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1. Prove the Carathéodory theorem: A set E is measurable if and only if for every set A,
|Ale = |JANE|. +|A\ EL.
(Note: |A|.| denotes the outer measure of A.)

2. Prove that the set of points at which a sequence of measuable real-valued functions con-

verges (to a finite limit) is measurable.

3. Let f be a function which is upper semi-continuous and finite on a compact set E. Show
that if f is bounded above on E. Show also that f assumes its maximum on E, that is,
that there exists xo € E such that f(xg) > f(x) forallx € E.

4. Let f € L(0,1). Show that x* f(x) € L(0,1) for k =1,2,..., and Jy x* f(x)dx — 0 as
k — oo,

5. Let E be a measurable subset of R? such that for almost every x € R!, {y | (x,y) € E}
has R!-measure zero. Show that E has measure zero, and the for almost every y € R!,
{x| (x,y) € E} has measure zero.

6. (a) Write out the definition of the essential supremum || f || of a real-valued measurable
function f on a measurable set E.

(b) Let f be a real-valued measurable function on [0, 1]. Prove that lim I fllp = 11 lloo-
p (o]

7. Let E be a measurable set in R”, and 0 < p < g < oo,

(a) Prove that L?(E)NL*(E) C LY(E).
(b) Prove that if |[E| < oo, then LY(E) C LP(E).

8. Let f,g € L*(R"). Prove that f +g € L*(R") and ||/ +gll2 < [|fIl2+ Ils]l2.
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9.

10.

Let { ¢} be an orthonormal system in L?[0, 1], and {c; } be the Fourier series of a function
f € L]0, 1] with respect to the system { ¢y }.

(o]

1/2
(a) Prove that the Bessel's inequality <Z |ck|2> <||f]|2 holds.
k=1

- 1/2
(b) Find anecessary and sufficient condition so that the Parseval's identity ( Z |ck\2>
k=1
|| f]l2 holds, and prove your answer.

Let C[0, 1] denote the set of all real-valued continuous functions on [0, 1], and the linear
operator 7 : C[0,1] — R be defined by T(f) = f(1) for all f € C[0,1].

(a) Prove that T is a continuous linear functional on C[0, 1].

(b) Prove that there exists an extension 7 : L*[0, 1] — R” of T such that 7" is a contin-

uous linear functional on L™[0, 1], but there is no g € L![0, 1] satisfying

T*(f):/ (fxg)dx  forall feCl0,1].
[0,1]

(R R)
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1. Let E be a measurable subset of R, with |E| > 0. Prove that there exists a positive real
number € such that (—€,¢€) C E — E, where

E—E={x—y|x,y€E}.

2. Prove or disprove:

(a) Any function f : [a,b] — R of bounded variation is measurable.
(b) Any upper semicontinuous function f : [a,b] — R is measurable.
3. Let E be a measurable set in R" of finite measure. Prove that f : E — R is measurable if
and only if for any € > 0, there exists a closed subset F of E such that |[E\ F| < €, and f
is continuous on F.
4. (a) State without proof the Egorov’s theorem.

(b) Let (fx) be a sequence of measurable functions on a measurable set E with |E| < eo.

If f; converges to f a.e. in E, and sup | f;, — f| € L(E), prove that klim / fi= / f.
k —oo JE E

5. Let f:[0,1] x [0, 1] — R satisfy for each x € [0, 1], f(x,y) is a Lebesgue integrable func-
If (x.y) . If(x,y)
d

x dx
function of y for each x € [0, 1], and

d B df(x,y)
o f(xyy)dy—/[o’l] o dy.

X J[0,1]

1s a measurable

tion of y, and is a bounded function of (x,y). Prove that

6. (a) State the definition for a finite function f on a finite interval [a,b] to be absolutely
continuous.
(b) Show that the function f(x) = x is absolutely continuous on every bounded subin-
terval of [0, o) whenever o > 0.
7. Let ay,an,...,ay be non-negative real numbers, p1, p2, ..., py be positive real numbers

with 27:1(1/19]-) = 1. Show that

IR

j=1

‘ |8
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10.

. Let £~ denote the normed linear space of all bounded real sequences. Is ¢~ separable?

Justify your answer.

Suppose that f;, f € L?, and that [ fig — [ fg forall g € L?. If || fi|l2 — || f||2, show that
fi — f in L? norm.

Let X be a o-algebra on a set .7, {E;} be any sequence of sets in X, and ¢ be a non-
negative additive set function on X. Prove that

¢ (liminf ;) < lilgninf(p(Ek).
—»00

k—boo

(AL R)
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1. (a) Prove that every Borel measurable subset in R" is Lebesgue measurable.

(b) Prove that there is a Lebesgue measurable subset in R" is not Borel measurable.
2. Prove or disprove (Please explain your answer):

(10%)
@If f :[a,b] — R is a function of bounded variation, then f is Lebesgue measurable.

(b) If E is a Lebesgue measurable subset of R, with |E| >0, then there exist x, ye E
with x # y such that x—y is a rational number.
(c) If for each rational number a , the set {x € ]R“| f(x)> a} is Lebesgue measurable,
then f :R" — R is Lebesgue measurable.
(d) There exists a Riemann integrable function f :[0,1] — [0,1] such that f is continuous
at each rational point and discontinuous at each irrational point of [0,1] .
(e) If f is Lebesgue integrable over E, then f is finite a.e. in E .
additive constants.

3. Prove that if f :[a,b] — R is a function of bounded variation, then f can be written as

(30%)
f = g + h, where g is absolutely continuous and h is singular, which are unique up to

(10%)
4. Prove thatif f e L°(E)and f >0, then IE fP = pJ': a”o(a) da , where o is the

distribution function of  , defined by (@) = [{x € E| (0 > a].

5. Prove thatif f € L°(R) ,wherel < p < oo, then for every & > 0 there is a continuous
function g with compact support such that || f — g||p <e.

(10%)
continuous with respect to Lebesgue measure.

6. Prove that if f € L(R"), then the definite integral F(E) = _[E f(x) dx is absolutely

(10%)

(10%)



7. For f,geL(R"), we define the convolution of f and g by
(fg)(x)=[,, F(x=Y)g(y)dy for xeR" .
Prove that f +g e L(R"),and |f =g <|f| -]g],. (10%)

8. Let{g, } be an orthonormal system in L*[0, 1], and {c, } be a sequence in ¢*(R) . Prove that

there exists f e L*[0, 1] such that Z @ (X) is the Fourier series of f with respect to the

k=1

orthonormal system {¢, } . (10%)
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1. (a) Prove that if every measurable set E in R” can be expressed asE=FuU Z,

where F is a closed set and |Z|=0.
(b) Let E, and E, be measurable subsets of R”. Prove that the product set
E, x E, is a measurable subset of R"xR" , and |E, x E,| = |E| - |E,|.

(15%)
2. Let f:R" — R be measurable. Prove that the function g: R” xR” — R defined

by g(x, y) = f(x — y) is also measurable on R"xR”". (10%)
Hint : Show that there exists an invertible (2 x 2) matrix 4 such that
{(x,y)| glx,y) > a } = A(R" x{z’f(z) > a }) foralla e R.

3. Prove or disprove (Please explain your answer):

(a)There exists a Riemann integrable function f:[0,1]— [0,1] such that 7 is

continuous at each rational point and discontinuous at each irrational
point of [0,1] .

(b) There exists an increasing continuous function f whose derivative 7" is

Lebesgue integrable on[0,1] such that I[o | f'# f(D)- f(0). (10%)
A B sinx
4. (a) Prove carefully that for0<a <b <, J'[va) J n Vsinxdxdy = J'[”M . dx .
(b) Evaluate the Lebesgue integral I o )Smx dx . (15%)
) X

5.Let f:[0,1] > R be measurable. Prove that if g(x,y) = f(x) - f(») is Lebesgue

integrable over[0,1]x[0,1], then f is Lebesgue integrable on[0,1] .

(10%)



6. Let f, : E— R be a sequence of measurable functions on £ , where E is a
measurable subset of R”, and1< p <.
(a) State the definition that (£, ) converges to f in measure.
(b) State the definition that (£, ) converges to f in I”.
(c) Prove that if (£, ) converges to f in I, then it converges to f in measure.
(15%)

7. (a) State without proof Holder inequality.
(b) Let E be a measurable subset of R”, with |E|<1, and1< p<g<w. Prove

that for any measurable function /: E—>R ,|f ”,, <|7

L
(10%)
8.(a) Let f e I(0,1) . Prove thatlim | 02” S (x)coskxds = lim | 02” f(x)sinkedx = 0.
(b) Is (a) still true if / € L£'(0,1) 2 Why?
(15%)
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1. Prove or disprove : (Please explain your answer)
(1) There is a Lebesgue measurable subset in R”, which is not Borel measurable.
(2) Any function f of bounded variation on [a,b] is Riemann integrable .
(3) There is a subset £ of R, with ]E [e >0, satisfying for any x, ye E with x# y ,
X —y is not a rational number.
< 2|E

e k=l

(4) There is a sequence {E, } of disjoint sets such that

(5) If f:R" — R is Lebesgue measurable, then the function g : R” x R” — R defined

by g(x, ) = f(x — y)is also Lebesgue measurable on R” x R".
(6) Every Riemann integrable function f :[0,1]— R is Lebesgue integrable.
(7) If f is Lebesgue integrable over E, then f is finite a.e. in E .
B)If1< p<g<ow,then L[0,1] < L”[0,1].
(9) There exists an increasing continuous function f whose derivative f” is Lebesgue
integrable on [0, 1] such that [ /" (1)~ £(0).
(10) Any function f of bounded variation on [a,b] can be written as f = g + A, where

g is absolutely continuous and # is singular.

(50%)
2.LetT:R" — R" be an affine function defined by T'(x) = Ax + u , where 4 is an n x n

matrix, and u is a fixed vector in R” . Prove that for any Lebesgue measurable set E of

R",|T(E)| = |det 4)|E|. (10%)

3. Let f: E — R be a Lebesgue measurable function, where E is a Lebesgue measurable



subset of R" with }E | < oo. Prove that there exists a sequence < ﬁ> of simple measurable
functions on E such that < fk> converges almost uniformly to f in the following sense: for

alle > 0, there exists a closed subset F' of E with |E \ F l < &, such that < /) converges

uniformly to fon .  (Hint: You can apply Egorov Theorem) (10%)

4. Let f :[0,1] x [0,1] — R satisfy foreach x e [0,1], f(x, y) is a Lebesgue integrable

function of y, and i(gﬂ is a bounded function of (x, y). Prove that I ) (g’ ») is
4 e
a Lebesgue measurable function of y for each x € [0, 1], and
i [ PGy .
I J-[O,l] fGx, y)dy = -[[0,1] o dy . (10%)

S. Let f be nonnegative and Lebesgue measurable on a Lebesgue measurable subset E of
R" . Prove that

b

'fE / = sup Z [glcf ()] ‘EJ

where the supremum is taken over all decompositions £ = U E; of E into the union of
J

a finite number of disjoint Lebesgue measurable sets £ e (10%)

6. Let {gok} be an orthonormal system in I°[0, 1], and {ck} be a sequence in (*(R) . Prove that

there exists f e I°[0, 1] such that Z c,¢,(x) is the Fourier series of f with respect to the
k=1

orthonormal system {gok} ; (10%)
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1. LetE, F be measurable sets in R”, B be a Borel set in[0,), and f : E — [0,0) be a

measurable function. Prove that the following 4 sets are measurable:
EUF,ExF, f{B}, andR(f,E):{(x,y)' xeE0<y< f(x)}. (20%)

2. (a) Use Caratheodory theorem to show that if E is a subset of R” satisfying the condition
|G| = ‘G N EL + ’G N EC’ for all open sets G in R”, then E is measurable.

(b) If the condition in (a) is changed to |F| = |F n EL + ’F N E¢

for all closed

sets F' in R”, is £ measurable? Why? : (10%)

3. Prove thatif :R” — R is a measurable function, then the function g2:R"xR" >R,
defined by g(x, y) = f(2x — 3y), is also measurable on R" x R" . (10%)
( Hint: Find an invertible (2 x 2) matrix 4 such that
{(x,y)‘ g(x,y) > a } = A(R" x { z‘ f(z) > a }) foreverya € R .)

AN

. Let < fk> be a sequence of measurable functions on a measurable set £ of R”.

(a) Use monotone convergence theorem to show that I . g | fk| == g; I . | fkl

(b) Prove that if the series Z j ) I fk} converges, then Z /. converges absolutely a.e. in
k=1 k=1

E,andijEszjEifk. (16%)

5. (a) Prove that if /' € L(E) , then for all £ >0, there is & > 0 such that Llf’ < ¢ for all

measurable subsets 4 of E with ‘A[ <.

(b) Use Egoroff theorem to show that if < fA> is a sequence of measurable functions that

convergesto f a.e.in E, with |E| <, and sup|f, - f]e L(E), thenllcimj‘]‘fk :Jrf.
k —wJd [ E
(c¢) Use Tonelli theorem to show that if /', g € L(R"), then J‘R" ‘f(x —y)x g(y)’ dy <

fora.e.xeR". (24%)



. Let { qok} be an orthonormal system in 1°[0, 1]. Prove that {gpk} is complete if, and only if,

1
0

2
Parseval’s formula | /| = (Z]ckrj holds for every /' € I’[0,1], where the numbersc,

k=1
are the Fourier coefficients of f* with respect to the system {gok} . (10%)

. Use Radon-Nikodym theorem to show that for any continuous linear functional 7' on

I*[0, 1], there exists a unique function g € L’[0, 1] such that 7'( f) = I o f x g for every

f e 17[o,1]. (10%)
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***Each problem is worth 10 points.***

. Determine which function is Riemann (improper) integrable on £ ? Lebeague integrable

on E ? Explain your answer.

L ifxe[0,1]nQ - ~
f(x)—{x, if v €[0,1] Q" on E = [0,1] and g(x)=

sin x

= [1,00).

Prove that (Caratheodory Theorem) a subset £ in R" is measurable if and only if for

A, =|ANE| +|4\E| .

every set A inR",

Construct a sequence of disjoint sets E,, E,, E,,--- in R such that

Prove that there exists a Lebesgue measurable set inIR , which is not a Borel set.

e

. Prove that if /' : R” — R is measurable , then the function g : R" x R” — R , defined

by g(x, y) = f(x + 2y), is also measurable on R" x R" .

Let < fk> be a sequence of measurable functions on a measurable set £ of R”. Prove

that if the series z I . [ ﬂ| converges, thenz /. converges absolutely a.e. in E , and
k=1"" k=1

;J‘h‘fk - J‘Igfk
Suppose that f € L(R) and ”RZ f(Bx)f(x+2y)dxdy =1, calculate J.R f(x)dx.

(a) Prove that if f:[a,b] > Ris bounded, Lebesgue integrable, and F'(x) = J o] 7,

then F is absolutely continuous, and F' = f a.e.in[a, b].
(b) Is (a) still true, if /" is unbounded? Why?

Let fel”(R"),1< p,g<x, andl+l—1 Provethat”f” —sup
p q ‘H(/

10. (a) Let / e I°(0, 2x) . Prove that Il(im J-(; f(x)coskxdx = }im .[0 f(x)sinkxdx=0.

(b) Is (a) still true, if / e L'(0,27) ? Why?

[ /() x g(x) dx].
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1. It is known from Caratheodory theorem that a subset £ of R” is measurable if and only
if|Al = |A N Ele + 'A \ EL for all sets 4 in R". Prove or disprove :

(a) IfIG’ = IG N EL 4 |G \ Elc for all open sets G in R”, then E is measurable.
(b) Ilel = ]F N EL + IF \ Ele for all closed sets ' in R”, then E is measurable.
(12%)
2. (a) Let f : [0,1] > R be a continuous function and B denote the Borel o -algebrain R .
Prove that the family I" = {E cR I fNE) is measurable} is a o -algebra containing B.
(b) Prove that there exists a measurable subset of [0,1], but not a Borel set.
(12%)
3. (a) Prove that every linear transformation 7" : R"” — R” maps measurable subsets of R”
into measurable sets.
(b) Let /: R" — R be a measurable function , and a,b € R . Prove that the function
g:R"xR" — R, defined by g(x, y) = f(ax + by), is also measurable on R” x R" .
(12%)
4. Prove that if /: R — R is a measurable function satisfying f(x + y) = f(x) + )
for all x,y € R , then f must be linear. (10%)

5.(a) Prove that if f € L(E), then f is finite a.e.in E.

(b) Suppose that < fk> is a sequence of measurable functions on a measurable subset £

of R”", and Z L l fk] converges. Prove that Z J, converges absolutely a.e.in E ,
k=1 7" k=1

andijﬁf; = jlifk (12%)

6. Let < fk> be a sequence of measurable functions on a measurable subset £ of R”, with
IEI <o, and |f,((x)| < M, <o for all k£ and for each x € E . Prove that for all £ > 0, there

is a closed subset F' of £ and a positive number M such that ‘E \F | < ¢gand ] f,((x)l <M

forall k and forall xe F'. (Hint : You can apply Lusin theorem) (10%)



7. Use Tonelli theorem to show that if /' : E — [0,0) is a measurable function on a measurable

subset £ of R", anda)(a)=~{er lf(x)>a}!,then J.Il_f='|‘:a)(a)da.

(Hint : jﬁf:jjle(mldxdy,where R(f,E)={(x,y)|xe E,0< f(x)<y}.) (10%)

8. Let /:[0,1]x[0,1] — R be a measurable function. Prove that if the iterated integral
jm] LOJ][ J(x,)|dx dy exists and is finite, then f e L([0,1]x[0,1]), and

-”[o,ux[o,uf :I[O,I]I[O,I]f(x’y)dxdy = _[[O,I]I[Oyl]f(x,y)dydw (10%)

9. Let {gok} be any orthonormal basis for I(E) over R .
(a) Prove that {gpk} must be countable and complete.

b) Prove that any function /' € I*(E) satisfies Parseval formula with respect to :
?;

| —

that is, | /]|, = (ih Izj , where {c, } is the sequence of Fourier coefficients of f .

k=1

(12%)
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Real Analysis Qualifying Exam 2021.4.28

x, ifxe[0,])

0, ifxe[0,1] 0, ifxe[0,1)
, o(x) = - -
x, ifxe[l,2]

L ifxe(,2] 1 ifxe[l,2]’andﬁ(x)={

1. Letf(x):{

(a) Is f Riemann-Stieltjes integrable to & on[0,2]? Why?

(b) Is f Riemann-Stieltjes integrable to 4 on[0,2]? Why? (12%)

2. (a)Let f:[0,1]x[0,1] > R be a measurable function and B be a Borel set in R . Prove
that #~'(B) is measurablein [0,1]x[0,1].
(b) Let f and g be measurable on [0,1]. Prove that the function F :[0,1]x[0,]] > R ,

defined by F(x,y) = f(x)x g(»), is measurable on [0,1]x[0,1] . (12%)

3. Let f: E — R be a measurable function on a measurable subset £ of R". Prove that

for all £ > 0, there is a Borel set B in E, with [E \ B, < ¢, and a sequence <fk> of Borel

measurable functions such that < S (x)) converges increasingly to | f (x)] forallxe B.

(10%)

4. Let < fk> be a sequence of measurable functions on a measurable subset £ of R", and

i I ; ’ fk’ converges. Prove that i ‘ fk‘ converges a.e.in E, and i J’F L= IF i Lo
; k=1 k=1~ " k=1

k=1

(10%)

5. Let < fk> be a sequence of increasing functions on [a,b], and Z /. (x) converge to
k=1

f(x) for each x €[a,b] . Prove that z fk'(x) converges to f'(x) for a.e. x inE .

k=1

(10%)



6. Let f : [0,1] x [0,1] — R satisfy that for each x e [0,1], f(x, y)is a Lebesgue
of (x, y)

- is a bounded function of (x, y). Prove that
X

integrable function of y, and

of (x, y)

5 is a measurable function of y for each x e [0, 1], and
X

0
% J.[O,l] [, y)dy = J.[o,u f(g—x,y) dy. (10%)

7. Let E be a measurable subset of R". Prove that f : £ — R is measurable if and only
If the region R( f, E)) is measurable, where R(f,E) = {(x,y)| xeE,0LZ f(x)< y} .

(12%)

8. (a) Let f be measurable on £ , and 1 < p < g <o, with 1 +L =1 . Prove that

[ 1sel = (I, 17 (1, 1)

(b) Let f be measurable on E with 0 < IE l <o,and1< p<g<o.Prove that

1 14 —; 1 q ;ll— 0
[EJ.E 'f| J SLEL lflj ' (12%)

9. Define the operator 7 : C[0,1] > R by T(f) = f(1) for all f € C[0,1], where C[0,1]
denotes the Banach space of all real-valued continuous functions on [0, 1].
(a) Prove that 7' is a continuous linear functional on C[0,1].
(b) Prove that there exists a continuous linear functional 7" : L°[0,1] — R such that

T'(f)=T(f) forall feC[0,1], but there exists no function g € I'[0,1] satisfying
() = _[[Ol](fx g) dx for all feC[0,1]. C(12%)
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