #A T 68 & &
, B—MEARRREEBEREAMLE , EFVHAS , AERAGTE , #R M TER
g, BERHEFTRRKBER, TEHRR MR POFE KU H 08 R iF
2, R‘EEKMB R,

12 & #:

@ Mathematical Anmalysis : Rudin : Principle of Math. Ana.
Loomis ;: Advanced Calculus.

Widder : Advanced Calculus. (HLEHREERTER 1)

(® Complex Analysis :
Ahlfors : Complex Analysis ( ZfZ i HgyE ) , Cartan Theory of
Analytic fn.5 LR ELNFHR , BBRE& , £ HZ Cartan &,
© Real Analysis :
D Royden : Real Amalysis ( Afj&# ) @ Rudin: Real & Complex Ana-
lysis( th& KB XN Hewil t () F ) (@ Diendonne Foundation
of Mod. Ana.( HhEEE B iRt

I. f% [N

D Herstein : Topics in Alg. (BBEMEHA))BREL , B,

@ Van der Waerden Vol. I. ® S. Lang Part I. . of Algebra.
. Topology :

@ Kelley : General Topology ( @) E# , HE T &),
@Massey : Alg. Topo. An Introduction @ N. Bourbaki Ky Part I.
V. w58 :
@O'’meil : Diff, Geo.
@ Spivak : Calculus on Manifold ﬁ%ﬂ'ﬁ;ﬁb A Diff. Geometry ( & A#HI)
FERMERMAKERFOR , RELFEMER. MKMEF , LEFRFH
il R IF o

B 5 ®E
+A=HR%HA philadelphia

Math. Depart. U. of P.
David-Ritten house Laboratory 4C19 Bf%25
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Carl Friedrich Gauss (1777 ~

37 AT DAEE , 38 LE5R Th 0 AR S e R
EEESHBIHELH, £—-t/NE,
S A Helmstadt K& , 72 3% 5 LI
B ZEfi s & Johann Friedrich
Pfaff fiiERo FEZKIFEL 22K, R
EEI A kKR , MR T — & E AR
X, BEEBFEE-NOLERUESKER
KX BB BB FAR X AMIEER , BRHE
Mk, HE—-XRBEg 3, tNREDE
BEKER , MAEHAE , EERIA, |

i REBEN AT, MSEERX , LB

1855) RER M mEkMEm (Brunswick) .

HI— A IBK E 52 F , s P & o Bk
ERES NN TR, EEMEES ISHE
2B, RS, BZAKRE Karl
Wilhelm ABHER , TIRE HIE A2
FE—CATEEE AEIER A2 (Gottingen)
) AR THEHE L 0B, 7ETURRE, B
HARBNEFNF R, T LERRBHT E +

T—ERE,

BrRX RS —EFEEE, £
&R, MEHTREEREHE, —/N\
O—% , 8% T Disquisitiones Ari-
thmeticae , FEF{ 4 5 TH B 2E(F —
Disquisi tiones Generales circa Su-
perficies Curvas €1827), flis&fGs ~
HHEY ~ Bamme HMATLRE EXB
R EVER 3, fi17E R 3 2 SIS — 1B 1 B 8
ISRk 4T — SO0k MO T,

EYE I , 115 A [ E Y ,
BEBMRE 5 HEEE LH, —/N\NO—%F
, Giuseppe Piazzi (1746—1826) #H
e K ERIAK EBUE RI/AMT 2R , BT ED
BERE TR, BRMERXTIESE
EOBASA » SEER RS | e T LR S
2NEHF+FEZ KX, Theoria  Motus
Corporum Coelestium K#&ETam ( —/\
ON ) Rfnie iEH E X HR AW Z —o #H
RE# LHEREHRE, SHbEERK
K4 #. Maxwel ZE1HIRYElectricity and
Magnetism iR , S EREHNHAE, B
BTEERNZESMER - BRNTE &



RO WA R 2ah 3, RUHEH
FEROBAL , T LR 66 T B R B MBS
WEFITE , MR B REHH 5 REE
SR EEBAAS , 5k T H ELRIRE0RE

AR ME0EF & AR , REBPR BT
» ERESEEMRER, &R, M825H
AETEE , ZEMERB BREE , R RAALLE
o REFHEMK , EEAMBER HiHT

%, ERAMMEFTHENEE , RER %
T4,

BB ER, ERtnEY, ETL
— 5 R AR B, [ 7B B 7
, EERTNE |, ERBHMELS, trE
B ¢ TR IS0 AR TERE — R SR , B
BERE—E; RBEET, TREREHR
ZHPgE, EERSLE R, BOREE (
‘Fermat {2 Hf0 % & R0 , BIRBRBEE
» BRIZ BN B YT HORE 93RS , LI REESE
HORBEE , RSB, RUBERHEEE
HRBESE HNEE, BEE: TRae,
BRHEEEBSATAENEBREEE, =
TRERE, ASEEETHEBHER, X
THBHALENAE, REARRHASE
% 1, EEESSHEMBA, ZRE, &
BRI TS R, (BERET , W2 R
HE, EREMEABY , AHREZE,

— A ARS8 ST DR IE A
Ak, B ETHEATLURS, AWK
$5 LR, — A B DUEZe 1 R AR
TR, BHTE @M, A4 BEEX EE 9
EHRHESEETR, REMETRET M
iy 7 B — B2 AL VT BER iR , B
2o ) TR T B T , = 2O AT
BER 8, BREA , 0B ERE &
P AEHRSR , BEMER B, RRHTE
AEMNEE , EREFANHARETR
e, Mz, BEHME R MR HEL , A
(IR O BT Ko

( A7%5E KLINE : Mathematical
Thoughit from Ancient to
Mordern Times X B{ 28 #% )



'Leonh:ai‘d Euler ( 1707 ~ 83 ) HARRLIERES ( Basel ) HHE , RERE
MR EHL , fhE AR HEHE ( theology ) , ETARNRE , LAEACDKEEH—H
KB A 5E BRI 24y THE, B K@, LA John Bernoulli 23| HE, AMRERE
—H WRFEEFI 2R, BE T /\RRRARBERHA L, ~tE:—‘_iF- AL 1S 1 ERERTE
- % 8 EEL ( St. Peterburg Academy ) RyBkZ , S # R #&fE Daniel Bernoulli By
BiH , {ERER roRd Ak AT R R, MEALH EEHBFRIRET , K8 T —BiES ok
(1733 ~ 41) , S ARTWAB T REHE, HE - REEZEFB RGP TSR
H, fl S R YERME L ER, BRBEEZUARE ( Frederick th Greak ) WER,
—ElE—F2THK, EREEHESE —EAARE, EBRRHY , ##ETAnhalt- Dessau iy
5 AE (Prussia MEMEL ) WHEE , AEAUEHEN RE WHEN TENRH, &
FGEL R BEWBRT , B RAERAEWIES ( Letters to a German Princess ) —
BRAMIE REHE, EHEARERNERT , A R ERFERE v ENME RKHEKE
[ :-i‘iﬁf?%mﬂm%ﬁﬁz? , iR THEDHRTEE - HEBEERY BB TESR
FEIEY LRy B,

—EAAE, BEMBENHEREBORY, 2IAREREWEE, (#HE—LZEFER
=R ) , (BERBL DMKt ( Catherine the Great ) FERT , HAEA TR
BT, ERIZBIRBIAA 26 , RIS YEMET , G —EnRE+EtEZ2ERE
TR, AW, EXRROTERL 81, CREERANEE , RET=A  4W7n
AR —EHEE BRI AKEE , M TE BNt ASE , DB RSB A S S ERK
& , R EHH%ESQSI??’rﬁ_, fHEE S DLE , TMEZETRERE,

LA HERAEZ S , SAEER , HXENHEFKABEHES #5758 iR
i EIHYG 3460 ~ BGR s RERBHE, LENSEHEERAIEAYER L, MAIKS
ﬁﬂ%%ﬂﬁﬂﬂéﬁ&ﬁgﬁﬂo STETEMBERMH B EEHANEhZRETENEE
c EEESE , MAARSNERRREHANATHEY, MN=AEMtEGENE, #
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REESR B SR ENDER, MRS —EUIFH EEREEIRE , LM E
WHER, %u#ﬁﬁﬁﬁuk(qu)%E%WELIEﬁﬂﬂéﬁﬁﬁmﬁ%ﬁéﬁ
MRS, EXEE , iRt AT R RRETR AR TRENAER, LHE
B ORI B AR S B mEAR 5 5 ERIERBIABOEN R, EHEHE, fFDaniel
Bernoulli BR#AUR—EH TWIRE , firyE(EEssay on Fire (1738 ) BEELE,
EE R HESSE, bESBERE, BARENN T —EnE, SLERTR
Bt SR i 5 , (RS MR R0 , S B S RIE A A S E R,

ERBOBBEMRIE  RE- BESH AL BIBAIBLE , E—a5
L, BEEEA , REREENES, FELNNERLSEE ENAIR, A1, &% M4
LB R s S F i BEA : UGB ERRE RS B, RTHMEZ 4, TR
NHERTWESENTELES , BLHR 00 KR, THESNEREHEK, BOBTHEK
i EEWESN A , T, BRABAE 55 AW R AREMT 2 T 2% FRHRmw,

NN GAEFEELR W Descarts B Newton B EH I Cauchy , M1 E 6B HFHY 8
B3I , (B3H— (A A BIF G AR ey MR SR B R U, WA AR EA
FIRE ~ SRR HE BEEHTSS AREWE R, LREHKE LR —6 5F5
ML EEEANALE D, BATUBRMNATESSTINZELELRAR AR 5
HR AR ES - LHES AANES,

BALF R 48 i RS LR AR AL BT Sl T S, (LR
HB+=E%RTOH , FEEERAREmRELL , REETFARTE , LR RH 2
BR, LAEE EORESMMHEE, ttERREECEER tmEE, BEERRT
flsoe —BIBERG , MpLfiHE Voltaire WEE , H—X . M EEHKR  WRFARBER
—ABEE, AR : —EA T HE B0 AW AT RSE, ELASE2SREH
LAELTIRER , I LMEE S P , DEREZ Voltaire WREHLE,

(A%#H Kline : Mathematical Thought from Ancient to
Modern Times . ) '
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Mok (B EABESHNT BEAH)

B RO, SEST0, - EMR, SHLE_#,
Z. MEBHEG , BEIHEG, B2,

W, kB RO, EEREE O, SEERO, BE—#,
() ABEXERREBEES, 8 FBEE ( 0K ) BHF,
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A TEAHE | WHKRSERES 8T , AEBX+HPNRA, £EE
BRANELEHT, — - HES , — W -H AT, MAETSHARE,
Rtk , EREFRERHR TR , & 5RIE MG PN B 26 20 kT &R
EREBBNES, AEHEARALE MBRMEENEE , 68 208 —EFNH
W, BH B - EEFHNKER, XAE MBEXA,

BHR— R AZNBEELER, SRTRELHNEL, ERETENESR
HEAHAERHERA SN AR, AR OEHELERBE LHBRTENHARAR
HWRE, BEEHATRE, RAMRAKZHK, REREEL MALNE D, s
ER, MASHENMEHERRETS , ¥ EE3RE , TREFISEREZ
%, BMAZHELALHRSE), 205%ED , FSEETHET , THMEZE
, B8 —H, B WENRKE, £H2F, EMELENER,
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SRFEH2EEHAN, SR BECBRIEH S B KKK RS , BSTEIAR
BRZEREE , KATERABBRMARARHT LEH — 13 rst# 1
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GEER TR
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