B 2 % 7

DEPARTMENT OF MATHEMATICS
NATIONAL TAIWAN NORMAL UNIVERSITY




HATAERIL FEBER
REAEHE 7;/4%

FUREE=ARRWE F—EEEFEHE - UHREBUN L MERURECRNLERRE &

T BRRBEBAME  EREE— BT E O M TARAKTES » RASH 18N EE
B EEER: SRASMEERARMI- A BAES AL BAEERAMENIHT o B
it > 3B Y] - RN R B RS AR RATHRELE FAARNES

RRFMEGLFRB LR B« HUEM « K> AHEH > > W% LFER: « aF KM
i BREREE BE > o AEAMRR > 22mG ROLHATEE 6 LTR 0 LT 8
ARBHRERBYT > MT % ERRARARMNBTEBT » TR T4 FESARMAN
“F - LFWEE LT — 4 BREE AR R e RTTS 5% B0 o T RLILT B 8 g
W2 RR M BN B0 T o B ARME MRS F  WIESILE - K0 « BN KBS
RS A AT 0 BRBE L0y A o 8 KRER o

BT e BRI« B 7 M R P LA o BB R H— B AR NS 00 B D BLALTLF B«
RAEERN  RES W R« AR MAM> FHABETE? « B@FME» AFRNAM > »R
LBR-AHRERGER  BEAANENEAGEZ— AFASRAZEME . « TRAZT M
CRTMAG 7« FERBM RATHG o »« 2 BERA S 2BEBDe 7 « FEAZTD
0 BHTGE G « ARESELT « 808 » AfE » RLARZURKRHE  AHEBWBE » 0EF
oK ARR R > K — B« 5 7 0006 0% o « BRI LA » A RT AR o

EREREME  RBALT M —RBk« b BEAOZY > HZBAZ FABTL > £Kt
o m BRI REMKE — A R EANEE Y RE TR AT RAR: « B
AmEE o 2 EERAXERT —EHOKI  BERE BEARRBN - « RUAN> BTFEZ
CERARAMREERE M - : 7

BB« ABAEM” o < WHBK» » « HRAE» > ORI » 5 BRPNEAS  BLE
] 88 3¢ 1 400 o



B2 RT

BEomEBE®R 8C#E

7
—HEGER— B LN ke
:d
50 CBTA MR BT S 08 B
e

MAEEAEFHRBNE EX

%

HERT



A Note on Finit Abelian Groups t=wt=rssrerremremrmmric.

Boolean Ring R I N T I I R AT D P Y
= AN

K] TEREF OB 2

o ]| B — e B R R
BT N+ | HESH— Sy~
oo ] | MR EES
b R e ES <
B || BMEE
& | % |
BEHE .. aoncnsymesonind




o Bl 41 0 FAC 45 5 < B s 5 B 5
KR < A | O M HE

H

f
=
“
=
#
o

HEHA - -
R R 0 HH

e gl <] GEWL

B +P| cah R
YER

g | 4] WK | &
F H| || BRESEr
W OE| W R
Hogr | V]| o i B RS A
uX #|+E| | Rat kS

Bk X w
%
_i_.
-t

B B2 & B

K1 el 4



(4R ~ BEHE O EE i K IR R — K R - i S B T o HE o

O SR - EEREN ~ TWERQGEXNK] EXFSEHEEL ~R | RKAK
M~ X R E 3R R e [ R 8 | o B A Ok BT fE - MR 30 IR I R &SR -~
EEHE - 35 |9 o

[ KENERHERKCE ~ SREREEE - 08 ~ QHE M - XK DN~
Wl b B S R e L NI Y ~ Ao SRR -~ B3 1 P o

KRR ER | KED - R | - EXHEH S LE0E - BEReTR KB IKEKE - REKH
HEME - TCEHERmEHEY | tRUDEEE | EHESLEKERIE
ThiEd - A FARBHESL0E ~ KKP IPEIBHRHER - By Do TEK
P HEM m ik o

LR ) B @Oy & - i b 3  WIE S ~ IR 301 b B X o 42 oot — S I ~ I R MK
(R RN R Y K o (0 BT BP0 J BB EE M- > N NE - DI | ey 1B & & K
[ 8 52 -0 b kg —

U - 078 - R T R ah @O DK - BRIk - il - KR - w8 - i
iy - EE K - I - iR o

M2 ERERA] BREFHEXE -~ ORIk EE T

B ¢ T R R T TR <
BT E AR

AN AN A A,



Limit
M BRI

In topology we make the definition of limit in the following way :
Let ()(,"7x ), ( Y 5]y ) be two topological spaces,
f: X —> Ybeafunctionon X to Y withxCX, YCY
we say f has a limit b at a if
(1) a is an accumulation point of x in ( X,rJX )
{2

(3) VN@) , neighborhoodof b, HN(@) >

T+ (N@) {a})NX) CNp)
We denote it by the symbol

Lim f(x) = b

x> a
In the above definition, we note that a must be an accumulation point
of X ; if a is not an accumulation point of X then f has no limit
at a.
Recall that an infinite sequnce € Si» is a function f on N to certaiﬁ
set S with f(i)=Si iEN.
Now, suppose S is contained in some topological space (Y, rTY)
If we can extend N to some topological space then we can consider
the limits of f at accumulation points of N in the topological space.

For this purpose, we set
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Where 00 is only a symbol,
set Iy= {xlx=6,0r x= {o}U {n;n>n, ,nOEN}
We have
1. ¢€JT
2. ¥ ={=}UN={}U{n;n=>1}€Tx
3 . if 04505 é']ﬁ then there are two cases
a. one of 0;,0,is ¢ in this case'
01002:95675
b. none of0;,0,is¢ , then
0,={ce}U{n ;n>n,}, for some n, ¢ NN
0,= {=}lU {n;n>n,}, for some n, ¢ N

0,Noy = {0 }U{n; n>max(n, anzj}‘:?ﬁ
both imply o0,MN o0, 87ﬁ

4, ifoj egﬁ_ i €K then there also are two cases
a. all of oi‘a~e empty,in this case
Kk oi=g £7ﬁ
b. not all of oi are empty, in this case, we choose K'CK such
that
Oi =¢ for 1ek ick’
0i =9 for iek’
Clearly i’= pand UQi =U Oi
iek iek
For each Oi, , there is a ni¢ N such that

Set H be the set of all such ni, then H is a nonempty subset of N,



the nature number.
By well - ordering of nature number, there is the smallest number

No in H and then

i.e. U O={=}U{n;n=>n}eT5
U OleJ—
igK ' 7N

.both cases imply v. U 0, ¢7_
HE N

By 1, 2, 3, 4, we see that 7iv_is a topoloay on N and then (N, 7/_ )
is a topological space. )
Clearly, co is an accumulation point of N, indeed, each open set
which containco is of the form Q= {oo }U {n ; n >n,} for some ni
2N. and then (0= {oo} JNIN= {n ; n>>n; }xg

Now, we have extended N to ( N ,71\_I ) and know that co is an
accumulation point of N, so if there is a b €Y such that it is a
limit of f at oo,

i€y

Lin f(i) = b

— ©o
but f(i)=Si
We will genote.it by

Lim Si= b
i= o0

Therefore, given a sequenceX Si X with {Si}CY and (Y., J_)
N

be given topological space, we write



Lim Si= b

i-y o0
imply and implied by that N is extended to the topological space (N,
JT) with N=NU {oc}and T = (x ; x =gorx= {oc}JU{n; n>>n,}n, eN)
and that the funation f defined or: N by f(i) = Si, i N, to Si has a
limit b at the accunulation point of N in (N, Tn) But by the definition

of limit Lin £f(i) = b
imply and impliea by 10
VYY) FNe9;

f, { (Ne9 — {oo} NN}JCTN()
imply and implied by YN®b) U (o) = {oo} U {2 ; n>n,}

for some n,eN ¢

fo{ (06— {=} NN }=f.{n ; n>n,} LN®)
imply and implied by

VNb) Tn,eN> fmeNb) Vn_>n,

Since f(n)=Sn, so we writt Lam Si= b
imply and implied by ¥ e
beyY ang YN®) dn, EN> SneNp) whenever n=>n,

This is the usual definition -of the limit of infinite sequence
Return to the definition of the limit of a function. The following
is a consequence directly from the definition of limit.
Let xC(X,Tx)s vS(Y,>Ty)s 2zC(Z,7T;)

f: X—Y, g: Y—7Z

Lim f(x)= b, Limg(y)=cC
X = a y—=b
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Then Limg. f(x)= C if
X = a
1 BRELx)
or
2. bef), gb)eN(c) forany N (c ), neighborhood of C.

Indeed. Lim f(x)=b, Limg(y)=C
X —a y=b
imply VN() daNb)>
g« ( (N®)-{b} JNy)CN©)
and AN@)>
f, ( (N@)—~{a}JlNx)CSNb)
than {£,( (N@~{a) )Nx) = {b} } Nyc (NB)~ {b}INy
Since f: X=—> Y
So glf((N@—-{a}INnx)- {b}} SN

If bk f® then
2.+ ( (N@ — {a} JNx ) =g f{ (N@)~ {a} JNx)- {b} } SN(©)
It bef) , gb)e N©) for any N(c) then
gofs ((N@) ~{a) JNx) Cg,{f (N@)~fa} JNx)— {b}}
U {gb)} SN()
Both imply go f, ( (N@) - {a} JNx ) CN(c)

and then
Limgof (x)=c

X->a
The above result can be applied to continuity. In topology we also
define the conunuity as follow

Let XxC(X,T ),y (Y,Ty)

f: X—y



then we say f is contiruous at a if
flatia X

2, Limf(x)=1(a)

X—a
By previous result and the above definition, the following is tririd.
Let xC(X,Tx)s yEX:Ty) ,2C(Z,F,)
f:X—=Y,g:Y¥Y~1Z
f is continuous ata. g is continuous at f(a)

i,e. Lim f(x)=f(a), Limg(y)=g(f(a))
X —a y-f(a)

then go f is continous at a,

for g(f(a)) €8 N(g(t(a)))

In E2 space we extend E

TE2 defined as follow.

5 to E,=E,J{oo } with usual topology

0¢7JE,

iff ¥ x € 0,0 contain an open sphere of x.

where if x£E2 an open sphere of X is of the form
O.={z ; |e—x|sxr >0}
if X =00 an open sphere of X is of the form
Oo=1{z;|z|>r r=>0]}

Let f be a functionon X to Y with X, YCE, and let a, beE.

2 2

then f having limit b at a can be proved to be equivalent to the
definition in general complex analysis text books, by similar way

as we proving the definition of the limit of infinite sequence.



Similarly, in E, space we extend E1f0}_E-I=U {oo} U {—oc}with
‘usual topology ']E‘ defined as follow

Oe 7E1
iff Y4 €0 o contain an open sphere of X, where if er1 an

open sphere of x is of the form

O ={z;lz-x|<r r>0}

X

if x=00 an open sphere of x is the form

0w=1{z;2z>r, reE,}

o= {z 5z<r,reE;}
Similar with above, let f be a funtion on X to Y with X, YC
E1 and let a, b € E1 then f having limit b at a can also be
equivalent to the definition in generel calculus books, by smilar

way we methioned.

Finally about derivatives.

Let f: XY X, YQE1 (Ez)
a € x, and a is an accumulation point of X in E1 (E2 ) then a is
also an accumulation point of X -{ a} in E, (E2)
Define the function f on X - {a} by
- f(x)-f(a)
T ) o srebmistommiocians x€X - {a)
X- a

If there is a b e'i:1 (EZ) such that b is a liimit of fata then we

say f has derivative b at a, denote it by



Lim f{x)-1(a)

f'(l‘t): b =
X~pa X —-a

This may be the gene:ﬁ“al definition of derivative in calculus. From
these definitions we can also reduce the following theorems found
in calculus, anslysis :
Theorem 1. Let f: x— Y, X, ¥ & E1 (Ez)
and f has finite derivative bat a (i.e. b#oco,—~00)
then f is continous at a

Theorem 2. Let f: X — Y,
' X,Y§E1(E2)
g: XY

Lim f(x)= b . LB R
o }I;.l.r’nag(x)= c ‘o.VEE1(E2)

such that the ordered pair (b, ¢ )# (o0, zc0 ) or

(b,c) ;é (:::oo ,0)

then Limf(x)g(x)=Lim f(x) Limg(x)
x>a X->a x—a

where we define

c0.c0o=co, ( —c0) « ( —o0) =00

o0e (=00 ) =( —00) « CO= —20

°0. c=¢ +20=00 Y>>0
(=o0)-c=c- (=2)=—0c0 Vc>0
0. c=c - 0=—0 YVc<0

(~0) +e=c: (—=)=c0 yc<0



Theorem 3 ( Chain Rule )
Let f: X=aY X, Y, ZC E, (Ez)
g: ¥ — 7
f has derivative f'(a)=Db at a
g has derivative g! (fla) )=c at £ (a)
b. c ¢ E1

and (b.c)#£(0.x%0) or (bic)#(+o0 , ©0)
then ( gof )! (a) exist and (gof )' (a) = c. b
i, e. (gof )' (a) = g' (f(a) ). f' (a)
Theorem 4. ( monotonic )
Let f: X—Y, X,Y C E,, (a,bp)C X
f has derivative f' (x )> 0(<()at each xe (a, b)
then f is strictly increasing (decreasing)
Theorem 5. (Rolle'stheorem )
Theorem 6. ( Mean Value theorem ) etc.
We only prove the third.

. le(y)-g(f(a))
Define h(y)= T TR

gfw)=c y=1(a)

y#f(a), yeY

then h ( x ) is continous atf (a) ( By discussion before )
By above (f(x)-f(a)) h(f(x)=g(t(x))-g(f(a))
is true for all x €X

fExt) < (e

and then T— h ( £ (x) ) _ gofx(x_)a— gof (a)

is true for all xeg X, x# a

By given Lim f(x)-f(a)

Sy exists Lim h (f (x)) exists

X -a x-a

and theorem 2

( FrE817H)
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Boo lean Ring

—VHE E-BPEIMTRESSHTE ( idempotent ) (FH 1 )AIKEFE A KE ( Boolean Ring ) , H&L
, TS E— TN ( characteristic ) B2 TRRR . AXMHBH B— L AMARE SHARE , MEREAL
IR, EEAMRRY . — > AL W (FREEHMRAE ( Abstract Algebra ) AEEARTDECTHEMBRK o
N JEFF KRB ( Boolean Algebra ) 232, MAERFREEM TR ZMEE ( Boolean ringniuth uni-
ty STXERBEMA KB ) BAKAEER (EMEEMER )  EXAXLERE RAAKAE & , SIS ETH L TR
Ko

=~ Boolean Ring with unity ( EIHFKE)

FEERBMAKE ( Boolean Ring with finite order )EREMMKR . BER={a, , g, 5
o ) BEEERARR, AR b, =4, + a8, +a,8, , by, = b, +a;, +b, a5 , -~ s Daey = 05 g + @ =Fbpis
- agBll by , by 5 eeeeee 3 bn—lERE.ai bj.:aiAj& i<j+1 o8& ba 1%122;&&3137"-5*)@-125[]@

—BE AT ERER o T HE BIE AL AT IR, M ERETIE Ein LUE REAAFRER . RE RS EEHEMARE , TR X Z,
={(x:9)lx€R, yeZ,) , BEHE(a,l )+ (b,m)=(a+b,;l+m), (a,l),(b,m)=¢((
ab+Ilb+am,Ilm) (a,l), (b,m)ERxZ, il {RXxZ, ; +, 0 }BEFHE—LI(0,]1)BREEMTRS
BURRE . 5%, SRHRNEES . CREGRZE/IWEMARR . RER RABGQERCEMFRE, Al 1+
FER, VXER(1BR LTEEMTR) cBR A =RU {s+ 115 €R} QIR CR , AR HMBEHBS
T REOEGRZHENEMHRE . BHMES , x+ 1 AFIHEA (x,0) , (2, 1), IR ®RXZ, ERARB
(isomorphic ) Fi LA , HNEHES , Rx Z, REAGRZSNEMFRE,
= HRAEKH ( Boolean Ring with finite order ) 1 times —

BERBMAEABARR , IHE—EREnf7E, s , LRA Z, X Z, Xt X Z, R, Bk, AT S
HBPL B . BELGA={alaER ,x . a=x BHE_M} , Al
- _ % & 6 =g
1) A%¢ @ BA={g ,,6},.8Ve ,e;,E4, q a5 = [o % a; 5 a
(8) @y + @y Fweeres +ay =¢
T,),Ra(F0)ER , HEaCA, MIERKL B aEA, Al x.a=x KM, K>3 , ¥ BREBERR
BYER 2B EBEA, AIWKREBL . ELEA Alx. f=x HBK @, 1 3<K LK, @ifi—ik:, &
BRRZ® , KMUE—My , s. L7 EA> AF9p .,
T, (), % a; =a; EU@R%‘XEB&Q,&E; a; =8 , % a;70; AIRa; (a;8; )= g;4q;, a; (g a )= g
+HO , a; #o, a; SEB x.0; =x K X0 =X ZHE—HIRI R, B a; a4 =0, -
Ty 3), h (2B, RV AEE 05-0cR,Ta, €4 s.t.a;b=a; , BBRFb=1— (a, +ay +
+a8y ) & b0 AAMEZRM ., T e, €4 5.8, g, =0a,b=a;,—a; =0=> 0EA4 HHBTFTREZE,
RO.x=x AAME—WE,BN0XKSE . K 6=0, a,+a, +-+ays=1, :

HR, @ (a.0,) e, =a.a V; RCER ,# a.0, =0K 6, , & a; = {0 = .. a=0 il
§ ; 1%a.a; =a
a=a.1=a.( 8 +8 ++8 )=a, 8+ +anay ;FE,E a8, +a, 8 ++agay, =f, a, +
Bsay ++ Bnag Al A1 time

a; g =.3i 4 V, » a =8; BHIECcERME, BEM—M (a1 a4, an )EZ, X"';}t R HE
~—n time ~_ 4
%r%ﬁﬁ@ﬁ."zlz_’ Zy X Z, xxZy BS(8)=( ay s »an ) & @ =ag e, +tapay , Al f
=B time\
S—[F# ( isomorphic ) ,# R& Z, x--X Z, RFIMH o
B Bz . %@%ﬁg\%ﬁﬁ&ﬁz#ﬁ( order )ER2 Z?FK...IY_\Z: HR, V(a5 an e
(By »o» Ba) €2, X X2y ,ERHE S+ %+ 2B (e, 2 s @a )+ (By 2oy Ba )= (ay +By 5oeee
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- —~B time —_
an"’ﬂn):(at: """ .an))(lgxt """ !ﬂn)=(ﬁlﬁtt """ ,anﬁn).ﬁ“{zgngx“'ngi"f';
) B-FHEB2 HER, K Vi EN , SEEAFHES 2 ZHER,
/9 ~ #F KB ( Boolean group ) v
— {4 HIRE ( Abelian group ) G ERHBTRLIFHRER2(i-¢-20=0 vaecG ), ARMBILE

1S ERY AR B - ﬁfiﬁfﬁﬂiﬁ {Rs5+, =} 5, HmEs (R +} 84K . Kz, TEARBETR—HK
Hrp ZINGEEE o SR ME —Hal , HMEIZZmF:

RCRIBHRE, M W— {dela €T, AaRZ, B} c2° (fEH, ] BiEEES (index set ) o)
(BE—%2A4ARZ, BWL( Z, independent ) , fl ZA =0 & 1r,=0 Vy, r,€Z),8W+y,

RYEAEE ¢a*0 EGME, {a) CCRZ B, .M {a}) EWMIW F¢ HR, HELUEAMZESE ( inclusion )

RS W tLMRE R ( Partial  ordering ) » XML MEFES ( Partial ordered set ) (W) hZEE2R

FFFE£ (totally ordered subset) (Aplﬂ €l'c ]} &a{8— E& ( upper bound ) UI 4 5 #H Zo-
Bel’

rns lemma ( &2 ) HKMAI5—MATHK ( Maximal element ) AEW , HI¥HEE e €GMiS, a= Z T,a
acd

Te€Z, (RHEE aSGME,% eEA4, AIAAU {a} XHZ, Wy, &K a= L rpa,.Z acd, flalf
a€EA

EIE:EI& Z ',a » B, =0 Vav#a ,r =1)8%, iRARZ, B , HHLERTERKE— . ABEIE ¢ =

> raEGnsigﬁf G—'<X Zow s +> (HEWZ,, =Z, VaEA,B¥x, y,2€ X Z,, , &
acA €4 ac4

P (2)=P (x)+P,(y) (&3 ) CAIEE x+ =2 )/ f(a)=d % P (a)y=7r  HIBERSRGCHR X Z,,
: a€A

R [ ( isomorphism ) # G # X z,, A ,rr'u‘aam< x z., P+, > B-HRR (Ve , bE X’AZ.,,
== aE
P{a<b )=P,(a) P, (b)), E&Ehﬁﬁ}ic Fﬁ)l'\EIEG*%ﬁ—%!ﬁWEG B—fERER , fhh b Zamld
—n ume..-..._\
J:Z‘T% BZMMECRAERZARE, IGR Z, XZ, XX Z, @AM (nEN ), fiGZFH order. Eﬂﬁz“
1. RaecR,RE—E, % e =a IBaeRERZHK( idempotent ) o
#2 Zorn’s lemma : HEBRFEL(4:<) , EHAFTEEE—LAFERA, JIAZVE—BRAZ R o
%3 P, B@Yutst (Projectionmap ), El vx e gA Z,a 5 ,Py(x)=x(a) o
a

s — oef
= & 137 —_—
EXEHEG , RMAERENRESF , AILEM §¥§%%ﬁﬂﬂ§7iﬁé  RFMMN - BHRE hWEELRH , &
BEEBMIGBR A E A 65 HEERE ? LU BMRERELURERENELFH S, ESMESWHAERK1:
1.618 55 : 8 Huth#l o fafHEERE AT , MHKFES B (Golden Scction) o AN TFII=ZEESH P LUBEPERE,
REMBREAZHA 111618,

H
o
S 3 %
FIRE AT LIBFAIZER g &
21, 34
3 4~ 34+21

(i H & EE )
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A Note on Finite Abelian Groups
(H=) #EitH

The classification of all finite ( or more fully, finitcly generat-
ed ) abelian groups has been settled. Thus the structure of the kind
has no mystery any more. However for some practical reasons, it is
interesting to count the number of subgroups of a given kind. This
paper provids an extra data for such counting and along with an ex~
ample to illustrate it's application, Since the article is merely a
classroom note, i,e an extended study of the school textbook, our

pace is leisurely.

First, let's cite somedefinations and proof-free eheorems,

which will be used in the requel :

Def. 1 : Let S be any monempty ret of elements, then ISI clenote
the cardinal number of S.

Def. 2 : Let A be a finite abelian group & pina Prime A is
‘p~primary, if IAI = pm, for some nonnegative itreger m,

Def. 3 : If nis a poritive integer, then § (n) will denote the cyclic
group of order n.

1% : ( Cauchy ) : Let G be a finite group & p-be a prime . If
FIGI;.then G critains a subgroup of order p.

2% . Let A be a finite abelian group. then A can be deconyured
into direct sum of primary cyclic groups. Any two
decompositions of G-into direct sums of primary cyclic
groups have the same number of ruminands of each
order.

e.2)A=3(p)®E(P)Dd(p) then it is impossiblehatA=d(p* ) s (p)

3% , Let H be a subgroup of A, where A is finite abelian, then A

contaiis a subgroup iromorplni to A/H. ( this follows
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directly from 2% )

4%, A finite group G is a p-group ( ie. IGI = pm ) not necessarily
abelian iff every element in G is of order a power of p.

5%. Let G be a finite p group and S a subgroup of G. If SC G then
there is a subgroup T such that (1)SCT CG (2)SAT (i.e
S is normal in T) & (3) ITI = pISI. '

6%. Letd(n) be a finite cyclic group of order n. For every divisor
d of n, there is a unique subgroup of order d.

Theorem : Let A be a finite abelian group and p be a prime such
that P|| A| Let P be any subgroup of order p in A. If ., n,
denote the number of distinct subgroups of order p in A and
in the quotient group A/P resp., then either n, = n_ or

1 2
+1 .

n1 = pn,

From Caushy' s theorem 1%, we know that such P exists. So let's

begin the argument. The proof is based on the following tow

lenamas.

Lemma1 : Let H be a finite p-primary abelian group. Let Q be
any subgroup of order p in H, If n,, n, be the number
of distinct subgroups of order p in H and in the quo-
tient group H/Q resp., thenn, <n,< Pn,+ 1

Proof : Since H contains a subgroup isomorphic to H/Q (2*)

clearilyn, < n,. To prove the right hand of the inequa~
lity,let &={ Q,,*-, @} be the family of all subgroups of
order p in H ( when Q = Q1 )and 7: H— H/Q be the
natural map, Itis easy to show that if Q; e i1,
then Qi*:” (Q;) is also a subgroup of order p in H/Q.
Thus, for any toni . Qj e&@i+#j,i#1, j+#1, we have
either @.*N Qj*: O* or Oi* = Oj* ( Note:x*e @*N Qj*
Oix & x* #O% iffgxe Q57 € @ such that X¢0, X # O 8&
x— y¢& @, Define an equivalence relation, ~, in

&G~ { Q Jas follows : Q; ~@Q; iff Oi* = Oj*. Let [QjJ
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denote the equivalence class of ;. We claim that| @, )]

< P ; choose a fixedx € Q;, if @; NQj i#£3j, thend ye Q;

such that x—y& @ . But thir y is unique ; for if '€ @

& x—9 €Q then (x—»')—(x—p)=y—-»' €QNQ=0"

= y=y'. Thus, VQj e(@ ), i#3j, Oj has a unique

" representive " which is in the coset of x. Moreover,

distinet Qj's ,v must have cistinct " representitives'", for

_ N QJ{: 0, j#3j'. Since the number of els. in the
coset of x must be p, there are at most p's Qj such that

Q; ~@;, namely | (Q;)| < P. It then follows that
o R (@) <ZPLPn, or n,<Pn,+1 gq.e.d.

Lemma 2 : Let A be any finite abelian group and p be a prime,
pIIAI. Let &% be the family of all subgroups of order
p®in A. DefirnHo={xgA:P%x=(} thanHais a
subgroup of A. Moreover, if P%|| A|then Hy = Y& %,in
other words, | J&*| divides' IAl.

‘roof : Since it is easy to prove that Hy is a subgroup of A, we
prove the second half of the lemma. Let X € Ha y o€
P“x":O’then[[x]”p“( where( x]is the subgroup generated
by x), Since (x JCHs and He is itself 2
p - primary group ( from 4% ), hence Ha contains a sub-
group T such that(x JCT &|T|=P*( from 5%).Thus,Te &*
&xel I& *Conversely, if Xe(J& « then there exists a
Q ¢ & %such thatx € @ Since |Q|=P%, it then follows
that P* x = () and hencex ¢ Ha q. e. d.

Now we prove the theorem. First, we claim that the therorem
can be reduced to the case for finite p-primary groups; define a set
H={x g A: P* x=(),for somea &€ Z} clearily H is p-primay sub-
group of A ( from 4% ) and any subgroup of order p in A is also a

subgroups of H. Let H*={x *gA/P:P*x*=0™ , for some d ¢ Z .
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_If x*e¢ H* then p% x¥= 0% or pa x €P. Hencepa +1x=0 &

xgH. Thus, x* e¢n[H).Conversely, if x* ex[H) i.e Y€ H such that
x* = y¥, thenpey =0, for someagZ. Hence p« x*%= 0% &x*eHx,
Consequently, H* =x(H] ,&r(P"JCH*for any subgroup P' of urder
p in A. Thus the theorem will be hold if it holds for p-proimary

groups.

Let us assume that[H| = p™, for some positive integer m. Let
&be the family of all subgroups of order P in H 8 let n, = IFI.
Since IUFTI=n (p-1) + 1 and ILFI IHI ( lemma 2 ), hence n1 =(p
1

i 1)/ (p=-1), for some nonnegative integer k1 . Following

the same argument, me have 8, = (p(m—1 )—k2 -1)/ (p—1) , when n, is
the number of subgroups of order p in H* =x[H), Since nzgn, <pngl
m=1-k o e

2 '1£ p kl_.lg,pm kz— 1,

and hence kB, <k, < ky+1 Case i. k, =k,. Wehave pn

=izl e
PP~ 1)/ (p-1) = p(e™ ) /(p-1)
> pm—k1 —1=(p=1) )/ (p=1)= n1—1 yorn, = Pn2 +1. Caseii. K1=K2+1,
i -k :
n=E"" 22 1)/ (p-1)= (™1 -1)/ p-1) =N, ie 0, _n,
Thus, the theorem has been completed. q. e. d.

( lemma 1 ), thenp

2:

Example ( for application ) m

. m+k / =)
* Let A be r n abelian group of order p &Etype (16; Vs aviey 1)

(ieA= 0 pk)@m.[.n. ..@®d(P) ) (2%) when K be any
poritive integer. Then n1 , the number of subgroups of order p in A,
iS1T+pP+eeee +pm.
We varify this fact by induction on m. Letm = 1, ie A== {pk )®
0(p) , thenA/yyy= §(pk). Butd(pk)has exactly one sub-
group of order p ( from 6% ) while A has at least two, thus,

11122> M=l of Rpt By From our theorem, we deduce that

D=pn,+1 = P +1. Assume that the statement is true for m-1,
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m
Consider A=§(Pk)@®J(p)@D -+ @® d ()

choosed(p from the diret sumnands, then A'=A4/§(P)=0 (Pk) D

m -1

—— . 4 . N . .
S(@)@E)eeeee- @ 6 (p) Since A is obtained from A' by adding one direct

summand, namely § (p), hence 1'1294 By &n
m-1

1:Pnz+1 By the inductive

hypothesis, n,=14+P+...4p 5 We have n1=p(1+p+. e Y

m
= 14p+ ...+p

Finally, we point out that, in terms of n_, it is'not difficult to

1
determine the number of subgroups of order p« , for & >>1 Note :

any subgroup of A of order p« for ¢ > 1must suit the following types :
a &2

(I ey 1), i 2 s ) o etenliaaeilln T hallend), Pamd

use our theorem, we may determine the nuimber of subgroups of order

p,'in each type, which characterize these subgroups, in tern, can

determine the whole number of subgroups of order p . In Burnside

book, a case for type (1, «eee, 1) has been formulated.

Reference : Burnside, The theory of Groups of Finite Order

Carmichael. Groups of Finite Order.

Index: Two basic problems occurring in mathematics are : ( 1 )
classify- all systems of a given kind, e.g. all groups, all
vector spaces, all topological spaces; (2 ) classify all the
transformations of one system into another. By a classifica-
tion of systems, one usually means a scheme that distinguishes
essentially different systems, or to say it antoher way,a scheme
that tells when two systems are essentially the same. A clar-
sification of transformations is more subtle, and we needn't
discuss; it further now. Ag an illustration, consider the

collection of all finite dimensional vector spaces over a field
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F. In this case, the first problem is answered by the theorem
that two such spaces are isomorphic iff they have the same
dimension. Even the second problem has been answered.

The transformations of vector spaces are, of course, the
linear transformations,which give rise to similarity classes

of matrices, and these are classified by the canonical forms.
The same problems arise in group theory: (1) when are two
groips isomorphic : (2) how may one describe the homomor-
phism from one group to another ? In contrast to our illust-
ration, both problims are exceedingly difficult (if not possible

sible ) and are only partically solved.

| ( LCEF IR

Lim gof(x) = gof(a) Lim f(x) - f(a) Lim h (f(x) )
x—$g ——————— —— ,x>a

X'="a X' =nd,
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%' @ d F':ﬁ Eﬁ Y- wEE

Ay (] 5 WHEBRRE , RIS SR I—RWEE AR » & AEMN TA] “ MBELETNE . %
ROFBRBEERENEM—tEHE BEANER "] . BEREEET THAERME , @EREEI—B0F R , KR
RIZ5 o

X X XAFEBREEN=AY( 5—con triangles ) X X X

S.M.S.GHEMD , BN 2ERRNMEE : S.4.58% ,5.5.85.;5.4.4.;4.5. 4. fir.n.S.FH,
HEAR=ESRENTL2E, ;RS .S. 4K 4.-4. AT—E2%Y , AEFMN—&KEF , AL2%, KRS .S.S
AAS.HAS A WG, TRE2FTE? TREBERMEAF=ZEE/2F , TEMD LS , REXEE?
WA THEHMRA -

EMZAREEES.S.S WKk, AEMELARLEN , RERFTHNERTTHALE . UKD HEEER
%, BimE=A , AWML AE %= A 8F BUNEERG ; DEMAN=85LA . BEXMATRZ =AM =48 ( a.
sar,ar® ) (ar,ar® ,ar® ) -ee (nr*72 077" a0 ) ooeee , B EEMFY , EITEE HRANWR=AFE FEER
HRENHEG; nasarsar*=1:r:r*=ar:ar® :ar® ;ar=ar ,ar* =ar® , MERITE TR, RELEr WE
BEA , B =AY E T UUEHIN . TS MAR S SBNTEATEB01 at+ar >ar® (a+ar >ar , @ar? +

ar >a ,MEMr WEBEBHRRE War® —ar —a<o ,a>0 (71 1+/‘5’)( i ]

r 5)<0
2 2 ’

A +5/5 V5

2

(@ar* —ar+a>o0a>0 , ( r’—-r+—2)+%:(r—%)’+-ﬁ->o VreR, ar®—ar+

—1;/§)(’_—-1—2/€)>0’r —1;/3‘ —12—,/3

40, @, 0 , R e L ymmmaai e, 0, 0, BERER@TE
WFTESAY (HHD ¢ r=3, a=8cn , SRR (1K) BEBHER 1 MEFRTHER S M, S,CH—i
WREARKEBINE , | S0 EEOHEG , TR SHAL 0 BIRE ?
H1: EEN T = | BAUBKASAY , TR , UA—82% , ISAVETLS -
2 ¢ Lz S AW TSR IMNBIETIS o
3 : WXEHE The Mpthematical teacher HHEZEE
: CHfE—)

5 1=
i 2

a>o0 (3ar*+ar—a>o0 sa>o0 (71 S

. H v 4
A, ar*tar® gt

5—Con trinwgles ;
X X Xe,mw,e" EAHE? x x X
TERMAERN , RERE K7, ¢ , EFN0E , FTORELHEEHANER , REETEMIWRE , 5
HBTEEREMET MY (3 —) TR RS MRS , S b 2R TEATHER .
~ BHEEEELARX (Maclaurin’s Formula) ~
S (2)=% ta x4 a2t eveee b gy 5" A onenee
A (x)=a,+2a, x+--e Ry Tt devees
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frlz)=2a, e A Cn=1 Yidy a™=% deseai

Sty =nd gy bore
.~.fj(0):a.,,f'(0):al; f’/(o):zga:,, ......... PRl enilay <o
"'f(‘):a,'f-ﬂ,x‘ Aroeenee I L OO

f(,"):f(a)+fl(o):z+%_f FC0) 2P +%,f(')(0)x“+......

LRARRERG AR, —‘ﬁ‘i"%’l/‘iﬁﬁﬁﬁ’\’t( Taylors Formula)

Fo)= f(h)+—1 f’(h)+( C2b ) Flhy oo +<x Y i (e 050, BB = 0, {36 B
BREOTRTE

~ RSRERH e, x ~
#f ()=fC0)+f" <o>x+%f"<o>=‘+-~----+if‘“’(o>x“+--~

Ser=f(z), fllet=e=f(0)+f (o). 1+ f(o) Lbsipsther f % U0)d o
mD (e*)=e*

1 1 1
e_1+1+2' .4.a Jewases +_n_'+ ......
[ EX— _I‘%f(z)—arctanx MERz=1% , 4 .arc tanl=x
- TR T
Darctaan1+,D(l+ ) ==2=x . (1+23)7?, ; ’ "
Bllo ERAKHK= , ﬂUTf%IWﬂii—\&%I/‘t =arC tan 1=f(1)=1——3- 1’+—5~. 1’——7—- 17 fressees
-3 4. 1
z=4 1—§+§—7+3— )

~ REREHNESE ~
B3 ETHNEAER , RERUEFRERSR -
BigHE, Al e =e%ee’ 5 2,79 ,€R, ﬁu% AR Bl ex , T RZ
MERE ™ TESE , 7 EUUTMMS o ERBHMAEZN , B TE=EXFo

X x* £
Wf (x)=e> =1+x+—2!‘-+—3'r +F+

2 4 6
@F (x)=cos x=1—1 + =7 4

21 . A6l

N

3 T R
@) f (x)=sinx T

( EM(2) , @M X hDsinx=cos ¥ , Dcos x = — sin* WBI{REH ) ,
i EE =R AEHA B E L) +@F(DILE , AlEMEFFSLHE (Bln=4m +P,m=0 ,1, 2+ ) W PEEE—FF
BRIE , &0 ¢ AUME MM , BHIL (xi) sefEx , 8l

LA Xt | x° xb 7. =t Wt &t axt
=1 i )= et E e b e P e e L = PR TN N S S e
et =f(xi)=1+xi 71 3 1+4!+5'!1 = 7!‘+8!+ €1 2!+4! 6!+8! )
x' xi ‘7 .
+i (X ——+— ———++r ) = cos ¥ + § sin¥

31 5! 7!
TREfe* Tt =e* . e'=e* (cos y + i siny ) ERURERHTATETE , ERTHLR . FEKRNETR
% Introduction to mathematical analysis , Apostal ) o
H—: R ESEEINEME Y ( Transcevadental Function), ,
7£ ( Functions theory , Knopp) —& thEZEMRA
X X XEERMEFKEX X X
s ( paradox ) 7EQxFord , Hornby Fi{EfUF#1 ( The advauced Learners dictionary of Current-
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' Englisih ), 1#y #7284 Paradox statement that seems to say Something opposite to common-
sense or the truth, butwhich may contain a truth, Ri#:EE SR ETLULETZE , LOEME , #ARIR
AT EIRE, RS E M AT ¢
~ HEFEEEE ~ :
SHBPEAB E, MKE—FR, 49 ABB=8, EU%%EE—-FQLWH*% e S Eﬁﬂ']ﬁ% } AT .

EE—ROERR A BN, AINKAS ; TP PRERAT  FURAEPE LWNKSAT , MBELER LM

9 FTEAP HARFTREAEA B L, DA RMBEE o A i€ B

~ BHERZB ~
TEEBETIS , HERAL, MARSN2H , 1011,2,3,4,5, = sonoy e EKEIESR 1,4,27,64,
""" at WA (EB) , RAREMZMTHK — one — one WHE , MERBK , IFEIFE ( equivalent
FARS 8, TR o M EMIRNEE , TRERARYS | (HEEE) .

19253, 4,5, woweeeereenns n
SEae
1’4’27,64‘125’. ................. "

~. ERWER ~

ETLRAEEH BN —ARME : RMAMEELRTETLURELELN AT ( member ) o #1480 : FTHERK
( natural number ) EAFBNES , REES (AAK) BENATF . ARAHBAE o 10 : AR SHTRASL
AT , ARBEAMNES , YHE—H . IURTENEEERUTRERR , 8RN M ETRLLEXINS T,
kiR e , SRR RBRANABERN  E , RMAER A= { x| xex } , ATBAHENRT . TRER
1 LR T-55 BB R B (Theory of types ) , ETREMMENRVER , nRBEEE—SHAREHRE .
, AIRE
BB RS ( Introductin to metamaththematics, Kleene )
B2 5 ( Principia mathematica . , Russell, Witheheaed )
~ RmEHRR ~
AE—EAR : [REERK . | , HEMEERTE 7 BREBAR ? MRGRK , T2 MrROBREY ; R
R > Al B MPTRNRE ; MEARN ; BEURERELCANA T , MEERREMT RERF , % ?
NUHHAERT - K&, ARBSRANER , RRVUBHMNESE , TERK—EXRAF Paradox HERHT XK
, HiR AR S EEWHR W Cantor , Burali — Forte %, AEERRAE——R%,
X0 Segarel L% K
BRRBAZRRNOREM , TG , CE—FH ORRERNA S &R, TRENNIRR , RAERAE , RitE
DLET =@E/NEE , BERBEHAR , ARKE , S8R, MEER , ZREEE,



A. 4 %M ( Sets and Clases )

RARSRECRAE EBRBENER , FABBRRRNHEA“R > EERANWEATE., (IS A" wEE
RIEH AL R4 RIVA ERBMNERERES HERFTAZUES . ) AMREAERA PR — T E20%RN—&
o

HARMERL R TELNE A . ERMAEREDERMEMmARIGERSEA R, T5574 AR E
PEBERE AR FETER . ERTUNRRMEBELRILNELR , CHEKRE—EE B ERM, BENER
ROEMEEY T HEFBENEARE , ELEAR BN MEREMOELRNLE

FEHE—HERTG. Cantor g1 W7 LA RABGEMEY TEBMES , b HEBEANHE FERERELRE
MoMHBBAFTTERENER . EEFEARNAERAZ REMEER R BERARL , AL ABHRT —
HFE . PImEMMEH RN EL A€ ARKY . PERME—SEZRHTERE 4G AWES ANELX , BERK
T MRXEA, BEXHEXeX , MRXFBRXc X BFEXHRRCACHTE . S50 EB.Russell £ 190241
HEFE » BF Cant or KA RKMBERIEN —LTE o BEEFEIRRTESRORELRWBE .

ERHERE ARNSEERESITELFE, MFE—FRRESTE . RIMRED MRussel FEFLEE T
Ty BT HAE TR MEERE LT ( Property ) HFEH—54 , CNTRELRELAMEN . FARE
TERRMEEs At N T EEAC AZKAREHE B  RMMMARANERSFER 1 £NYL LWHEREE
,RPA ERTRAFTEMBEAEANEL ANKES , TERTTE . EREEVHTZEFNMERTE . H—4
Russel BTRHMN , ST A€ Apfin, EEE —AEQHRA— [FHFELBRUEFE ( Type ) Mg A€ B4
€ B, AHEBWFEA NANFER , 7HE% . K4A¢ ARBFEESY , B A8/ LUY Bk R It E THRiEA
o BIW RIRTF & , B—EH NESHES T —HHEFTHE—RLLH TRWEHMEE . thJ.BrouerfIE R 353 i
. B Mk BB, 37 WARCRT RE BHER ( Construction) TEEEFALAWESE ,» A& LNF
BERAFELN . B Russel WHFERAGTEHELNER , BEMEE .  THIREZRIBNEY , LEEHTERSH
EEENEBER , fEKK . E.Zermeloff 19 08 ER M —(EHRAH AR , GEHRANHERSE, FBY [
BR ] Bl ® B AR o ROREIRSEATE , AEEN RN AR ESNERIEAZES . %1
AMFE, R HEMREMT] . John Von Neuman ££ 1923 #iiZermelo BEE , T B MET HWHA . &
HP.Bernays &K.Godel XiEVon Neuman §J5R#tEH il & EL o KT EEHRI RS Le Zermelo,Von
Neuman, Bernays, Godel T , EBRAITH “ > M AR ZL2BRARIT BHRT -

FERRGEHRME=EEERES B (Class ); =HIES , cBUBR . HERMH KL T AR USRS
#m ., ASBMA=B ( 4, BRET ) $ERMNEKRES . §4€ BRRMBARBB 2Tk . A HibweED , 4
EHERMEEAZG R eBEENT (Logical operator ) #& BRHY o RIFPT RIFHTE R HER RIS & 57
: 3 — AR T {[EAEETEE ( Propositional Caculus ) BEHEL, B, 3, HAl, ZEAME(V, A, ~,

) R EILFE%H (Quatipication, Theory ) @ARIEFE (Tx) HIUFAE (Vr )  BRELEALICEG
T ARRAE o Btk ARt HER A S AT RL RS 8T 5§ 2T ( bound vmiablle ) , FHRIM G di3T (
free variable ) . '

ERUHRFAO T ¢

T EARE —AERACENTREMIESRS.

TR EAFE-TRYEBFAUBARBWFRUACBRZ

WEL (set ) BAEREEHLT . HEREELWRERMAUE ER . HAKKREREE S/ REEHE ( Proper
Class) o

B T

&
2

' . SREESHEA (RY , B8, BY)

Xm%ﬂ&'{BzB,,AzA,,%BeAMBleA

XA W@ﬁiﬂmﬂ%%ﬂuﬁﬁﬁﬁﬁ*ﬁﬁ%ﬁx o
HABREE= RS BRLLETIAKABAMAERLENEE .
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KHETAR  HAEZEEx, yHE—RAHTRERY, » LU {x, ] BlES,

A A REME U EgEnn A S
EE: (x5, y)={x, {x,2}}, (2,2 2y ). = (x,(x5 - %5))

SEMRAR BP (2,5, ~xn )R—p.p.f HREABTRE x,,%, x5, AIEE—EE , HERREHEMR
JEP (xy,%, xa )M n GEABFY .

Lk #GtiFf# p.p. f BIAEAEKE ( Primitive Propositional function ) WiliE . EabEE B “i
B mUBERFITRERE TSR . A8 £ —E#% % ( Metamathematical ) BAREN—RE2TEE
P.P.ff8E%E% (Recursive ) 1T : ( BRBRMEARARERTE)

(1) ASBAP.P.t

@ WMeRBP.P.f HE~0 ko /A\¢ Bl

(@) W¢YRP.P.f HEC(Tx ) RBP.P.f o FBEMK X BAES BT (ERAEANET)
(4) WEFLLE WA ZP.P. f.

HREERTWHGRTLUEY (B, 9RP.P.£) 0=24 , 9V ¢, (V) o ( XRIEAET)WRP.PL,
BHEAEHN A=BHwEP.P.f., R Lk HARFEHE—P.P. f MBTHRATERME . MEEeEWWNREE
BT AR o EE BB ERA REEARPRETZN . CREMERMFAE—HES A4S, HERMBERE
Rl o LI—MAMHR { (2, ,%5 5 25) | P (%, 0,00 xo)} REHERWE

= {x] (x%xx)} FRU={x]|x=x}

HHESEA , BRIGE—FH@M: Ax B= {(x .»)|x€ANyEB} , ANB= {x|x€AAxEB} ,
AUB={x |xcA\/xeB}

HE-FATHREN BY "BEA = (x| & 4}

HE—SRATUMRESBEL A = {x | redVs =4} , RTFELIETREM= {= | x &= } ER—EE
> B Russel I AR BIAKRTEERAES . MREH ., EAERETE,

EF: fCAXB, F—ac€ A, GFEM—OEBRE (a, b) e fABS REY , ARKEHSE , BRETESESE, U
S A—BERTRFEWME(a, b )EfHBTLRB ZEAHR MW BES . B B L ZEm EEEM .

BERSERRELART AREENNE: 54, BREAAUBRAX BEGREA THE S A4RTHERR
% (Power set ) ? (LI LABRTHRAUTAEFERE) SN TIETEL I SAEHET WEBREEREEA
? RAMINE %&%éii% ? HEHMEERERREEN CBE L BRAH BN REELAEIAR . |

RBEGCR—EA, ORCGXGHCrHEEMERAR, AMOR—EA(GXGXGZFE) , MR (G,0)
HwE— B4, —(EEFTUEER—EEENES, NERMAMK—ER , @8 FrEf , BRNERT LUE THnE
W% ( Theory of Category ) BEMESIELRKEL o
HERAR  FEF—£4,88¢ , YA KE—TRWERES

A RR N S AR EN [P e s—E R A—A" | 5L BeEE 44k 5 B E Peano A%
CRBIEAELRNARTLUE—FUN X NETEEHORT , 1 x I BEIEFEBRQ . BHP(Q)IXP(Q) &
VER (P(Q) RO WL ) Bh R X Rx RETBRK M . SR EMUELRK A EEERE S (Individual )
WEBERRAC— . BAE —SHEABRARIHEHEBEWES  AHERGE TRIHEEEANEA . EERFARE &
Al ST R B8 F AERRRER .

BEAR: B R—RAHTRRHELS, HEFE—EEL)Y » ) Mx PEATRNRELARET LR -
KEREERER BRI BEEBAME < pLC

a B ERBELNEY , TCREBHELAWES, BiCantor EBEH 2% (P(N)WEB) =C, a<C , AR
Cantor FEIRHT LIE ME LB o tn AR 7T LB HEEEAR .

HERESCREEERALAETNEEARTE » REESAhHECEARAREBL . CMEE LR, £E4%
B M58 2 AT A0 R FEER £ (T8 B BT AP T A SR TEBUR ARy 3T o IR —METHRTHB E TRERVELHE
BEAEEMIES . FRSERBOREBUEET . FBRNERE EEMESA R POHAL AMERS STARE
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s I5 5 A AERHT B B o WFZR— AR BCR AR ERE R B ( Universal Algebra ) #Eff o

A BCR R R S A RN , R, PR, AECHEES . ( ﬂﬁﬁ"ﬁ&%ﬂ"ﬂi’“ﬁsﬁﬁiﬂ—flﬁ
HERZ—EE R~ &R, — 0 mEENABRE . RE— @ﬁﬁEﬂd‘Eif1fﬁl—m1§ﬁ” —rw o MEBHE &
B%) o

AP e FAREHIE , E— EEST BYTE RN EAM BERGARBER , RE—F : REI ARmLTE
HOER) - A FEREE—E“ BHERBRHE” o ﬁ@%%‘ﬁﬁqﬂ%ﬁ%iﬁ%ﬁﬁﬂ@ﬁﬁ%ﬁ%ﬂ% o MR BMARE—R
BEIEE (matrix ) RA (LEMBEEM ) . MEHAREKEHELATE —E“ BORBRE” o FEM HERE
Fe RPN EE o F— 5 EERERR PRME S B—HEHA ( Localgroup) , B A—EF B TtRAMES
AEEERFETREOHRN [ BR-TEE] .

B fEE AR MBI A R R A5 LIS e R B AR , RALEE—EANO - TEERRREEEND,
BB T A S B — SR AR A o

(87 : EXaC TEMEY Tl Ts . MeREy ol BRIk Hn——YE, )

Wl 74 BT e A — B SR 0 SR A7 IUASTY T SEHEER T—H /MRS , U m B4R 5 ARBEAN o Hom(n ,m) £
i n X m SRR A ER—EESEENAIT . ErEEE (ENERE ) W FEE 2 Bim (B , B FLLE AR R fi
2A—1R o EHENA R PRMAB T ERAREHE, AEXKTEMW“ B TRFUA 85 EHNEE 1R . &
SERTEbER R (Y ik E A MAFRASE R EL F WEHEE ) B E BISEM ( Concrete Categ-
ory ) o $EMENY BT —EFE — EIREERE BT o

7 “BBRERAE” FH% G ETTUAEMERL TR TEERABR T RERE . nfBAETHom(x, x )
HAFEBNRESRE—EREMTROELHE. AM “AE” I —EEALM tRNWLHRSE YT/ &8  E_REBER
§9% B : FTE A EATITR VPR - b P & RIRS =T DU sk —(RFENS , e —@H EAn RS’ 8 &bl —E R, 7
A —T TR HERRSHEVEE—K, K E—BHEFEA( Partial Ordered set ) &® “ i > KR—EN
i, HEZ xR F—ERR, BEE"4mtd , BEHom( 4, B)Xxg flHom(B, 4)=9¢ ., (BEXH
—HREFEE  BMAIRX By —EE x : HYuBRE xR, E4€x , Bex BA<BH|EEHom(4 ,B)
={¢} TRIEHEHom( 4, B) = ¢ , & BHF FEANRKEBM ( Antisymmetry ) A<B B4, HHom
(A,B)X%x¢ Hom(B, 4) =9 ) . BLEEHT, A EEE—“X"HWEATE , BEL—“ BEMIEER"M
Mao

R ¢ R EBWHEEER F ( functor ) , RFEMRME: —B“RE"EARWHA, —BE“H8”H
BHHE o EERR T2 AIRMEMKKAHRER ( Commutative Diagrame ) Will4A ( BRERTURBEESE
#9) o EHEHBRME B LB MYt REMK—LFERE . EERXWHR, WEEN—E YT FIRH “ RmE> & “ &
SR (HAMEREAR ) Rt R & . fiSRERULEE ( Path ) , —ERERR—EALREAR . E—EBE
o (48] (R EL AR R B A B SR T ST 2 R BT A S B e B R B R R o R B R R i AR
IR , —F BB R PIAAS 2 A ASIREES  BCLEE R NS —BARES o —ERHRERT
U—TFTF#HEHBREEENLREMENHR . F—HEERBRTURHERM—TE“ B ” L SR FoEHR -

(5E : BT —“ AR ” RhERET— @/ §% . )
EEEX X ARE s, X EX —8% 8% FF ( Covariant functor) £ —HEE : ¥tEE ( Obj-
cct funct ion) X PHIE—MI5E * MIE—Ex ' 09915 F ) , BREIR (Mapping funesion )IBXHIE—FHE x L »
HEX' wRERF 0 DFw,

WRLI TG :

HAX hig—8Ael, , FU,) = I7 gy

HAX hpgamREREeof, F (go f)=F@e F()

C¢)
WEXE| X 49558 %F C (Contravariant tunctor ) LR EHIE x % ﬂygﬂgca)-icm o

BB 1, FRARAERETTRANAsAE e fAWmE: C(80F)=C8)((f) Nl
FA)-&———)F(» Ty ;(-—L»QI’ Cuo-ﬁ——aco')

o im) i }\l gy Ml@

«2)
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B T R R BT EI A , SURAIRE A

BAET T LUE 4 ¢ MY TEE A TR, RKER S REEYN , FBNBET . CHEL2 FE—RE
BRI TO) SIS EM ( Tdentity function ) MIRIGET o = MR T4 &N RHBE 70 =8 8E 74 5
BREBEERT , KA ERBE” . MR AREFRBERAATAEOE , HELIESYTUERET HAE
RIS ET LUSST 2 IR SR o FIREH MATEE Russ e LIF BRI T o RTTRFR S5 @8 F /IME R 1o
W (Ramn) .

UTRMEE BET 0hF :

(O—(AHE A TREREE S — B iEE FEs 27 B, 8 RMAGELLRE A €y TR , KL &7
5 R R MPER IR BERE , RETREAE © BAREREL ” TIE o« B/VRMRT LR 04 F 5455
BrE Rl R MBI E AR ( Monotonic function ) — % K Bt 2 MW EE . (ZELUEHH S E
RYTRREEE T . .

(2)38 01— B X ) S — B 0774 A0 WAL 51T — MATAGR © 0B IDMX, (Dual Category)
%ﬁmzﬁ,m<x,y>Wﬁ%§eHMMy,x3&m<y,x>w,&m%ﬁ§~»ﬁyg$—@yﬁ3x&g
Bl o BT ¢ fR g SEXPHARAE o 8, EBBE o [HEEN g0 f ), BAEXHE, H—8
AUBET D : W E x> XBREES - fe o X, BE WS EX BLETEE T ARR THSET . mEC
ARY Xy BT o Do CRITIRY BIX, wBET , EARS , KER TR Y AIX o RE FRY X, B2
TR —— I .

(Ve S AT PE— IR “ R WET . RIS AR T —EEE, F—Bitx 5y WERS (x, 35
E2) EXWTRBMy TH, 1 EACK, fo(A={b]| bEy,qacX, f@=b) Cy , EHRBRTHER
BT o ZREP() BP(x) WESS T AIRERET . (f (B)= {a|acx, f(a) €B} CX,

EMEET ERAE T
i @%&P(x) x @P(x)

s 1
(x-f-*y )W ( P&y L) ¢ woimy )% (P(y)f—-»P(x))

MERMFATFE , T8, FEMSEFARY“ RE” , CHREW TR FcWBe , LEERNWE T T
1 T AE A— AR WO REREAY o BIANAE Ff rh 2 () SR 0 (R REIR FRE T R 200 B - T B BRE TR S4B D B F o
FoA—HMERTFREHET . AEETLEAENLCREM\R (AL —AENS 52 8 5) , RERMESHTEY
JGiK ( Product of objects ) . M EAMMWEIELAMNTERAER—BEEEAX , RLEE— LA HEXXS ,
I X f el >
e 55T aE Xx Sy k kT EEIXS () )= (a, fOSXXT . AFAHXBEFHET o

) TR
S X8
RET e

(SLT)WS@”(XN L8 vxry

WEF BRSNS AREENET ; B uHERE S84, MBI HEEMAS AR . REMERT
“HHE? KISENES-YTE SRS, BB RARSET ( Forgetfulfunctor ) , MMR—KERWERL “ B~
S, ETU—RBRHEKS » Flind ABE-RZE Ry MR ( MAMEEE) ( Inner product space ) , H&“ TE”
EMyTHARTRALT BARZEM , B AMENBEEKMERMAE “ " SR TR, RREMRME“ 5"
R TEMES ER B HRT o RSN IARRKINE S ERA%S . (ARTHETREALE T,

(5)FEY @I ER ( General Topolo'gy ) RE—SETF BT o RMAES —IEMEZR ( Metric Space) BIFT
4B ( Open Set) MAERZMW AR, Tide , 65 Hay B EEGHAR B 4 FRZ M EHEY . 258 —
AT« Hf FEMEZC O BB B0 S EIR RO RAMERS . AL RIMAEE #F A% (Equivalent ) WAHR EHIREZT
i FARASEESIREEZEM , AAIE ( Neighbor hood ) EEAMEZCR] , AHEEHE T ( Closure Operaeor ) #H
A E K TTERTR HPEMES RS AR LW © 8% 78 | —EH Ry e , BE
ﬁﬂ’ﬂ&ﬁm(ﬁﬂﬁ" BA®W——HEET (A rnEBAMGEEIR—HE) . RMTUBE e —H EX
FRES A S o FOEWI S ¢ A% SR TR A o £y

OE—FEX hB— Y4 , BEEWTHREEESHom(4, x ) (BIER (5, ») FEHom(x, y)EWBEES
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A BRAE TR M —4f o 19304 K. Godel MBEARNEEAMET —EHEE ( Model ) o RELER F B
TR BCRER R o K5 i BT S — A AR RRA N T E MERFE S K AR ARMIT E
T SR —E AR (EE L AR R A TG o 1963 2 P.Cohen RIWEMMBARNEEMA—ERT HHRHN, B
BT CMMA RNAR FHERETE . M EZ » Gode IBIAT H A B RN Stk ( Consistency)
i Cohen PA T M ( Independence) . MEFTARERKEMNEFREEME AR MBI NEEL
) T S — (AR S NS AR AT R E R S AR ,

SR WBRHFEERN AR 8% B ARG B SERARR - ARNES , FREQRLELL A NS YE
B« 7“7, TRBMENER AT RENGE  NE—TEAART ABUTRY . BSETHEREH
£ e B OIE R PR 6T TSR o R 2 AR AR SR I S RS R A T , IR R T N R
EEEENEH— ERRRET o sFRRMT L R EHR K AT RE Lobechevskian %17

B. ##B &% F ( Categories and Functors )

FHRZPRMBRIERERNEERE , B4, B, HBZTH , RS . S RMAHRCHARRMARRHRE
— A, R AR —E R SRR — (O R AT A R R I B o ( pUAnE B2 AT R 2R B
HEAHREBEE, YW FFARE ( homomorpbism) H4A EAAIZSEH A ( Continuons homomor-
phism ) o J IO MHEE L EERGE N E BB B S — 0« %88~ 5HeT USR5 © % » AR LT R(
Formal behavionr ) BRZHELHIH T o PN BA REG—MERER PR T “ ER > , MAREZ AR
s IR AR BRARBERENEEEEEFUALARA_ELEEBETAR . F—HE ,» HEAET—EAREHFT-BES
B . HH AARKE BT EMITRNER .

HAUEWERRM TR E—E © X700 &8 AR MW TE—aE, (T8 —Aasl—ERXERS
ERHEE B, X PHTREBZ /YT (Object ) o

OF—ERPEE—mTH (x, v ) HEMERE , KEARMLUHom (5, ») KT . MHNHEF7TR fEHom
(x,2) BMUER Z AR, x , yAINBREWTHESRE THEL , BELUx L}f{ﬁj@(morphism DI

QB _FEEE—=TWTEFE (x, », 2 ) HE—EHKUHom(y, 2 ) XHom( x, » )REHEH L Hom
(x,2) BBBEES,
(ElHom( », 2 ) XxHom(x , y) —=Hom(x ,2 ) ) HAE [y S «\‘L}' (g, f) EHREETWEL gof
FzBze » B,
S A 118 U @'Fillf%# : E
e ¥’J‘TJ"Z—>W, )’_’Z X =Y

he(gef)=Che g)eof

B oR: $E— ., BE-RARI, €Hom(y,) e

s Lyt of=y o ydi e,

1, T R — (AR ) o (R T LUB MR BT S R R aM = w,”eﬂxﬂmﬂxu>
BRI . REXRES , MARR £ (RLELHAREN) , BXLEARRMUEVERS . FIE E5R EINE
WO, e REMER, AR AR, FanE SR Ee g, Frahas RnRR g, SR EEes
T B AR 2 /NS B M os e BEN S , B, AR, SR B —EAEN (AR P —
BEBRGIT » £ B r TR AR — R ER .

—ERBRER— SRR TR AL ERE (TUER) ERBGER, ©3 : —@n tRAKEEL @R AX 4--X
A AR B , —H0 FTABEER—EHE { 0} ~ANEK . LT RS2 —TH 0 RARE TN 0 , RilfRE—
RETRb—F > TELHEMBEKN—E 0 ORI EFALBA FE—R—HTR » T » TEFLERBA T THN
n BT o ROER— 0 TR A ® R H "t S — 8T RTE o P10 S— B — (8 0 ST STED I iRt
BT Rmigs ,

n TG R R — R A B HERR , (@, ,a,,8,) 0= (a,9)(a,9) (a,0) - (agp) 0 HRBE
FLHIRIRE , GhRImEkH ST RE DT RERR, Ti—EABCREE F—RMER RO RS, LB RERE P T—
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LEE—#T)  F—ERAE, £ » FL#t €Hom( 4, x ) flATMERS ° ¢ EHom(4, ») , BAER—MER
BEA—EHom( 4, x ) ElHom (4, ¥ )WEEK fo = f ot o EHRFHK—EREX £ HEHHEERBETF ( Co-
variant Morphism functor)o {BATHB4TEEHom( 4, x ) &R Hom(x , 4) , EREIEIA ¢ o g (»-5x) &
TG H M FEIEE BT ( Cont ravaiant morphism functor ) o

g ARIE R BRMAES —E MR BB R W ER MR LMY g —EHEAEZH—-EHom(V , R) EHAK
WS o AR 2 (FEZERIERR ) 24— B 6t 5k w8 BiE 5 S BN R , RME A% ER
# o SERLE—ME MR MR IRHEN 5t 2500 ATk s 2 & 5 iy “SERE Y T . B A FARSE TR AR R
ANERA = RFTBZ B ERR&E T ( HE 8BH) i

(NEERMRER BRI EE ( Algebraic Topology ) FMELETF . EFHELRFRMTLUHA B

B © R RS .
SeE—{E e il TR T X - R R — B AR R — R (G F BsR ) ERFYT .
R R L SR SRR 1 Blix, } gz
AEBR—BIIEE {f; } , E—BEAKEx; , BREETEBYRBSRESR
7L R SRS TR NI ST S —xD T R S N SR
fa‘L f‘l fnl ...........................
Py P e =9 PR RS SR St 1

EERMELEENRT (f; ) Bl ) B (o, RS RIS TUSE—BEEE . (RaE) , mEEm
F 2T L iy _F B 9 B ik e R (R AT B .

F SR 50 2 e 2 T S0 B ey Ay TSRS A © 151 ” RS IOEE T o UERE T ( CohdtWlogy functor)
BURE -~ KA ” $FESNE T o i SR 28, maRns,

Preshea f 1325 5/ SO WET o REHE “ EEE » FARF 570 RN i 2 & — i o —— r 8 —
4 B BB S BT » MR AT (EDBRA R SRR » BT — BN

H R R A AR T R TR . E R T A&+ SRS Mac Lane X S.E ilenberg £,
RECMERB SR ETRSY—  ©FT LA FH MR & B0 R AR, 86, FERAN .

(g2 3 & )
& P.R Halmos Naive Set Theory, 1960
E.Mendelson Introduction to Mathematical Logic 1964.
K.Godel The consistency.of Axiom of Choice and Generalized Continuum Hypos:hesis.
Annals of Mathematics Studiey No.2 1940.
A.Tarski @EREENSFERMR, BHEOEHE 1967,
{£) S. Mac Lane and G.Birkhoff Algebra 1967.
A.G.Kurosh Lectureson General AlZebra 1963.
Euglish translation 1965.
B.Mitchell Theoy of Categories 1965-.
E UaMAETREAZEERRERGSE
S.Lang Introduction to Diff erentiable Manifolds 1963.
D.G.Northcott Introduction to Homological Algebra 1960
E.H+Spanier Algebraic Topology 1966.
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L)/7RERWE

lia - #H— ZKEH
ii~g
ERAXE IR , XNRUEFL AMBERAN , FEEFEMEER T+ . BRERREME , 7EE
RS T T o AR RIS , A GRS G, N T BRI - B, BTHR.
Wl
3 BB R (S GERIE & #0404 F LUERA R , [ERSRIEDef . 2. s MBRBRMAETHANE . MIE
LEMBRERY , —RRISFEW @R TLAEE, wHFEEATRE , RWE b REREETUERE—LFE
M, g PGEEE SR F YA S, Rk FFEECRE po0 RE R AR S A B M5 E AR BRFA R HE,
B 2 BESIH BT LIBARE — R A E , mMRRMERTEE W, MEAEFRSBLO LR, T/NEEEEEREE
HH . EEFEMREREERER .,
~0 e
BEEAE , KBRAKEDE , AHEERERE , HE«BUEAL, BAB— , =6+, ZHEE, SARE
CJMREBD? XA «UEAE, EFER , L—EA . BHHN . F—FAE» HESHEASEENAEIF
PR EWHE . BEE AWEMN G  ARH - RIRENEY , BEAZSEHRM | BN P S E + BEOF 2 EEmy
B, BAIESIR EERERSE | (RAANE , EESF , P. 234 ERALEFEE) o
e
3o T AR, N B AR —5077 » AR RIRE BRIF TSR R, R ETWRHOFE (. )24
B CBRAMBT B, BT 5, HEEHIM5 X ) . BINMIR /EPermutation A, AR B EMBEY st-
ructure HLTERHIBIGR . LMk auto distribute W R . TBE—RHICRE WIS ,» ATURBE— BHEHRE
o b ARy , B0 R R RS — RRE . Lh ABHRNLARKEERN , TREMEBERENESERA . XEL
By, 5225k WA A T —E B2 e KAk, H SRR R IO R SRR TE , BB TSR,
P

B35 BTy A K R A IR SRAE BT R TRIE , MR RBA T H 5

Def.l FH—ERHRA* (n €N, NREEYFRA 2 <2 ) BFEFRRRRERY, IBLEARRE—n* OFERE
(57 5k o SN THE BN R— 4 L5 Bz P, BRPTERAE o

Def.2. B<CS 5 +> B—ichBt , HIMRS fyn LT » S2ES spfEBa® B ( () n N, (i) THE ) #i
A n® HHR (—KiR— /) FEE—-1T,. 5~ ﬁﬂ&?ﬁ%ﬁ%ﬁtﬁmﬁﬁﬂﬂ& “+ 2 @B FHAERNER,
B% n =1 B, AIESH BRERZE— S PuRiRe—$ 7% . ﬁ'ﬁﬁ’\éE’Jn l‘**ﬂ?inaﬁsn s -
T BRI RS — Rt , B THEAS— R B8R Z 3 1% , RE—1T > S—FIRmY AR L#TE

ISR — —2— w3

1ok == ¢ —-‘i—: ix 1+-5—i *—5-—i~ii
2 2 2 3 2 2 2
3 1 o & i R WUIES.
= = el 5 t2i RAER , MBS S il B Rl
-1+—;—i %+3i -2—%: _1+l,~ %+3; —2—%:‘
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—f n® 1‘@17%%1%,&3’52’]75%%&1%%11”3“ s n A fai] o MR HANTERUMREE (i, 1) SHE

RHERDFRHNE I P (EEA) RBJIT(LET) .
Def.3. 3% Sp , Sq B SHE—p , B, S, =Sq& (1) p=¢ , () HEMBW THEZES .

BASA LRI /28 —equivalence relation o

Gy ey
Def.4. #H Sa={ @ : . BU% Def . 2. AR S WAE— TR, MERS So FE—1T > (EFIRE—HA
oy o
METHREEBRHER  BHS S, WEH., KOS, S WHHEE 1Sa !, B Def. 2T H IS} =
Gy Eoekdgg = ’é ay; E}ZE a;, ES(:')': a;; B ATEHE
J =t Yt =1 =

Theorem L. .#{ERRZHIES REEn ENTTE , EVHLE—S0 o
proof : S B—RiEt, MUEE—BEHTRKE S c BN —n® Khrkcplin® @ e A , HUBEK—MR SHn
WL MR EBEE .
Def. 5. #&n RN SHZ—In 5, EE—EF «*» , AEHF:

i By ***Byn é @y @
VS 3%8a € o So= s o=
; Gny *** Gpn g glam @on
§ @5y " Bin g ay, o+ ‘e @yl @y Satses @,n + Gnn ;
Sa+ Sa= ; £ : * : =
@y *** @nn § "dpy ++ 'ng Onpich By teees Ggn + @in §

Theorem 2. « % ”ﬁréfn s EE n n
proof : VSu s S0 € &n > ( Spk Sy ) R —ITHTRE +» EHTR .Z (aij b ,“;j)z( .Z a0
: J =1 J

=1
|
n |
+(C Z ey )= Sal +17Sal, ABAET 7 KRS AR ERTTRE « + ERT IR AR
J=1 '
Theorem 3. VSa s 'So S @n » 8l 1 Sal +1'Sal = 182 %S|
n n n
proof : 1Sl &) S5il=i _2 a5 S Sl ¢ .Z '“ij ):AZ (aij""aij):lsn""snl

_]::1 J=1 J=1

SR . ¥
Theorem4. VSn » 'Sa s So E@n » Al (Sakx Sy )k So =Sak ( Sak S, )
proof :ijisn=§4”§u s 'sn=§'aj;‘§ ns Sa =§ 2ij{ n
(SaxSad*"Sa=Chaglanagfarxfa;ia
= g”i,"‘"“ijén*'{ a5}
=§(aii+la§i)j”aiji"
= Zaii '1'-’(’&”"‘ "ij )?n'
=fai’»§,,* ;I“ij"' aij‘g,,
=Sak ( SaknSy) - HEB.
Theorem 5. VSp 3, Sa€E &n » Al Sy * 'Sy =Sy % 8y
proof : @ Sn:;“i]';ﬂ» lSn=§’a“-§n
So kS = §“ij§ ok 2’“ij§ _— g“ij + I”ij?"
= g ‘ag; + ay; %n = f’ai,}n* gaij%n ="5a, * Sy
Theorem 6. & S, € g 5.t. ( suchthat )V 'Sa € & '
Syt 8y = 8 +8, =78,
proof : @ Sy el n® B S FZBMTRMBEZA TS , BV Sa € @0 B Su = §la], BES, 'S,
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=fetayfa={a;fo="SaxS0 HETEEB.LUE o FHELTEREBO0 .
Theorem 7. VSa Egn  Sa' E@n 5.2,
Sp K Sqt = Syt ik Sy =O0p

@y 8y

proof : & S, =4 ; » MIFT A —n® L F Rk 58 i FUEE J T HRA 6y SR THR— 0y » W—LIHRATHE
@y Qg §

B—$IHE TR HE-FIETR(—ay )+ F( =i Ji==i By Eeeiey +am)=—l‘~?nl o[

B, HET, SIRMEAR LETRE + » BETIERA—& 8, #hn® UFER o P—TK. &
HE SqoHK, Sa xSyt =87 % 8§ = i“ijin * %-ai,-in = %aij "“ij}n =0, , HEEEE
®. '
Theorem 8 < @ 3 %> B—RHE,
proof : B[ Theorem 2. 4 5 6 7. §&.
| OBTR<S  +>HEEE—EF ¢ 2 E<S 5, >R KB EENC - 2B+ 2 HH

Bt o .
Def.6. EHE—EHM S X & RE g, WHHEE . HE— e €S, Sa Egn M aSuB o FIME—TR, H
FHIT
@y @i § } Geay, e Ge gy 3
B Su= 38 : Egn,asS A aSy= : .
gam"' L CRdl il i 4'“nnz
AR a So FE—1T , B—FIRMH AR LHEERE « + » BHEARGAW S| FF’—aif aS € o B
o HME—TE o ;
‘ Theorcm 9. | aSy| = a-[8al VacES , Si €E&,

n
proof 1 8 Su=§a;; 0 Al laSal =1{avaylal =0 ( 2 o) =a-[Sa| KEEEEE.
J=1 2

Theorem10. Vp, qES, Sa€E o Al (p+¢g)Su=(pSa)k (g 85)
proof : %ﬂsn=§aij?n Bl (p+g)Sa=(p+g) gaij§n= §(ﬁ+q )‘aij?n =§(P'?ij)+
(gea;)fa=tpcaiax it alia=(pSa ) *q(Sh) HMEEEER.
Theorem 11 _Vp ES , 81, SaE @ Al p(SakxSy ) =(pSo )X (g 'S.m;
" proof : ﬂsn=§aij§n- ’Sn=§’ai52_n
P (8o Kk 'Sy )=17(§aij§n*§aij§n )=P(§ai,’+'aij§n )
=€P'(ﬂij+’aij )2n=é(ﬁ'aij )""(ﬁ"aij )g'n
=Ep‘aijzn*§l’"“ij§n
= (pSa Yk (pSa) HEEEEE .
Theorem12. Vp , ¢ES, Sa € &n Hl (p2¢)Sa=p (g5 )0
proof : & Sn=§aijzn
(p+g)Sa=(p+qg) ja34a=3Cp2q) a;in
=§pe(qeadfa=p 4g-a;ia=p(gSa)
‘ HEEEGRE
Theorem13. RIB S 5+, o> e o »EHAWBEMTHRA [Sa =S
proof : 33.,:3:;”;., Al ISq=1I}agfa=41%a;%a
- k = i“ij? n =S WETEEEE .
Theoremld <& ;%> BMA S +, > Z2—HEEH,
proof : iRi# Def. 6% Theorem 10. 11. 12. 13. EIf§ .
PRSI R R i Bt e . NEFE SR Lie WE , (T BERS SO RuE B IEHE , R
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BT
G: {SolneEN}-S HEHR V' SaE{SalneEN} , G('Sa)=1]"5al
() G3k——EE, RE T :

35—-3v72 25 -2
o —_— V7 —
5. 5.4 + 4
2 .2 5+v2 15 =72
=15 5 e =15
5 5 2 2
) 15+/2 5+3v2
§ —_ 102 —mM8—
3 4 4

(i) GREBMAE ( onto ) HE?
En=1%vecsS pgarE—{el e{SKlneN @G (le} X=1{a} | =0 ,ECRRRE
B
ﬁ&%@ucf&ﬁ HHAFE—nEN, Gy : @ — 5 EER V& € @n.: G (8o ) =[8al » BL
SmE nxl BRZEE.
=T RN A &, HIE —permutation UERE—TTRE—LTHF BPLLE , F1I0 pemmutation
(1 2 3)ERRE—TRE-ILTHFBRIMLER(1,2),(2,3)k(3,1), (R 1-
. 2,223,321 ).
Theorem15. % n =25+ 1 BRARKFR 5 WEHME a RS PE—TR, E—n" GHEFRAE(L,~, §—1
T » 28+ 1) i EHUAL BRI o , TR H CAERIRABN TR e , Alitn® £J757% 804
) B— A S I EERBER a

proof :, (i) [ permutation ( 1, o 8= 1D 40 Sl parsiaes » 28 +1 ) B—H—-HMRK, MEE
BEE {(xlx=n ,xEN} EFNR {*slx=n ,xEN}  AHTEHET , @HET , dilin®
E RS RS S — B e , RETERQERR
(i) Sa® JHRPHMEABRFEINES —Ba :
EER MBI n® SR PRANH AR (HELAZETA ) o AR AR EE A o s
R, @F—-PEN AP, (P,P) Bl n=285+1=5,8® n=3", A pemutation
(] 5 e SR A R » 28+ 1) FEFAEE-HEHERES , RT S8 (F1
=2 ,223,,8§-121,8+128+2, -, 28+128+1),(S,8) ELNHA
WREBRBHE— ., B n® JFRNENHAREE—Ee o
HR , BMAB B OFR PN ENS AR (ELANETR) . EEETF-RomBEs : BF
EZp s gEN ,,p=n,qg=n ,p+¢=(25-1)+1=25; (p, ¢ ) o/ permutation
(1 ) 23ests 28 =1 ) (S+] yeereee » 28+ 1 ) FS>S HS+S8=2F , K- HEFEN . X/
Ho S NSNS BRI — S NI (152, 253 , » §—1—1) , BEPE—H REEEE
ZRUNR2S 5 FEEAEHS Kif) BEURBE—10 S RB ( S+ 158 +2 , -, 282158 +1)
s B P - BUEHEBE 2 MIMERR 25 , SHM-—BS,
A (1) (i) AT ATA SR — R S Z n #8674 , BEEMES ¢ , & Theorem 15185,
& n=5 KEEI T g .

lela|el|le|e

a € e e e

e e |.a e e

e e e e a

e e e a ¢

#HTheorem 157 5 | i F— BEEEH :
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Theorem16. Fn BAMEFERS W , AIKE G @ &~ § BHKER

Theorem 17.

proof :

proof :

B # Theorem 15. ZHEBHE o

Bon=25 BAREEN6HNEBE ¢ B S hE—TTHK, E—n® GHBFRE (2 , e, S ) (

4 Q 5 e 2 28=1,1, 28 ) MEZALBIRY. e , AR CEELRARMTR ¢ , {likn? 27_

FRE B — 0 S 4y n B T AE BB . '

(i) EMS—TRE-JBEE—Me , HEHE Theorem 15 WA b (i) TEHM,

(i) FEBEAK n® LY MR ETRABEE—Ee o
HARBETHAN AR , /£ permutation (2, s 8 ) ISP e w281 51
28 ) 125 HARFREFZZWHE (Sx1/2 ) ,X 2526 # =3, K (25 )—
(§+2)=8—2=1 i pemutation ( §+ 2 , -=++* ,285—1,1, 28 YREFLSY
BREIAR F WBAFIE o [FEA (2,0 s S)RRRB, H S+1 -8+ 1 Be— , EAENYA
BEEEE—(He . HR 1528 1 (1, 25 )MELMNEAEELE—a o X permutation
(2 4 eeeee » § ) PEIAE—-BE BEAKBEENS 25+ 1, AB S+1-8+1, (§+1)
+(S+1)=285+2%x25+1 IRE.permutation ( S+2, , #1281 51 s @len)
B 28 — 11 H\ELEREMER HEBUE > A0E K i
2(8S+1)=285+2%28+1,fi 285—1—>1+d (25—1)+1=25%285+1,
O —EIREE

4 (i) (i) Theorem 17. KiL o
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e a € € e €

€ e e al e e

a e e e e e

e [ e e a e

B Theorem16. T3 |HFT—EEEH,
Theorem18. F n B AN RFN6 WEM, HIEH Go : oo =5 RIREEE

proof @

B[ #% Theorem 17. ZH:i§H! ,
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Theorem 19.
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;A A§
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‘TheommZO._ G, : &, >S5 BMEEHE & S={xlx€S ,dyeS s.t. 3 =x}
3 En=3F
(i) BHRA— S+, «>d:
Bl RS hREEM TR, & 3150 HiE— PES AIBBMTHREIRUFMESHBLP (HE
—aES, ¢ REFERTR) o

41" "i=3r v aor p p pl
(S P -7 d 317 (31)* . L P 3
0 571 —21 P P P ]
R 37 =0 oM ? IR, Gi)
BEMNT :
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048 1 2.3 4 010 05 0 H00 0
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313 -4 0 1 2 Sp0. 13 1 2
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422 WEEEAE
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01013 1 1. X
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a’ Fa*  FEEAE , BUTEEMERE M EASEWIN , GBE SuBRATE 68 (<F ;5 +> & 37
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TEER e°xd , REKIEE.
I BFIE-TR0E .
(i) B—TEXB010%F (HLEETF . FED
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DA FRET T W5 AR A EFERTIRRAME LIFIR TR ER BATHR ¢ XREAWEEK . TEEER R
—EFCEBS PEE , MAHNBUBEIFER AR
Def.7. B <S ;+> RB—HM, RSHAERa* BTRK (2 EN, n =2 ) WA—n" LJFKS . ERETRES
FEURE * P ERATHRRANER , AIBHR—MR S afET505 .
RS 11 FEH IR 1 BT -
LE AR « MREER AR TAOAKEE . BERDE .
Def. 8. & R, BHRZHREE <S5 ; +> W—1T510%5 , EEAR (58 HAR LETRE + » ER TSR
s BUTE Ro B—AR (EM IF o
HiEY S iy 1 BEXTH TNER A MBI o
[ Bal BARMN (R )LEF R HRE,
Theorem22. K, RMiAS Z—Wn BFTFKIH , MBAE—n eN- {2} L: K-S HEBB VR €Ky,
Ja (Bo )= [ Ra |, BB fo BERBEEE o )
proof : [FEE—LIHFERITAILS » 81 Theorem 16, , Theorem18. X Theorem19. BIF[HIE nEN —
12,3}, faBBiEB .5 n =3 WKAIFT&H permntation (1 2 3 ) Ai@ ZA WA S 2
—ToH, MAEELERALGTRe , HEIBE—HR SH3IBOFMEARBETR S P2 E—7HK,
# Theorem 22. B3/
Theorem23. 5K, RiMliA S — AR (£ ) n E405 . HRE—neN—-{2] Bl fu 1 'K, -5 HEBR
VR €Ky, f(Ry) = R s BE 'S BBBUEK o
proof : [BE-—~LIHERITFILIS » i&MRIE Theorem 16. , Theorem 18. % Theorem19. 5% ne { 2,
3}, o BRAEN. n =3 BE 'K, BEMNOFATAALER(1,1),(2,2), (3,
3 ) BIRA S FZE—-TRMA KL CTLEERA B TR, HEBR—MR S 2—&E80% , MREES
Sz E—TuH . & R BAMIFT 4l permntation (13 )T EZ ABEIRA S o 2 H— TTHETH
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KA LR, BAE nEN— {2} L8l o RREEY. §o 7
% Sa BT S a0 BETH , BIELS. © REHFRFHIIGT R, A Z S; ; B—RS K

nRELTS o FIEEETAESL—n p LT FINE :
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TR IR
B<la,b,c,d, e} ;x> mR, BERROT

& ba. b € idioa

a g L6 e iy e
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HEBER e cHRN—15° JF% S+, CRTAR—5" H%K , A TE b LUIER/H  SER Fistig
H— 15" {JHFREMES® SI5% RS (3, 2 ) EELTERFW S UHRPEHTRS ¢, 55
ERML— 3 BT RER ¢ EHE 15" TH Rp&EB (3, 2) (HEFS GFHK)E ., BT
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17 % S AR BN QB AITFISIAFENE (Way ? ) . XanfEl 15° £ 7 BAMS AR ERERA S
AREIHENE (Why 7 ), [FEAEEMN HER LIRS

¢ lcije e lalalae [ajdbRajalafe |6]6

e b |dYa|cjafal|blaealala]c |d]e

ala|dfja|la|cfibjila|eclala|alalal|e
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alajle}dlalelajalcjb|lajalalala

el BOETHRT oL 18I T~ B
g

B S, BN TBEES g P F , BERHPE i 518 j T2 TRB LA

() B i=j BT LM S EENTARESE ERZ .

Gi) B i+j=n+i QFTL—MRS We BENOFBERL ERZ.

Gil) & idj B i+ jxn+1 AT0—HRS 1 BETIIABEBEERS .

(i) Gi) Gil) BT — MR Sw pg BETH o :

HE—EEEE , X EETREN2RE , AENES,

IR EAM AR — RS fn KIDH , BE TEEGEE « BSE TS F—R S tn B 7 bR
ZB%H » BAYE— EFHAERMIW—Y) rigid motions ME—# (FBR octic greup ) , BY
MNETTRSHE :



36

The orem 25.

The orem 26.

proof :

B C [¢] D D A
g e @yn (e G| @ppeessecces @yl
Bng deenmes Gnn a.” ......... @sn 735 L @y
A e D B @ & Y at
B A c
G Byi Bidgsievans On B s iiennes @
Gion i rsaiers a, @y o oevsesss Gnn @iy diss a Bis|
D a? [¢} 3 F} =D A 3’ B
y D C B
By soesersse @pn. Bifeoronnsss ayy
@y, et ah Qo e an,
) D FIgE

R BRI B0, & So BN S Hyn FEIH A S, #@ E5fi /AR rigid motions FY{E—7 motion
T5R—Ms S tyn FEE]77 » BRBHER , EHMEGHT—ER :

B So B SHyn BEIH L A S BBE— rigid motion (M EEH ) HB—MR SHI» EOHFE
RS o (3 : BB RYET HRBATIILI FRITRESL » NEBAMLIFRARLTHR L)
HRERRRECES, TR ? EEE M ? RIGE T SR S 56  EARENE LTS
WAME , ARTEEERETHBREG, hHTRk , #0075 HBEEIE .

gy
G) ty Kn= {a a{ =kalko BMEE <S5+, > ZafEil, a8} <K, ; *>

B <Wa; x> Z normal subgroup H <K ; *> B Fu it S ZFEM .

() <Ko %> RS ; *> [,

() B Sxg K Koo, fE= kn, ko €EKa @ ku = {pln ko =iqlaH p, ¢S
ko (= 'ka) = §pla *}glo=§p —9fa HP,9ES K P—gES FH §p—qh
€K, , <Kp s *>BS, TFR, XA <S5 +> BRHRBHE <K, ; *> B &, Z norm-
al subgroup: ,

R<Ko s *>8BY, 2T, Xff—e€S fl akn=afplo=fa-p}.Ma-pES K
akn €Kyt <Ky 5 %> B < & s %> 2F2M. '

(i) fEEE S : Ka—S , Vhka €Kg HI f (ko) =f(3pka) =p , HEBEERD— H— B,
RAEME ko » %o €EKa B f (ko X 'k ) =S (Jp)a X {pla )=f(p+gta)=p+
¢g=fC8pda)+/(1gla) B <Ko *>HRIS; +>RM,
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(ii)

(€3]

2 ()

@)

37
MRS REWEA |G | 2| G |
KK* 5 hB=H, sk S8 ) W
RHRS &1, A—GIHRHZ n OB TR ZF 8o .
R—CIH Zn BT RARG, , WRHX 9 Fuxo , Fkn kn & &y dkn= |
,,}nrk'l—{“,, Pa Al
kndk(="kn)={a;;}, %}~ "ay }n:{aij_',aij}n oHkn, "kn BRMHH 2
n BB Ke; , ‘e €HV, 5 1<i, j<n e, ~ "a 1 EHBE 8- "a,;} 0
G Bk, X (= "ko) €8, , ' CH, <, *>f§<@n 3*>Z’}¥¥o
WTpm= {Sall Sa |=P for some fixed PES} BTpn) ¢ Al
<Tp(ny; ¥ >R<G, ; X >ZFHESPRES 2 EMTR.
<Tpny; ¥ >R<G, ; *>SZFH=—=P=¢, e RS ZEMTR.
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=etg| "Sy | € Tpn)BI<Tp(ny; BI<Tp(ny; ¥ >R, 5 *>Z FE
4 (i) (i) Theorem 28.13%&
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px¢ TpysT qcn) ¢
BT o (=T amllVSaETpn) Sa€Tqqn)
HSy ETp i [Sa|l =PHAE| Sa | =gqikp=¢
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#24 (i) (i) Theorem 3018/,

#ETheorem 28 FH—RUHRT pinx9 » REBUFINEH , RAKEEr €N~ {2, 3} AT,  ERFEES
» A Theorem 28 Theorem 29. X Theorem 30. BH—FEHER , BIRMT LUEHT( n EN - { 2, 3}HHpT
TR B— s — it , F— R TR RERTR; HUS PR TR ¢ FHANTERRY W TH, HENEAR

£o

Theorem 31.

Proof:

RS RN ERSWn KIS , V¢ ESEP*0, ¢X01| Tpen)l = | Tqcn
BR T, (n)&Tq( n)%’ﬁﬁl‘ﬂ% , T —HBS Tp(nl “’Tq(n,ﬁ.v S, € Tp(n) s f(S,,)=(lﬂq)
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So (| (P e g)Sn | =(peg ) |8 | =g, (P ~g)SaETawmy)
Q) fR—H—: ;
BSa"Sa RIS (Sa ) =(p™' «q) 8 » FU'Sa)=(peg) 'S,
BEE (™ < )8a=(p" e g) ' Sn BIKA ™+ ¢ % 0&MRMVectorspace 2 BB H
So='S, FHEKSB—H—
Gi) f /RBRER ¢
VSa ETpny MIAB— (g™ ep )8, ME| (g™ e p )8y | =Cg7 e p) | Sal
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e O GRBH | Tyml =1 Tam | mEPx0Hg %0
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Togmy
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o

EBG, : & >SHEBRR/VS, €F, , G, (S, )=|S,|, XchTheorem 345G, (S ok 'S, )
={Sax 'Sy i =8, + | 'S, | #KEHMG, B— homomorphism, Hi homomorphism ZHRAAE T —E8:
Theorem 32. Ky = {p[p=]8a] ,50€Fa} HI<K, ; +>RS ZFH

& : (i) fh Theorem16. Theorem 18. Theoreml19. X HRMK, = SH TR ErSN~
{2,3)HiKy=5, BRIFK. CS
(i) H%5IRK,CSRK,CS,
T RRGRAS B e

Theorem 33. KIAFMmEEH:
BSa RETAS Wn BLIH , BEE—pES  sot.np=]Sa| HIBATAKS: Wn® Lk
T BB, FRA (2 +2 ) UF AR RIS BRIAP , B (1 +2 ) Ty
RS fin + 2K , AREAE (n +2 ) P

BELER, REHLMERNE —FIRE 2+ 2P,

Proof
PP BIREERRERA(n +2 ) PAEE + 23158
: —F,Ba+2HTER(n +2) P MNEEN

FHBEBTEHRER] Sol +2P=nP +2P =
(n+2 )P, Theorem 33 1% o
ER—RLI T MEERRY, T BEREES &
THE o

T RIS TR . Y
D p| e jplp

Theorem 33. 1. #’'Sp £ Theorem 33 Al SR MEKIHFA 'S ZE%E%?EEJ)DEME (meN)
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Proof : @ffZBHEMEA® LH R PEFIRBITIENARERS pEAMN | S| M. b § AR, Kk
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Theor em 35. 1 77 i (B ik G FHBEREE — iRV K077 chanf 2 T —RFIE B BNt T — R AMIEAY , 2
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Theorem 37.

Proof
Theorem 38.
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Theorem 3 8183 o

1 s ) (n)
F T J
\\: i |
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